The Existence of Languages that are not R.E.

Theorem 1

Let > = {x, y}, there arelanguages over ¥ that are NOT recursively enumerable.

Proof: We begin by showing that the get’ of recursively enumerable languages oXas count-
able.

Every recursively enumerable languajeC >* is accepted by a TM,. Let © be the set of all
such TM'sT;. The encoding that we developed in discussing a Universahdumachinee is a
one-to-one function fron to >*.

The observation that the encoding functiofmom © to >* is based on the restriction that all of the
states in all of the TM’s ir© are drawn from the same infinite set of statgesand that all of the
tape alphabets in all of the TM’s 18 are drawn from the same infinite set of tape symkxol¢For
Tp=(Q,%,1,¢,6), SR, I'C )

This one-to-one relationship gives us:
T:RE — ©
e:0 %"
and therefore o T : RE — X*.

We know that the functior is one-to-one. The functioff’ is also one-to-one, since each TM
accepts only one language. This implies thatT is also a one-to-one function. This gives us a
bijection from the seRE to a subset oE*.

We know that* is a countable set, since every subset of a countable sebisdable set. There-
fore the setR ¥ of recursively enumerable languages o¥ds a countable set.

The theorem is proved by observing that there are uncoyntafihite languages over the same
set>.. o

This Theorem tells us that there are not enough Turing masfirfeach of which accepts C >*;
L € 2*") to accept all of the languages ove(2*"); there are not enough strings around to specify
all of the required Turing machines.

In fact there are uncountably many languages that are oEin



