
The Existence of Languages that are not R.E.

Theorem 1
Let Σ = {x, y}, there are languages over Σ that are NOT recursively enumerable.
Proof: We begin by showing that the setℜE of recursively enumerable languages overΣ is count-
able.

Every recursively enumerable languageL ⊆ Σ∗ is accepted by a TMTL. Let Θ be the set of all
such TM’sTL. The encoding that we developed in discussing a Universal Turing machinee is a
one-to-one function fromΘ to Σ∗.

The observation that the encoding functione from Θ to Σ∗ is based on the restriction that all of the
states in all of the TM’s inΘ are drawn from the same infinite set of statesℵ, and that all of the
tape alphabets in all of the TM’s inΘ are drawn from the same infinite set of tape symbolsℑ. (For
TL = (Q, Σ, Γ, q0, δ), Q ⊆ ℵ, Γ ⊆ ℑ.)

This one-to-one relationship gives us:

T : ℜE → Θ

e : Θ → Σ∗

and thereforee ◦ T : ℜE → Σ∗.

We know that the functione is one-to-one. The functionT is also one-to-one, since each TM
accepts only one language. This implies thate ◦ T is also a one-to-one function. This gives us a
bijection from the setℜE to a subset ofΣ∗.

We know thatΣ∗ is a countable set, since every subset of a countable set is a countable set. There-
fore the setℜE of recursively enumerable languages overΣ is a countable set.

The theorem is proved by observing that there are uncountably infinite languages over the same
setΣ. ⋄

This Theorem tells us that there are not enough Turing machinesT (each of which acceptsL ⊆ Σ∗;
L ∈ 2Σ

∗

) to accept all of the languages overΣ (2Σ
∗

); there are not enough strings around to specify
all of the required Turing machines.

In fact there are uncountably many languages that are not inℜE.
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