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l.

The first researches that one has made on the summmati arithmetic
progressions and on geometric progressions contained timecgehe integral
Calculus in finite differences in one and two variablese is how: an arithmetic
progression is a sequence of terms which increase eqamdlyit was necessary
to find the sum according to this condition; it is cléaat each term of the
sequence is the finite difference of the sum of theqalieg terms, to that same
sum augmented by this term; one proposed therefore tohi;midum according
to the nature of its finite difference; thus by whatemanner that one is arrived
there, one has veritably integrated a quantity in thiefdifferences. The
geometers who have come next have pushed further #ssarches; they have
determined the sum of the squares and of the superior &rel mowers of the
natural numbers; they have arrived there first by sioiheect methods: they did
not perceive that that which they sought returned @intha quantity of which
the finite difference was known; but as soon as they imade this reflection,
they have resolved directly, not only the cases @yréamown, but many others
more extended. In general(x) representing any functiortsabeer of the
variable x , of which the finite difference is supposedstant, they have
proposed to find a quantity of which the finite differeigequal to that function,

1 Read to the Academy 10 February 1773. OC 8 pp. 69-197.



and this is the object of the integral Calculus infthige differences in a single
variable.

Similarly, the research of the general term of a gadmprogression returns
to finding thez™ term of a sequedce such that each ®tm the one which
precedes it in constant ratio. Lgt ;  be the— 1)% termgnte thez™
term: the law of the sequence requires that one havepy,. | whatever be: |
p being constant. Now it is clear that, in whatevanner that one is arrived to
find y,, one has veritably integrated the equation in fihite differences
Y. = py.—1- Next, one has generalized this research by proposirfopd the
general term of the sequences such that each of ¢éngis is equal to many of
the preceding multiplied by some constants any whatspévese sequences
have been named for thiécurrentes . One has arrived firsintbtheir general
term by some indirect ways, although quite ingenious;dihéot perceive that
this returned to integrating a linear equation in fidiferences; but, when one
had made this reflection, one tried to apply to these teasathe methods
known for the linear equations in the infinitely smédlifferences, with the
modifications that the assumption of finite differenceguires, and one resolved
in this manner some cases much more extended thamilinish were already.

Mr. Moivre is, | believe, the first who had deterndridae general term of the
recurrent sequences; but Mr. de Lagrange is the first izvfaware that this
research depends on the integration of a linear equatioite differences, and
who had applied the good method of undetermined coefficieftdvir.
d'Alembert éee Vol. | of the Mémoires de Turi). | myself have proposectne
to deepen this interesting calculus, in a Memoir primédalume 1V of those of
Turin;3 and next, having had occasion to reflect furthere, | have made on this
new researches of which | will render account shottlpust observe here that
Mr. the marquis de Condorcet has given excellent thimgghis matter, in his
Traité du Calcul intégraland in the Mémoires de I'Académie

It was until then only a question of equations in ordirimite differences and
of the sequences which depend on them; but the solutiomany problems on
the chances has led me to a new kind of sequence whavel namedécurro-
récurrentes and of which | believe to have given first the ttyeand indicated

2 Translator's note The word suite is used to refer to both a sequenceaasies. It is
rendered according to its usage.

3 Recherches sur le calcul intégral aux differences mfnit petites, & aux différences
finies. Mélanges de philosophie et de mathématiques de la Société royale de Turitespour
années 1766-1769 (Miscellanea Taurensia A73-345, 1771.



the usage in the Science of probabilities (see T.\$avants étranged The
equations on which these sequences depend are neallg, finite differences,
that which the equations in the partial differences iaréhe infinitely small
differences; that which | have given on these equatisnsnly a trial: in
deepening them, | have seen that they were quite impartahe Theory of
chances, and that they gave a method to treat themmmuehgenerally that one
had done yet: this is that which engages me to congidar anew; but, the new
researches that | have made on this object supposisg that | have already
given, | am going to begin again here all this matter.

Il
One can imagine thus the equations in finite differentesnagine the
sequence

Y1,Y2,Y3, Y4, Y55 -+ Yz

formed following a law such as one has constantly

the numberd, 2, 3, ... z , placed at the base of , indicatingathle whichy
occupies in the sequence, or, this which returns tcsdéinge, the index of the
series; the quantitiex,, M,, N,, ... are some functions any whatsaé the
variablex , of which the difference is supposed consiadtequal to unity. The
characteristicA serves to express the finite diflegeaf the quantity before
which it is placed, as in the infinitesimal Analysise letterd expresses the
infinitely small difference of the quantities. This ptlie preceding equation is an
equation in finite differences, which can generally espnt the equations of this
kind, where the variablg, and its differences are undeear form.

Although | have supposed the constant difference of equahity, this
diminishes nothing from the generality of the precedimgag&ion (A); because, if
this difference, instead of being 1, is equakto , oﬂbmﬁke% =, andy,
being a function of will become a functiong@f ;| regp this last function.
Now one has, by hypothesis,

Ayx =Yr+q — Yz Zf($+Q)_f(x)
= fla(@" 4+ a)] = f(g2") = yws1 — Yo = Ay,

4 Mémoire sur les suites récurro-récurrentes et sur lagessdans la théorie des hasards,
Mémoires de I'Académie Royale des Sciences de Paris (Savants étarigest, p. 353-371.



the constant difference ef  being 1. Similarly,
AQZ/J: = Yzt2¢ — 2ym+q Y = Yoo — 2Ypp1 Y = AQy:r:’a

and thus of the remaining. Equation (A) will be thereftnansformed into the
following

(A) XJ:’ - Mx’ya:’ + Nx’Aya:’ +... + Sx’Any:r:’a

in which the difference of’ is equal to unity.

One can form easily other differential equations, ihicv iy, and its
differences would enter in any manner whatsoever;Hmget which are contained
in equation (A) are the only ones which it is trulieiresting to consider.

Before researching to integrate them, | am going tallrkéere a principle
quite useful in the analysis of the infinitely smallfeliénces, and which applies
equally and with the same advantage to finite differenbese is in what it
consists:

Each function ofr which, containing  arbitrary irreducible constants,
satisfying agy, in a differential equation of order , between @and | is the
complete expression ¢f.

By irreducible constantsl intend that they are such that two or manyreain
be reduced to one alone; it follows thence that, furction containingn
irreducible arbitrary constants satisfy as in a chffial equation of order
n — 1, this equation is surely identical;, because, if it wag the most general
function of x which was able to satisfy ag would contanly n — 1
irreducible arbitrary constants.

For the convenience of the calculus, | will supposettimguantities noted in
this manner,'H, °H, ..., orM, *M, ..., express somedifferent quantities
and which can have not relation among themselveshbse heref,, H,, Hj,

.. H, or My, My, M3, ..., M, represent the different terms of a sequence
formed according to one law any whatsoever, the numberg, 3,... ,x
designating the rank of th&  or of thé¢  in the sequenus. put, since one
has

Aym = Yzt+1 = Yu»
AZ/QQJ’ = Yp4+2 — 2@/m+1 + Yz,
Agym’ = Yoo — 3Yzr2 + 3Yrr1 — Yus

| am able to give to equation (A) this form



X, = +y.(M, — N, +P, —...)
+ym+1(Nx_2Px+"')
+ya?+nsx-

whence it results that each linear equation in fidifflerences can be generally
represented by this here

(B) Yz = H;r:y;r:fl + leyfo + QHJ:ya:f?) + -+ nilH;r:y:r:fn + X:r:;
the equation
Yo = H;I:ymfl + X;r

is of the first order, this here
Yy = H;I:ymfl + leyme + XJ’

is of the second order, and thus in sequence.

As in the series | will have need of characterisiicerder to designate the
finite difference of the quantities, their finite igtals, the product of all the terms
of a sequence, | will serve myself for this with tb#owing.

The characteristic\ placed before a quantity will desgfar it, as above,
the finite difference: thusAH, will express the finitdfetience of H, ; the
characteristic. placed before a quantity will designateitfthe finite integral:
thus H, will signify the finite integral off, ; finally # characteristicv.  will
designate the product of all the terms of a sequenceMhlswill represent the
productH, H,H;... H, of all the terms of the sequeiite H,, Hs, ..., H,.

1.
PROBLEM I. —The differential equation of the first order

Yo = H;I:ymfl + X;r

being given, one proposes to integrate it.
| make in this equation, = v, VH, ; it becomes

uJ’VHLI’ - HmumfIVfol + X;ra

but one has



H.,VH,  =VH,,
hence

Xx or A — ﬁ
VI, Yol = g

Uy = Up—1 +

and, as this equation holds whateverzbe , one will have

X;I:+1

A r — )
Y YV H,

hence, by integrating,

X;I:+1
u, = A+ ZiVHxH )

A being an arbitrary constant. One has therefore

Xo

If H, was constant and equalpo , one would have

X
VH, =p" and ym:p‘E(A—i—Z Hl).

px+1

V.
PROBLEM Il. —The differentio-differential equation

(B) Yo = nya:ﬂ + leerfQ + Qnyxf?, +... + nilHJ:y:r:fn + XJ’

being given, one proposes to integrate it.
| make

(C) Yo = QY1+ T;r:;

a, and T, being two new variables, and | conclude from é& fbllowing
equations:



Yol = Qg 1Yp—2 T TLL’*l?
Yr—2 = Qg 9Yr-3 + TLL’*Q?
Yr3 = Qp3Yr—4 + T, 3,

Yrntl = Qp—ni1Yzrn + TLL’*WﬂFl;

| multiply the first of these equations by' , the secbpd-24, the third by
—33, ... and | add them with equation (C): this which gives me

Yy = (aaz + lﬁ)yxfl + (_lﬁaa:fl + 2ﬁ)yx72
+ (_26041:72 + 36)%1:73 + ... _nilﬁaxfn+1yxfn
+ T, =BT 1 —28T g — ... — " BT 1.
By comparing this equation with equation (B), one willdha
10
T;I: = lﬁTiL’*l + 25Tx72 +... + nilﬁTxfn+1 + XLL’;
2° The following equations:

16 +a; = Ha:;
26 - 1504;1:71 - lea
36 - 2504;1:72 - 2Hx

Thence one will conclude
'8=H, — oy,
B="H, + a, 1H, — a,a, 1,
8 ="H, +a, 2" Hy + oy 10,0 H, — 0,10,

n—1 n—2 n—3 n—4
g = H, + oz ni2 H, + a3tz ni2 H,+...
nle
x
—QpQp1...Ogppi2 = —
Og—n+1

because of the equation



n—1 n—1 .
- 6043;,”+1 - HLL’?

one will have therefore, in order to resolve the fmobh the following two
equations:

T, = (Ha’ - am)Txfl + (IHLL’ +o, 1 H, — axax—l)Tx—Q + ...

(D) nle l
- 7TT;L’771+1 + XLL’?
Qp—n+1
(E) 0= _&_ le"’ _ QHI _ _i
Qy Qg Q1009 Q... Opnt1

Equations (D) and (E) are of a degree inferior to th@@sed, and equation
(D) is of the same form; now it is not necessaryintegrate generally these
equations in order to integrate equation (B) of the probiesuffices to know
for a, a quantity which satisfies equation (E). | nafpe his walue; one will
substitute it into equation (D), which | name (D ) afties substitution, and one
will seek the complete integral of equation’ (D ); next,nieans of the equation
Y. = 6,y,—1 + T, one will conclude, by integrating by problem I,

T,

A being an arbitrary constant.
This equation is the complete integral of equation (Byalise, equation (D)
being necessarily of order— 1 , the complete expressidh,. aontainsn — 1

irreducible arbitrary constants; hendég, (A + Zv%;) containsbitrary

constants. These constants are moreover irreducibma\usevfixZVng1

contains in itn — 1 irreducibles, and none of them is rddeavith the constant
A.

The preceding expression gf can serve to make knowintégral of
equation (B) of the problem; because, since equation i¢Diinear, one can
suppose that the expressioriipf  has this form



1
Z Tyt
T — 1A T+
! VAT( * V)\LL’+1>’

T, depending on the integration of a linear equation of onder2; one has
therefore

1TT+1

V)\ V)\T+1
o 1 r+1 .
b= VB A Y G 2T |

by continuing to reason thus, one will see that tipression ofy, is of this form
yp = AV, + 'AVS, + 2AV?6, + ... + "TAVS, + L,
A, A, %A, ... being arbitrary.

If one supposeX, = 0 in equation (B), it is easy to se¢hdgequence of
operations that | just indicated, that  will be nulighin this case

Yo = AV, + 1AV, + ... +"TTAV S,

6, satisfying under the assumption for,  in equation (&); %6,, ... ,will
satisfy similarly; because, since the equatjor= AV '6,, f@angple, satisfies
equation (B) by supposing =0 , one will have

Vi, = H, V%6, 1+ 'H, V%, o+...,

hence

0=1- 1 A

B 16;1: 16;1: 161’71
V.
| suppose, in equations(D ) and (B), =0 ;| will have the expressions
following fromy,.
(1) y;r::v{sm A+Z£ )
V6I+1



(2) Yy, = AVE, + "AV'S, + 2AVZS, + ... + "TTAVTS,.

These two expressions, different in appearance, mut ceacide; | suppose
therefore that the complete integral of equatioh (D) is

T, ='AR, + *A'R, + ... + " 1A"?R,;

by substituting this value @, into equation (1), one kale

1 n—2
R, R,
Ry L2 e iy 1
V6x+1 V6x+1 V6x+1

Yp = Vo, (A—i— 'A

By comparing this last equation with equation (2), onehaive

Vé Y el _ g,

V6I+1
1
RJ:+1 2
6;1: - 6;1:7
v V6I+1 v
Therefore
V16,
R, = V6, A ,
v l Vé‘l’fl
V26,
1 T
R, = V6, A ,
v l Vé‘l’fl
V26,1
2 T
R;I: - 6J’A )
v l Vé‘l’fl

Therefore, if I know how to resolve equation (B) by sugpgpX = 0, | will
know how to resolve equation (D ) by supposing similafly= 0 Let.therefore
Uy, ‘uy, *uy,... be the particular values af, in equation (B), so thst i

complete integral is
Y = Auy + TA Ny + A%, + o+ A Ny,

one will have

10



u; = Vo, Y, = V16, e
and the complete integral of equatiori (D ), by suppo&ipng= 0 it, will be

1 2
U U
L A A A, A

Ugp—1 Ugp—1 Ug—1

Ugz—1

T, = "Au, A

Presently, if | know how to integrate equation’ (D) hyppmosing X,
anything, | will be able, under the same assumptionptegrate equation (B),
since one has, by that which precedes,

Yp = Uy <A+ZTJ:+1>7

Ug+1

therefore the difficulty to integrate the equation

(B) Yo = HyYo1 + Hylo o + oo + " Hyyy o + X,
when one knows how to integrate this one

(b) Yo = Hoyoo1 + "Hyyoo + ... + " Hyfyn,

is reduced to integrate the equation

n—1

(D) T,=(H —6)Tp 1 +... — Ty pin + X,

6J:fn+1

which is of degreex — 1 , and when one knows how to intedrateupposing
X, =0; one will make similarly the integration of (D) to gnd on the
integration of an equation of degree- 2 , and thus in sequesesice there
results that the equation

Yz = H;I:ymfl + leyme +... + nileymfn + XJ’
is integrable in the same cases as this one

Yo = Hyyo 1+ ... + "71Hmym,n.

VI.

11



The process which | just indicated in order to restbearitegral of equation
(B) to that of equationb( ) can serve to demonstragdigison which these two
integrals have between them; but it would be quite patgfuemploy it to
integrate equation (B). It would be therefore very udefilave immediately the
general expression gf  in equation (B), when one tasoffequationlf ).

It take for this equation

Yo = Uy <A+ZTJ:+1>,

Ug+1

T, being supposed to be the complete expressidi of  in egqu@in Now,
this equation (D) being of the same form as equationif{Bhe namelex, 111%,
2@1%, ... the particular integrals of,, in equation’(D), when upposes

X, = 0 there, one will have, in the same manner and whatss/X, ,

1 T
Tx:ux<1‘4+z 13;+ )’

Ugz+1

T, being the complete expression'@f,  in an equation ofrerde2, which |
name (O ) and which results from’(D) in the same maasethis one results
from equation (B); one will have similarly

p) *Thi1
lTx:ux<2A+Z 23:+ )’

Uz+1

and thus in sequence until one arrives to the equatidedirst order
niQTLI; = S;r niQTxfl + XLL’?
of which the integral is

~ X,

Ug+1

If one substitutes presently into the expression,of e vilue of, intd'7), ,
that of 17, into®7, , etc., one will have

12



() .= uT{A+Z“M < iy

Yo+l Uz+1

e (o y ). )

Ugztn—1 Ugn

: : 2
It is necessary presently to determrﬂng Uy-... , ; NOW oag, Iy the
previous Article,
1
Up—1
=R, = u,A——,
Ugz—1
similarly
2
Uy —1
llle—uxA .,
Ugz—1
3
Ugz—1
211L5,;—u$A .,
Ugz—1
.................. ;
one will have likewise
1
2 1 r—1
Uy = xlx 1 >
Uz—1
2
12 1 z—1
T _'uxzx 1 >
Uzp—1
&
22 1 z—1
T I:lex 1 >
Ugz—1
.................. ;
formula (K) will become
1u 1 1u’/l+— 5
o T |1 T+ 2 T+n— n—1 z+n .
©) yp=u, A+ZAU A+ZA A+ A— A+Zn_1
x UT+1 uT+n 2 Ugn

if one knows only the number— 1  of particular integrdlg.o in the equation

Yz ::}nyxAI +'1}nyx72'+'n- +'n71}1xyxfna

13



the integration will be of difficulty no longer; | suppo#®t this is the integral
"1y, which is unknown; since one knows, 'u,,..., "*u,,  one will know
llbm, %T untiI”u_x1 exclusively. In order to determiﬁe}l , ltriscessary to
integrate the equation

anTm - S;r niQTxfl + XLL’?

by supposingX, = 0 , this which will be easy by Problemdrié knowsS, . In
order to find it, | observe that, in equation (D ), toefficient of 7}, is

ul’
H;I: - 6;1’ — H;r - 5
Uyp—1
because of
u
8y = ——.
Uyp—1

Similarly the one of7,_; , in equation (D ), is

u & 2
T T T
Se=Hy— —— 77— — ... — —5
U n—=
z—1 Up—1 Up—1

If, instead of knowing the integral of the equation
Yz = H;I:ymfl +... + nileymfna

one knows a number a@r— 1 of values for , in equation t{i€) preceding
formulas will serve equally, because '6, ... being these sabuee has

Uy = Vo, lux = Vléx,

VII.
Formula (O) has not at all yet the total degree oplity that the complete
integral ofy, can have, because one has seen (ArthAf)this integral has the
following form

14



Ye = Au, + lAlum + ...+ nflAnflum + L,

it is necessary therefore to restore equation (Ghiform; for this, I divide
equation (O) by:, , and I conclude from it, by differemigtt,

1 1l 1Ln—2
_ Uy i U
NSNS T i R oy O S == I
Ugz—1 Ug—1 Uy uT+n 3 Ugtn—1

whence one will conclude, by dividing m/Z“‘—j and differemgpt

A Y2 1&7
At = A+ ]
%—72 Ugp—1

One will have therefore, by continuing to differergiaghus, an equation of this
form

1 _
T = Vele + Yot + Yoz o T el
Up—1

Ve, Ya, ... being some functions of,, 'u,,... and of their finite differences. |

observe now that, in order to form the values %@f %x, %x, have
considered (preceding Article) the quantities 'u,, *u,, ... in this orde
ul’? luJH 2“’177 M nilul’;

but if, instead of that, | had considered them in tleviang order

1u1’7 ul’? 2“’3’7 et nilul’l
| would arrive to the following equation
1 _
" lA + Z ( ;1:+ ’Yx)y;r + (I’Yx)y;r:fl +... + (n 17m)yxfn+la
u;r:+1 )

(n@ 1), (1), ... being that which”, ! ~, ... become when one changes
into 'u,, and'u, intou, . If | had supposed,.; =0 , | would have arrived to

15



the two equations

g = ValYz T+ 1’71:3/;1:71 +..+ nilfymyx7"+1’
A = (1) + (a1 + o A (T,

in which the constarit ' A is visibly the same, since | have supposed, in order to
form the one and the other equation, that the comypddte ofy, is

yr = Aug + "AMuy + .+ T A
One will have therefore, by comparing these two equostio

VolYz + 1’7;1:3/;1:71 +... + nil%r:ya:fn+1
= (’Yx)ym + (I’Vm)ymfl +... + (n717x)yxfn+1a

an equation which must be an identity; because, ifiewet, this equation being
differential of ordem — 1 would have however for the cortelategral

Yp = Aug 4+ ... +"TA

an equation which contains  arbitrary constants, itii£h would be absurd
(Art. 1I).
One has therefore

X X
n—1 e+l pe1 o+l
A+Zi(n_1)— A+ 5T
Ugt1 Ugpt1

hence
(n — 1) n—1
Ug+1 | = Uzl -

Thus the expression gf@ 1 remains always the sameahaiene changes,
into 'u,, and'u, intou, ; one will be assured in the same marhaeriftin’«, 1
one changes, inttu,, and®u, intou, ; ofw, intdu, ,antk, inta, ,and
generally*u, into‘u, , andu, intdu, k¥ and being less than1 he, t

expression u, b wil always remain the same, and that, twhatever order that

one gives to the quantities,, 'u,, *u,,... in order to form n@l , this

16



expression will remain always the same, provided 'that, is considered as the
last of these quantities.

I make7%%_+11 = ""12,.1; next, instead of consideritigu,  as the lastef t
quantitiesu,, 'u,,... | suppose actually thdt ?u, is this last; let" ?z,.; be
that which becomes theh'z,,; , that is to say when dweges’ *u, into
"ly,, and "tu, into" *u, . One wil have, by a process similarthe

preceding,

) X,y )
Y4 Zn{‘;ﬂ =9 Y+ Y Yoot oo+ Yot
X

=2

, '7,, ... being that which, v, ... become when one chariges, to in
~2u, and" u, into" 'u, ; one will have similarly

3

) X, )
"CALY S =y g Y e+ "TY Yot

T s 7 ZT being that which"'z,.1 . ,'v.... become when one

changes’ 'u, intd3u, and2u, intblu, . This set, by disposing in the
following order all the equations that one can form thus

(
_ Xot1 _
A+ Z nflg:+ = YalYx T 1’7;1:3/:1771 + 27;1:3/;1%2 +...+" 1%7?/;1:77&17
Zr+1

. pom )
X

Xop1 7 e o "y,

A E rrl = 2 _ — Y, ey,
+ Zoi1 n_lyx+n_1yx 1+n_ Yz 2+ +n_1y;r: n+1;
\

and adding them altogether, after having multiplied thebiys' v, , the second
by "2u,, etc., finally the last by, , one will have aquation of this form

17



Rr+1

X;I: 1
ru (a3l )
Zr4+1

Xz

this which gives, by making,.; =0 ,
Aete + N1+ AT N = A + A T A s
but one has in this case
Y = Auy + "ANuy + .
hence
Yo = ANYo + AaYoot + oo T N Yo

Now this equation must be an identity, because othenaii@ough of order
n — 1, its integral would contain the arbitrary constamtsch the complete
expression of, contains; one has therefore for oimeptete integral of equation
(B) of Problem II, whatever b&,

Ya :um<A+ZXJ:+1>

Zr4+1

X;I: 1
e (a3l )
Zr4+1

Thence results this quite simple rule, in order to hheecomplete integral of
the equation

18



Yo = Hoyoor + ' Hyyoo + ... + " Hyyyoy + X,
when one knows how to integrate this here
Yo = Hoyoo1 + "Hyypo + oo + " T Hyyy.
Let
Y = Auy + "ANuy + A%, + .+ A e,

be the integral of this last, and let one make

1 11 12
Lo A et N 3 _ A Mt
ul‘ - ul‘ ) ul‘ - ul‘ 1 ) ul‘ - uJ’ 2 b
Uz—1 Uyp—1 Uyp—1
2 21
11l Ug—1 12 1 Up—1
Uy = Up A\ , e = U, A 1 e ,
Ugp—1 Ugp—1
1 YUy 2 1 g 1
2 T— 92 T—
Uy —'uxzx 5 r = xlx 1 5
Ugp—1 Ugp—1

) ) 1 1 _ . ) _
until one arrives to foru,~ , of'u,” = ""'z,. If, in the exgson of" 'z, |

one change$ 'u, intd*u, afd®u, into'uw, ,one will fotntz, ;if, in
the same expression 8f'z, , one chantjes., inta, , and aeallyr
n—3 n—3

u, into "'u,, one wil form
integral of equation

z; , and thus in sequence; the cotaple

(B) Yz ::}nyx714_lffxyfo_F"'+_n4l}1xyxfn'+~X;
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will be

(
X;I:+1
Y ( Z R+l )
Xot1
+ lux lA + T+
(H) \ ( Z 125;1:+1>
e
Xy

+ nflux (nlA + Zn,l +1 )

\ ZI‘+1
VIII.

| take now the equations (>) of the preceding Articleytive

(- X 9 _
A Z"lxi,;ﬁ = Vo1t + oo+ T V1Yt
X

A+2Xx+2 _ Jatl P "y _
\ Zoto n—1 Y41 s n—1 Yr—n+2,

if one multiplies the first by 'u, , the second by’u, .., , avit have, by
adding them together, an equation of this form

AoVt + Natpro 4+ oo + T N Ypnge = Aug + TA Ny + .+ A
therefore
)\J:y;r:+1 + 1)\:1:3/“2 +... + nil)‘xy;r:fn+2 =Yz,

an equation which must be an identity; hence,

Yo = Uy <A+ZXJ:+2>

242

X;I: 2
Fu (a2
Rr+2
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One will find similarly

and thus in sequence until one arrives to this last euiattlusively,

Yz :uJ’(A‘l'ZM)

Zr4n

X;I:n
+1ux<1A+Zl + )

Zr4n

All these equations being the complete integral of equ#B) are identically the
same; in comparing them together, one will form tievieng equations

u Uy u
—t—+...+ 7 =0.
Zr+1 Zr41 241
1 n—1
u Uy u
—t—+...+ 5 =0.
Zp+2 Zr+2 Zr+2
1 n—1
u Uy u
—t——+... 75— =0
Zrdn—1 Zr4+n—1 Zr4+n—1
IX.
The integration of equation (B) of Problem Il being restucto the
integration of this same equation wh&n = 0, there is ngdo a question to

resolve the problem but to integrate this here, bt abpears very difficult in
general; thus | will limit myself to the particular eas Here is of it a quite
expanded, in which the integration succeeds, and whichaee® all the cases
already known; it is the one in which one has

21



(B/) Yz = C¢xy;r:fl + lc¢x¢x71ym’72 +... + nilc¢x¢x71- .. ¢$*n+1yﬂi*n‘

If ¢, = 1, one will have the equation of the recurrent segegnc
Equation (E) of Article IV becomes in this case

C¢x - 10¢x¢m71 . - n710¢x¢x71---¢x7n+1.

Qe QA Q1 g . Oyt

E) 0=1-

Now (Art. V), it suffices in order to integrate equati(B') to know a numbet
of values fora,, in equation (E ). Let therefare = a¢,., a beingstant, and
equation (E ) will give

(h) A" =Ca" P+ 1Ca" 4+ 2Ca" B+ ..+ e

whence one will have a number of valuesdor , andeguently fory, , since

Qp = ad,.
Let p, 'p, ?p, ..., " 'p be the different values of in equatidn ( ). Onk wi
have (Art. 1V)

6;1: - p¢m7 16;1: - 1p¢x7 26;1: - 2p¢x7
Now one has (Art. V)

Uy = Vb, = P10203... 00",
Y, = V'8, = pr1ags... b, 'p",

The complete integral of equation’ (B ) is therefore
Yo = P10203... 0. (Ap® + A" + .+ nflAnflpx).

One will determine the arbitrary constants 'A, %4, ... by mesfns values
of y,., under as many particular assumptionstfor . Let

yl:M7 y2:1M7 L) yn:nilM;

and one will have
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M
e :Ap+1A1p+2A2p+ _i_nflAnflp’

b1
1
¢1¢2 :Ap2+1A1p2+2A2p2+--- _i_nflAnfl 2’
2
=Ap3—|—1A1p3+2A2p3+... _i_nflAnfl 3’
¢1¢2¢3
nilM ................................................... s
=Apn+1A1pn+2A2pn+... _i_nflAnfl n’
G102 .- Pn

In order to resolve these equations, one can make uke ofdinary methods of
elimination: but here is one of them which appeamécsimpler.

| multiply the first equation by"'p , and | subtract it fraimee second; |
multiply similarly the second by 'p , and | subtract itrfréhe third, and thus in
sequence, this which produces the following equations:

1M %n_

prds
M M

D12ds D16

'p=Ap(p—"""p) +'Alp('p = "'p) 4.+ "TPA (" p = ),

n—lp:Ap2(p_n—1p)+1A1p2(1p_n—1p)+'“ +n—2An—2p2(n—2p_n—1p)’

n—1 n—2
M M N _ PP _
b0 —¢1 5 1” 1p:Ap” 1(p_n1p)+'“+n 2 pn 2pn 1(n 2p_n1p)’
. Op e Op—

| multiply again the first of these equations by'p , arslibbtract it from the
second; | multiply similarly the second By?p , and | sutitiitfrom the third,
this which gives
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2M 1M (n—l n—2
bty ga P DT
= Ap(p—"""p)(p —

+'A'p('p="""p)('p—""p)

+ n—BAn—Bp(n—Bp_ n—lp)(n—?)p_ n—2p)’
3M 2M . ) 1M
— n— __n— +_n—1 n—3
P A sl
= Ap*(p—"""p)(p—""?p)
+ n—BAn—3p2(n—3p_ n—lp)(n—?)p_ n—2p)’

by operating on these last equations, as on the predoasyill have

3M 2M ) )
o n— _n— + n—3
oradndr  ddwgs. LT PETP)
! 2 1 3 1 2 M 1 2 3
cblcbg[( p )" p p" 7 pl o A
=Ap(p—"""p)(p—""*p)(p—""*p) + ...,

and thus in sequence.
Thence it is easy to conclude that, if one names:

f  the sum of the quantitiés, p, °p,... ," 'p,
h  the sum of their products two by two,

i the sum of their products three by three,

g the sum of their products four by four, etc.,
1

f the sum of the quantitigs %p 3 .., "'p
'h the sum of their products two by two,

i the sum of their products three by three, etc.,
and thus in sequence, one will have
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_ nilM - ¢nfn72M + ¢n¢nflhn73M - ¢n¢nfl¢n72ini4M + ...
G1¢203... dup(p — 'p)(p — *p)(p — °p)... ’
n—1 1 pn—2 17 n—3
lA: M_¢n{ 1M+¢711¢n712h1 M3—
P192¢3--- 0 p(p—p)(p—"DP)(P—"p)...

One can determine in a quite simple manner the quantitiesi, ¢, 'f, 'h, ',
g, ...: | take for this the equation

(h) A o o
| divide it bya — p, and the resulting equation will be
A"t — fa" = had" P —id" 4 ga" P+ ... =0.
| multiply this result by, — p , and | will have the follomg equation
a" — (p+ fla"™" + (pf +h)a" ™ — (ph +i)a" 7 + ... = 0;

| compare it with equatiorh( ), and | conclude from it

f = + C - b,
h=~'C—pf,
i= +2C — ph,
and, consequently,
lf = + C - 1p7

lh — _IC . lp-lf,

| suppose until here that all the roots of equatlon (e)uerequal, but it can
happen that one or many of these roots are equal arhengélves; here is in
this case the method that it is necessary to follow.

| suppose that one has= 'p  ; one will mdke= p+dp , and the equation

Yo = Q16903 G (Ap" + ATPT 4 PAT 4+ 4 TIAT )
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will give, by reducingp + dp)” into series,

o 2
Yo =¢1¢2...¢m{pm[A+1A(1+ zdp , wlz—1) dp” +)} +2A2px+...}.
P 1.2 p?

Let

A+'A=B and 1A@:D,
p

B andD being some arbitrary and finite constahtls;  beiltherefore infinitely
great of orderk; 'A% 1A% wil be infinitely small. Hence

Yo = O10a... Oo[p" (B + Dx) 4+ 2A%p" + 343" + 1.

If, moreover, one hag = “p, one will make’p = p+dp in this expression of
Y., and one will have

2a(z—1
yar—¢l¢2---¢ar{pm|:B+2A+ (D‘FQA%)‘T‘FQA%%‘F} +3A3pa;+---}-
Let
d dp’
2A44B="'B, D+24%%_-1p and :AZ _1p

p p?
!B, 'D and'E being some arbitrary and finite constantsvalhéave

(z —1)

e
Ye :¢1¢2---¢x{px|:1B+lDiC+lE o +} +3A3p“"+...};

if moreover one hag = ®p , one would have

- —1D(z—2
ya,-=¢1¢2---¢x{px[23+2D:c+2E%+2Fx(x 12)(5 )]+4A4px+...},

and thus in sequence; one would determine the arbitraistards, at least of
particular values of,
If equation b ) has two imaginary rogts and , oneméke

p=a+by—1 and p=a—-by/-1.
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Let

and

a b )
————=C0 — = sing;
v/ aa + bb S v/ aa + bb "

one will have
Ap” + A" = (aa + bb)? [A(cosqg + v/ —1 sing)* + 'A( cog — /—1 sip)”
= (aa + bb)? [(A + 'A)cosqr + (A — LA)\/—1 singz)”]
because
(cosq + V-1 sip)* = cogx + V—1 sipz.
Let
A+'A=B and (A-'4)y/-1="B,
B and'B being reals; one will have
Ap® +'A'p" = (aa + bb)? (Bcosqx + 'B sinx);
one will have therefore then
y" = 1. .. ¢ [(aa + bb)2 (Bcosgx + ' B singz) + 2A%p" 4 ... ];

it will be the same process if there were a greatetber of imaginaries.
If one supposes, in the preceding calculatigns:= 1 , ondavitt the case
of the recurrent sequences. Thence results this theorem
If one named’, the general term of a recurrent sequence, such as one has

Y, =CY1 + 'CY,n 4. +"7ICY,
the general term of a sequence such as one has
Yo = C¢xy;r:fl + lc¢x¢x71ym’72 +... + nilc¢x- .- ¢Jrfn+1y;r:fna

and in which the arbitrary constants which arrive by integrating are the seme
in the preceding, will be

Yo = $102... 0. Yy
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This is it of which it is easy to be assured besidesause, if one substitutes

this value ofy, into the equation
Yo = COrYpr + ...,
one will have
G102 0. Ye = CP10a... QY1 + ..

hence
Y, =C0Y, 1+ 'CY, 5+ ...,
an equation which holds by assumption.

X.
When one has, by the preceding article, the integriddeoéquation

Yz = C¢xy;r:fl + lc¢x¢x71ym’72 +... + nilc¢x- .- ¢Jrfn+1y;r:fn + X:r:;

by supposingX, =0 , it is easy to conclude this same intedgfal,being
anything. For this, | observe that, sincg, being oumé has

Yy = ¢1¢2¢T(Apx + lAlp:r: + “‘nflAnflpx)’
one will have, by Article V,

Uy = Q102¢3... QD"
lu;r: = ¢1¢2¢3---¢m1px7
QUJ: = ¢1¢2¢3---¢m2px7

whence one will conclude, by Article VII,
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1, x—1
z A P x,
s = G162 bap" Aty = ¢16a...¢.('p—p)'p" 7,

whence one will conclude, by substituting these valuesfarmula (H) of article
VIl and makingX, = ¢1¢s... ¢, 'x, for abridgment,

D1P2... Oy otn—1 "X,
Yy = P G+
(p—"p)(p—"p)(p—">p)... 2 prtl
1X;I:+1
1px+1

¢1¢2- . ¢LL’ 1 _ax4+n—1( 1
+ p G+
(‘p—p)('p-"p)... 2
-1
(r—"p)(p="p)...

If p="p, one will make'p =p+dp . Letk = , and one will

have
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. KX, dK K X1
Yo = ¢1¢2...¢3,pﬂf+"'—1{3 + Dz — ;Z paffll (x+1)+ [d—p + ?(a: +n— 1)} > pa:j—_: }

¢71¢72- .. ¢a; 2 g4n—11[ 2 1Xa:+1
" G+ . ;
(*p—p)*Cp—"p)... 2 2pr+l

B andD being two arbitrary constants.

If, moreover, one hap = *p , one will have, in this lagpression ofj, ,
2p = p+ dp, and thus in sequence.

One can therefore integrate generally all the diffiemerquations contained
in the following formula

Yz = C¢xy;r:fl + 10%%71%72 + .o+ Xy

whence it results that, if one designateg)py  any ifumethatsoever of , the
following equation

ea:yx - Cea:fl¢xy;r:fl + 10'93772¢x¢x71yx72 +... + X:r:

is generally integrable, since by makifgy, = t. this equasoafithe same
form as the preceding.

XI.
Here is now another kind of linear differential equadioof which the order
depends on the variable ; let, for example,

Yo = Qp1Yp—1 T bLII*QyLL’*Q + f;r:f?)y;r:f?) + XJ’
+ Ap—4Yr—a + bmf5ymf5 + f;r:fGyJ:fG
+ Ay —7Yz—7 + bmeyme + ...
+ azyz + bayz + f1y1-

It is easy to bring these equations back to the fornecpfation (B) of
problem Il, because one has

Yp3 = QpaYp—a + by s5Yp—s5 + fo6Yr—6 + Xo—3
+ Ap—7Yr—7 + bmeyme + ...

+ azys + bays + fiy:.
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If one subtracts this last equation from the preceding,vall have
Yo = Azp—1Yz—1 + bLII*QyLL’*Q + (f;r:f?) + 1)ym73 + XJ’ - XLL’*?))

an equation contained in equation (B).

XIl.

Presently here is a quite extended use of the integtalil@s in the finite
differences, in order to determine directly the genexpftession of the quantities
subject to a certain law which serves to form theamexpression that until here
it seems to me that one has always sought to dravapywinduction, a method
not only indirect, but which, moreover, must be otiefault.

In order to make myself better understood, | take thewiolg example:

Let x be the sine of an angle and its cosine; osegeaerally, as one
knows,

sinnz = 2u sin(n — 1)z — sinln — 2)z,
whence one draws
sinz =,
sin2z = x(2u),
sin3z = x(4u® — 1),
sindz = z(8u® — 4u),
sinsz = z(16u* — 12u? + 1),

It is necessary now to determine the general expres$gnmnz .

One can arrive by way of induction, by continuing furttieese expressions
and seeking to discover the law of the different caefits of the powers af ;
but it will happen, if it is not in this example, ag$ in an infinity of others, that
this law will be very complicated and very difficult tgrasp: it matters
consequently to have a general and sure method in orderdta in all the
possible cases.
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Let, for this, the differential equation be

Yn = ynfl(anu + bn)
+ yn,g(laan + ,u + 1cn)

\Y Yy =
) ! + Y3 Canu® + byu’ + 2cou 4 2f,)

| suppose that one has
Y1 = au + 67
Yo = 6u’ + yu + Q,
ys = wu’ + mu’ + fu + o,

Here is how | conclude the general expressiog), of

| make
Yp = Apu" + Bou" + Cou L
hence,
Y1 = Ap "L+ B qu" 2+ Chu" P L
Yno = Ap_ott" 2 + B_ou" > + Cp_ou™ ™ + ...,
and thus in sequence; if one substitutes these valugs ofy, o,... into

equation ¥ ), one will have

Yo = 0" (an Ayt + agAn_s + 24, Az + ...
+u" ayBy1 + '@y Bys + *an B3 + ...
+bpAng + by Ans + by An s +...)
+u"(a,Cro1 + '@y Crs + 20, Cpz + ...
+ by By + 0, Bys + b, Bz + ...
+ lenAna + 2enAn_s + YenAna +..)

By comparing this expression aof,  with the preceding, wile have the
following equations
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An - anAnfl + lanAan + QCLnAnfS +..
B, =a,B, 1+ laanfQ + 2aan73 + ...
+ bnAnfl + lbnAan + anAnfS +..

by means of which one will determine, by the precedmeghods,A,,, B, ... ,
and one will have thus the general expressiay, of

| suppose that one wishes to have the general expredssomz; it is easy
to see, by that which precedes, that it will have ttwm

sinnz = z(A,u" ' 4+ Bu" 3 + Cou° + Dyu™ T 4 ...);
therefore

sin(n — 1)z = x(A,_1u" % + By_ju" " + Cju"  +..)
sin(n — 2)z = z(A,_ou" 2 + By_ou" ™ 4+ Cp_ou™ "+ ...).

If one substitutes these values sifi(n — 1)z asid(n — 2)z into the
equation

sinnz = 2u sin — 1)z — sifn — 2)z,
one will have
sinnz = x(2An,1u"71 + 2Bn,1u"73 + QC’n,lu"% + ... = An,gu"{)’ - angun75 — .. )

and, if one compares this expression with the precedmgwill have

A, = 2An717
B, =2B, 1 — An727
(A) _ _
Cn - 207171 Bn727
By means of these equations one will determine B,,, C,,, ..., but one

must make here an observation in which it is necesegray attention to all the
researches which depend on the integral Calculus inirtibe differences; this
which renders its use very delicate. This observatonsists in this that the
preceding equations (A) begin to exist not at all immedjiathat is to say when
n has one same value in these equations. In order tond&es®, | observe that
the fundamental equation
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sinnz = 2u sin — 1)z — sifn — 2)z,

by means of which | have concludeth2z, sin3z, siMz, ... , suppose known
the first two sinesin0z andinlz ; it can therefore begitate@ place only when
n = 2; hence also, equations (A) can begin to exist ongnah= 2. The first of
these equations begin to exist wher=2 , in which cagehasA, = 24, ;
thus, the smallest index af, , that is to say the lealse that» can have in this
expression, is unity; the second equation can therélega to take place only
whenn = 3, in which case one hBs = 2B, — A; ; hence, the least oidB,,
is 2; the third equation can therefore begin to take ptadg whenn =4 , in
which case one has, = 2C5 — B, ; hence, the smallest indeX,o06 3, and
thus in sequence. This put:

If one integrates the first equation, one will have

A, = 2"H,

H being arbitrary; now, puttingr =1, A, =1, whencH :% , one has
A, =2"! henceA,_, = 2"3 . If one substitutes this valuef , into the
second equation and if next one integrates it; onéhaie

B, =-2"3(n+ H);

since the differential equation i, commences to ewiken n =3, the
arbitrary constantf must be determined by the valug,ofwhenn = 2 ; now,
u not being able to have a negative exponent in theesgion ofsinnz , it
follows thatB, = 0, hencél = —2 ; therefore

B,=-2"3%n-2) and B,y =-2""(n—4).
If one substitutes this value @&,,_» into the third equatiand if next one
integrates it, one will have
2

c. :2n5(n ;771 —|—H>

now, puttingn = 3 C,, =0 , whencé =6 , one has = 2~ =204

thus to infinity. Therefore

, and
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sinnz = x 2nflun*1 _ n—_22n*3un73 + (7’L - 3)(” — 4)
1

_(n— 4)(7;;.35)(” - 6)27177“”*7 +...].

2nf5unf5

Let nextz = anglesinz ; one will have, by differentiating,
dz 1

dr V1-—a2

and | wish to have the general expressiorjl’—;éf dx , beippased constant.
For this, lety = \/1— : one will have
1—

1
22

du T

dr — (1—a2)}
d*u 222 +1

dz? (1 —z2)2
dPPu 6z + 9z
dax3 N (1 — xQ)% ’

It is easy to see, by considering the law of thepeessions ofiu ¢, ...,
that the general expression%% has the following form

d"v  Apa" + Bpx" ? 4+ Crpa™ ' + Dy O .
drzm (1— 22)"ts ’

by differentiating this expression, one has
(n+1DA2" +(n+3)B, | 2" '+ (n+5)C, | 2" P+ (n+T7)D, | 2"+ ...

d"u +nA, +(n—2)B, + (n—4)C, +...
dgn+l (1-— xg)n+%
but one has

d"tly B Apz" + B 2"+ Cpp 2™ 3 + Dy 20 4 .
)

dxntl - (1 B xg)n+%
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by comparing these two expressions %}% , one will hthe following
equations:

An+1 — (n + 1)A7l7
Bn+1 — (n + 3)Bn + nAn,
Cri1=(n+5)C, + (n—2)B,,

All these equations begin to exist immediately and when1; this put, the first
gives

A, =1.23...n;
the second gives
n
B, =123... 1 2)|H ,
nn+1)(n+ )[ +Z(n+1)(n+2)(n+3)}
or
By=123. . nn+1)n+2)|Q++— 2 !
n = 1.2.5...n(n n 2(n—|—1)(n+2) nrol
One will determine the consta€t by this conditioat th,, is zero whem =1
one has therefor@ = ;.  Therefore
1 nn—-1)
B,=123..n- ———=
" Sy T

The third equation gives, by integrating and adding the apptepronstants,

13 nn—1)(n—2)(n—3)
2.4 1.2.34 '

C,=123...n

one will find similarly

1.3.5 n(n—1)(n—2)(n—3)(n —4)(n —5)

D, =1.2.3...
" 315716 12.3.4.5.6 ’

and thus in sequence. Hence
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d'z 123...(n—1)[ ., 1n—-1)(n-2) 4
dzm (1 - z2) Tty 1.2 v
L3 (0= 1) = 2)(n—Hn—4)
2.4 1.2.34
135 (n—=1)(n—2)(n—3)(n—4)(n—5)(n — G)an
2.4.6 1.2.3.4.5.6
1357 (n—-1)(n—2)...(n—8) ,,_4
2.4.6.8 123...8 !
T ]

| have supposed, in the two preceding examples, the latheoexponents
known, because it was very easy to perceive; but, lilaipened that it was
complicated, this which must be extremely rare, orleb&iable to determine it
by the preceding method.

XIII.

Here is yet a remarkable usage of the integral Calaultreifinite differences
in order to determine the nature of the functions aliogrto some given
conditions, this which is often useful, principally ihet Calculus of partial
differences?

One proposes to find a function ef such that by makingessiely
x = ¢(x) andx = ¢(x) , one has

(o) flo(@)] = Hy fly(x)] + X,

o(x), Y(zx), H, being some given functions of

51 had found this method at the end of 1772, on the occa$i@mme problems which Mr.
Monge, skillful professor of Mathematics at the schadlthe Genoese at Mézieres, proposed
to me; | did part of it for him then; at the same tirheent it to Mr. de la Grange, and | have
presented it to the Academy in the month of February 1Sin8e this time, Mr. the marquis de
Condorcet has had printed in the Volume of the Academyhfo year 1771 a quite beautiful
memoir on this object; but the route which | haveedsffrom his in this that he does not
propose, as | do it, to restore the question to therdiffeal equations of which the difference is
constant and equal to unifjranslator's note : On 10 March and 17 March 177F8peged in
the Procés-Verbaux of the Paris Academy, Laplace reafdaper "Recherches sur l'integration
des differentielles aux différences finies et sur leur appbtin a I'analyse des hasards."
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For this let
u, =P(x) and wu.y1 = P(z).
From the first of these equations, | conclude
v ="T(u.) and ¢(z)=H(u.),
['(u,) andH (u,) representing some known functions of ; hence,
U1 = H(u,),

a differential equation of which the constant diffeeengs equal to unity, and
which one can integrate in many cases.

The integral of this equation will give, as functionzpfand the equation
x =I'(u,) will give = as function ofz . Substituting this value ofin H, and
X, the quantities will becomes some functions of , whidesignate by., and
Z.. Moreover, one has

flo()] = fluzsa) and flo(@)] = flu.);
equation ¢ ) will become therefore, by supposfitg.) = v.,

Yor1 = Ly. + Z.,

an equation integrable by Problem I.

One must observe here, consistent with a remark dir.t&uler, that the
constants which come by integrating the finite difféied equations of which the
variable isz , and of which the constant differencenigy, can be supposed some
functions any whatsoever sin2rz amb7rz w, expressing the cdtihe
circumference to the diameter.

Presently, if one puts back into the expressiop.of teawsofz its value in
x, one will havef[y(z)] , and, if one changes$x) into , oné hele the
function of z , which satisfies the Problem. The faflog examples clarify this
method:

The question is to find a function of such that by changing successively
into x? and intomx, one has

f(&') = f(mz) + p,

m andp being constants.
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| makeu, = mz, and...; = x?; hence,

U, \ ¢
Uzl = m)

In order to integrate this equation, | make = a ;. therefare= ;—Z,
U3 = %;, ... Letu, = £ therefore
a9+ ad++1
Ul = afra bt
Therefore

9-+1 = 49z,
this which gives

9. = Aq".

Now, puttingz = 2, g, = q, whencel = %, one has= ¢°~!.  Moreover, one
has f..1 = qf. +q. Thereforef, = A¢” + .. Now, putting=2, f. =¢q ;
1

therefored = (;_1 ang, = E(qz —q) ;therefore

z—1
a?
U, =

Mt @)’

This expression of, is complete, since is arbitraoyy the equation
f(a) = f(mx) +p
will become
Yet1 = Yo + D
Therefore
y. = C+ pz = f(mx).

It is necessary presently to have the valuer of x imow, since one has
u, = mx, one will have
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whence one draWs

la 1
Ime=q¢°"— — ——(¢° — q)Im
; q—l( )

or

Z(la lm> mz
e\ — =) =l—
g q—1 ma

let “ — - = K, and one will find

U5 K
Ty g
hence
llm@1
y, = A+ p——,
lq

A being an arbitrary constant which can be any funciwbatsoever of stz
andcos2rz . Letl'( sikwz, coQnz) be this function; by substituting instead of
its value, one will have

[ "%
A =T sin2r—2— coRr—2— |.
lq lq

Therefore

L [ [
y. = f(mx) = T'[ sin2n—2—, coRr—2— | + p—2—;
lq lq lq

thus the function of demanded is

S

-4 11— Il
_ F . 2 ma—1 ma—T ma—
f(x) sin2m 0 coXm lq +p lq

|

6 Translator's note Laplace uses | to denote the natural logarithm. Itaspas in this
document.
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It is a question again to find(z) such that
[f(@)]? = f(22) + 2.

One could first think that it is impossible to satifys equation, at least to
supposef(x) equal to a constant; this is indeed that whiok able geometers
have believedsee the second Volume of tMemoires de Turin , p. 320); but
one is going to see there are an infinity of otheysita satisfy it.

Let

U, =T and Uy = 2T;
therefore
Uy = 2u, and u, = A2° = .
Moreover, one has
f2z) = f(u,41), which | designate by ¢..4,

and

and one will have

by =12 —2.
In order to integrate this equation, | supptise: a + %, therefore
1 1
t2:a2+—2, t3:CL4+—4, ceey
a [0
and generally
1

2271
t.=a + 917
[0
a complete expression @f , sinee is arbitrary; nave bas2* ! = ;5 |
therefore
t,=a+a 21, or t,=b"+b"",

b being an arbitrary constant; now this constant lmarsupposed any function
whatsoever o$in2rz ando22rz , and since= H + z% H, being any constant
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whatsoever, one will have

) lx lx
b= f(sin2x B cosz7rl—2),
hence the function af demanded is
) lx lxr 1° ) lx lr 177
f(sin2w B cosz7rl—2)} + [f( siT B coSwl—2)

It is a question again to find(z — y\/jl), such that one has
f@+yV=1) = flz —yv/—1) = 2M /- 1.

By supposing) = ¢g + hz , one will have

flovV=1+z(1+hV/=1)] = fla(l — h/~1) — gv/—1] = 2M/~1.

Let

z(1+hv—-1)+9gvV—-1=u.,
z(1—=hvV-1)—gV—-1=u,

one will have therefore

u, +g9v—1

1 —hy—1'
therefore

N Vs WV
T /=1 11

an equation of which the integral is

uZ:A<1+h\/T1>2_

L h/1 =z(1—hy/~1) - gv/~1;

9
h

hence,
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1+h\/ —l
1—h\/

Now, if one namesor the angle of which the tangeht sndr the ratio of the
semi-circumference to the radius, one will have

1+h\/7
1_hr—QFWW

(9+hz)+ K

therefore

g+ hx)

2\/ lowom

+ K'.

Now one has
Fluzn) = fluz) = 2M\/~1;
and, by representinf(u,) Iy,
ton =t +2M+/—1,
therefore
t,=H+2Mz\/—1;
substituting instead of its value, one will have

l(g+ hx)
wT

t,=M + I,

L being an arbitrary constant, which can be any fancivhatsoever of sitrz
and cos2rz , or of smL\/h—“") and ofcoé%, and consequentlyeot=""

now, ¢!@th?) = g 4+ ha; thereford can be a function(gf+ hz)=;  hence
l(g+ hx 1
flx —yv/—1) = M# + F[(g—i— hx);}
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XIV.

On the equations in finite differences, when one has many equations among
many variables.

| suppose that one has the following two equations anfenthtee variables
Ve, 'Ye andz

(1) Yz + Amymfl - BJ’ ly;r: + C;r ly:r:fl;
(2) Yz + lAa:qu - 1BLL’ ly;r: + ICLL’ ly:r:fl-

The simplest way to integrate them is to reduce themlilmnation to two
other equations, the one between and |, the otheebety, and: ; for this,
| multiply the first by'C, , the second by, , and | subtrtw one from the

other; this which gives

(10;11 - Ca’)ya’ + (ICLI’ALI’ - C;r lAm)y:r:fl — (ICJ’BJ’ - CJ’ le)ly:L’a

hence

3

(lc;rzfl —Ch1)Yp1 + (ICxAAxA —C, leq)qu
— (lcmleJ:fl - C;r:fl lefl)lymfl-

| multiply equation (1) byx , equation(2) by, and | add theth mquation

(3), this which gives

(Oé + 104)3/.7: + (aAT + 1051AJ: + 1G7:—1 - Gx—l)yx—l + (1Gr—1Ax—1 - Gx—lle—l)yx—Z
= (OéB + 1041B) 13/.7: + (aCT + 104107: + 1G7¢—1Bm—1 - Gx—lle—l)lym—l;

| make'y, andy,_; vanish by means of the equations

aB, + lale =0,
OéCJ; + 10410;1: + ICLL’*lBiL’fl - C;r:fl le,1 - 07

and | have in this manner a differential equation betwg andz alone; by an

entirely similar process, one will find one of themtween'y, and: ; and it

would be the same thing if one has a greater numberudtiens and of
variables.
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It is easy to see that, if there was in each equaione terms such &3,
X,,..., T,, X, being some functions any whatsoever zof , they would be
integrable in the same cases where they are i teesis not being there.

When one has — 1 equations amang variables, these daegoahave
an infinity of different relations among them, theéegration of these equations
presents thus a great number of curious researches;dyet isha case which
merits a particular attention, in this that it is emetered sometimes and
principally in the analyses of chances; it is theeceswhich these equations
return to themselves.

XV.

On the differential equations returning to themselves.

If one has the following equations, among the varsiajgje g%m, g?}m, .

1 2

y;r: - Aym—la

2 3

y;r: - Aym—la

3 4

y;r - Aym—la
1

Z:{’ - Ay:(,’fl

These equations are those which | egliations returning to themselves .
In general, if one disposes on the perimetefigpf Amlveriables%/x, gQ/m,

g?}m, ..., as the figure represents them,
2 3 4
Ya Ya Ya
A
1 n 5
Ya Yy Yz

and if then a function any whatsoever of one of thes@bles and of its finite
differences are constantly equal to any function wiestsioof those which follow
it and of their finite differences, the equation whielsults is that which | name
anequation returning to itselflf, for example, each of these variables is emual
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twice that which follows it, when one supposes dirhinig by unity, plus three
times that which follows this last, when one suppasd#ninishing by two units,
one will have

1 2 3
Yo = 23/;1:71 + 33/:5727

2 3 4
Yy = 2y;r:71 + 33/:5727

1 2
ﬂx - 23/3;71 + 33/3;72-

One sees thence that, although in the order of theblabm is the first, one
would have been able however equally to begin with amgraf these variables,
and the equations would have been absolutely the samewhich is the
particular character of this kind of equations. This put,

XVI.
Problem Ill. — | suppose that one has the returning equations
1 1 1 2 2 2
Yo+ AYp oy + Ay, g+ = By + By + Bl g+ + X,
2 2 2 3 3 3
Yo+ AYp oy + ' AYy g+ = By + By + Bl g+ + X,
Bo+ Ao+ Al o = B+ By, + Bl o+ X

it is necessary to determirgl@ 32/3,
The first equation gives

1 1 1 1 1 1
Yy + Ay:(,’fl + lAy:(,’fQ +...+ Ay:(,’fl + Any72 +...+ lAy:(,’fQ

:B(z%x—i_A%/a’fl—i_lA%/:r*Q—i_)+1B(§J’71+A51’72+1A§J’73+)+
+ X, +AX, 1 +1AX, o+ ...

| substitute instead oi, + Ag%m,l +... %/;H + A%I,Q + ... their values

which the second equation gives, this which gives mecaration amongl/x ,
31/1,71,... and%x ,2%1 .. ; by operating on this here as on the fisstl] have an
equation amonéx g},x,l arﬁ; ?4/,,1 .., and, by continuing to opdnate t
until the variablezx , I will arrive to an equation afg form
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1 1 1
Yy + bqya:fl + lbqya:-Z +..
q

q q q q q
:CLQ(ya:'i‘qu;fl+lAya:—2+---)+lCLq(yx,1+Ayx,2+...)+... +ULL’)

It is necessary to determibg 'b, ..., a,, 'ay ..., 31;,

For this | substitute into the preceding equation, insm‘ach +A ?/H

+..., zx,l +A zx,Q + ..., their values that th¢"  of the returning equations

gives, this which gives

1 1 1
Yz + bqym—l + 1bqy.7:-2 +...

+1 +1 +1 +1
— aq(qux + 1B%m_1 +. 4+ X))+ 1aq(B%$_1 + 1B%m_2 +o X))+ +gx,

whence | conclude

1 1 1 q+1 qg+1 qg+1
Yo + by | Ypy + "Dy yx,2+...:an(yx + Ay + Ay o+ ...
+1 +1
+ A + Ab, +(1an+aqlB)(qux,1+A§J/x,2+...)
+1
+14 + (a,B + 'a,'B + a,’B) (qux,Q + )
e P
+ X,a,

+ Xx,l(laq + Aay)
+ X, o(Pa, + Ala, + 'Aa,)

e
g+ Ay + 1AL, o+
but one has
ZlJa; + bq+1314;1:71 + 1quzle72 t. = agn (qyt: LA Zant% + )
+ lagn (Zanti + )
e
s

whence one has, by comparing,
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bq+1 - bq + A,
Y1 = b, + Ab, + 1A,

1
(A) qltr - ga: + Ang,1 + lAgLJ:fQ +..
+ X,a, + Xx,l(laq + Aa,) + Xx,g(Qaq + Alaq + 1Aaq) + ...

By means of these equations, one will determine eagilya, ... , by, 'b,,
...;Inorder to determingx , | observe that one has

q
Uy = qu;I: + 1fq)(;r:fl + QfQXLL’*Q + ceey

| substitute this value into equation (A), this whichegiv

+1
qufﬂ = Xu(fy +ag) + Xa:fl(lfq + 1aq + Aa, + Afy)

+ X, o (Cf, + %a,+ Ala, + 'Aa, + 'Af, + A'f,)

o :
but one has
q+1
Uy = fo1 Xo +  f1 Xo + 21 Xooe
therefore
fq+1 - fq + Qg
1fq+1 - 1fq + 1CLq + qu>
By means of these equations one will determine'f,, ..., nd, haancequx .

suppose now = n , and one will have
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1 1
ya:—l_bqya:fl—i_"' :an(ﬁx—i_Aﬁxfl_i_)
+ lan(zxfl + 1A8x72 + .. )

o
+ Uy
but one has
therefore
1 1 1 1
Yp + b0y + ... =a,(By, + lBny,f1 +...) +a X,
+lay(By, 4+ ...) +ta, X, 4
N + ...
+ Uy,

and, by ordering the different terms of this equation

b1 —anB)+ 4, (b — ap'B = 'anB) + ¥, »("by — a2 B + 'a,' B — 2a,B) + ...

—ty — ap Xy — 'ap Xy 1 —... =0
. . . . 3
one will have an equation entirely similar ﬁ)tr Yps «-
XVII.
PROBLEM IV. — 1 suppose now that the returning equations contain three
variables, and that one has
1 1 1 2 2 2
Yy + Aya:fl + lAyJ:72 +...= Bya: + lBy;L’fl + 2By;1:72 +
+ CZ?JJ]‘ + lcga:fl + 2081:72 +
+ Xa,
3:[; + AZJ]‘*I + 1A8x72 +...= BZ]JLI]‘ + lelJ;I:fl + QBZSJ:*Q T+
+ CZQJJ: + 10324;1:71 + ...
+ Xa,

it is necessary to determirgl;g 3243,,
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By following the process of the preceding problem, onk awive to an
equation of this form

1 1 1 q q q
Yu + bqya:fl + lbqya:72 +...= aq(ya: + Aya:fl + lAyJ:72 + .. )
q q q
+ g (Yyoy + AYyo + 1 AY, 5+ )
o

g+1 g+1 g+1
+ Cq( Ya + Ay;r:fl + 1Ay1172 + )

g+1 g+1
+ lcq(yazfl + Ay;r:72 + ... )

+ .

| substitute now into this equation, instead of

q q q q
Yo+ Ay, 1+ ooy Ypg FAY, o+,

their values that th¢!  equation gives, this which prodtiefollowing

1 1 1 +1 +1 +1
Yo+ Oglies + B+ = ag(Byn + By + 2B, 4.
g+1 g+1 g+1
+ 1aq(By:,;,l +'By,_o + *By,_3 + cn)

q+2 q+2
+a,(C Yy, + 'Cyp i +...)

q+2
+1a,(Cypi1 +...)

g+1 g+1
eyl + AL )

q+1

+ lcq(yazfl + )
e
+ s
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whence one will conclude easily
1 1 1
Yy + bq Yo—1 + lbq Yz—2 +..
+A + Ab,
+'A
g+1 g+1
= (a,B+c))( Yo +AYp1+...)

+1 g+l
+ (lagB + ay' B+ ey + Acy)(Boy + Ay +...)

+1 g+l
+ (CagB + 'a,' B+ a,’B + ¢y + Alcy+ "Acy) (o + Al 3 + ...

q+2 q+2
+GqC( Yz +Ay1:71+)

q+2 q+2
+ (*a,C + a, ' O) (Yo + AYp o+ ...)

q+2 q+2
+ (2a,C + 'a,'C + a,*C) Yy + AYp 3+ ...)

+ 31,, + Agx,l + 1A3x,2 +...

+ X,a, + Xx,l(laq + Aay) +...;
now one has

1 1 qg+1 +1
Up +0p1¥ps + o = ag Cye + Ay Ty +.00)

q+2 q+2
+Cq+1( Yo +AYs1+...)

q+1
+ Uy

whence one will have, by comparing,

bq+1 - bq + A,
Y1 = b, + Ab, + 1A,

thus one will determing, 'p, .,. ;next
ag+1 = a;B+c¢, and ¢ =q,C, hencea, =a,B+a,1C ;

whence one will have, ang. Moreover, one will have

51



laqH = lan + aqlB + 1cq + Acy,

1 1 1
Cor1 = a,C+a, C.

Therefore

laqH = lan + aqlB + lcq,l o+ Qg1 o+ Acy;
whence one will havea, arld, , and thus of the restijyfinae will determine

ng, as in the preceding problem.

If one supposes presently=n , one will have

lea:(l —cn) + 31/;571(1 —Acy —'en)+ .o =a, (U + Ay +..0)
+lan(py +AY, o+ .0)
i
+ 1,

. . . . — _9
One will form some entirely similar equations amdhg.' nd §,,"y.° and

”y_xl, ..., and one will have a number of returning equationsvon tariables,
such as | have considered in the preceding problem.

The same method would succeed equally if the returning egsatintained
four or a greater number of variables.

XVIII.
On the integral calculus in the finite and partial differences

| suppose thaty ~— represents any function whatsoevercVanables: and
n; | can in this function make vary by regarding asstamt; | can make
vary by regarding: as constant; finally, | can varynd a all together, their
variations being in any ratio whatsoever; now, gérthexists amongy,  and
these different variations any equation whatsoevauijlibe that which | name an
equation in the finite and partial differences

.Y, represents always a function of two variables and

ne1Ypr n_o¥.s --- Signify thatn has diminished by one, by twa, St
this function;

Yo1r Yy o --- Signify thatr has diminished by one, by twa, St
this function;
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w_1Y,_o» --- Signifies thatr has diminished by one unit, and vy tinits,
and thus in sequence.

An equation in the partial differences is thereforeeguation among these
different quantities; such as this here:

ny;r = a'nymfl + b'nfly;r:fl'

The equations in the finite differences have been fdynthe consideration
of the sequences (Art. Il). This is similarly the sioleration of certain sequences
that | have namedécurro-récurrentes §ee volume VI of Savants étranges
which has led me to the finite and partial differendese is how: | suppose that
one has the sequences

( Y1 Y2 Y3 Yo Y5 s ¥ s

oY1s oYy ¥z Yy Q¥se e Uiy s

(i)  3Y1s 3Y2r 3Yss o sYar 3Yse oees 3Yn eees
ey, e

\ nY1 nY2: nY3: nY4 nY59 Tt nYz Tt

If any term whatsoevery ~ of these sequences is cdlystgual to any
number whatsoever of the preceding terms taken in nfahgse sequences, and
each multiplied by a function of andof , these sequemaeghose that | have
calledrécurro-récurrentes and the equation which expresses the law aogordi
to which they are formed is an equation in the fiaitd partial differences.

| will observe here that the sequences () can beidsresl not only in the
horizontal sense, but further in the vertical seas®, rather than in the first
senser is their index, will be it in the second.

| will suppose in the following, as | have done it abovéhe equations in the
ordinary differences, that the differencescof and afe constants and equal to
unity; if they are constants without being equal to ynitwill always be possible
to render them such, by the introduction of new vagbl will suppose
moreover (this which is yet permitted) that the sesalvalues that and can
receive are unity; and each time that | myself wipa# from this assumption,
the state of the question will make it known. This put:

If one has an equation in the partial differences soah t

ny;r = 2'ny;rz71 + 2'n71y;r:71’

it begins to hold only whemn and are greater than uagyin the ordinary
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differences the equatiopy, = a.,y,_, holds only when is great&n th so
that ,y, remains arbitrary, and one determines by mefitgs equation only the
values of y, ,,y; ... ;likewise, in the equation

ny;r = 2'ny;rz71 + 2'n71y;r:71’

v, and_y, are arbitrary; thus the general expression of ntagw an arbitrary
function.

In general, the number of arbitrary functions thatithegral of an equation
in the partial differences contains will be determirt®ad the degree of the
difference of that of the two quantities and whichesthe least; thus, in the
equation

ny;r = nymfl + 3'n71y;r:71’

the number of arbitrary functions which the integrahtains is1 , because,
being here that of the two variables of which théosince is the least, it varies
only by one unit; indeed, it is clear that, if one kisqw, , one can determing_
Yo 1Y, --- Dy means of the equation

ny;r = nymfl + 3'n71y;r:71;

there is therefore then only, arbitrary.

XIX.
PROBLEM V. —The equation in the finite and partial differences

1 2
ny;r = nHJ:'nflyJ:fl + RHLL"R*QyJI*Q + nHJ:'nfly:r:fl +..o nP:r

being given, one proposes to integrate it
Since, in each term of this equation, the variable credeses according to the

same law as the variable , | can suppesen+ K K , being @mgtamnt
whatsoever;y , H }lHT .,. become then functiongof and of reptesent
: ; . 1 1 : .

in this case y, bw, ;H,  ,H ... Y, L., ..., finalyP — b¥, ;the

proposed equation becomes therefore
Uy = Lytg_1 + 'Lytg_o + 2Lotgq + ... + X,

an equation in the ordinary differences, and of whiehittegral has this form by
the preceding Articles, by restoring insteadof  itsi@al— n ,
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u, =C. z + IC.}lzx + QC.sz +... 4+ R

C, 'C, *C,... are some arbitrary constants, which can be furstidd or of
x — n; one will have therefore

Yy = 20 —n)+ 71123;'1¢(x —n)+ sz.%(x —n)+... + R

one will determine the arbitrary functiosgz — n) ‘¢(z —n) .., byame of
the values of y , in as many particular assumptions: fos there are of these
arbitrary functions.

The proposed equation in the partial differences is thexrefenerally
integrable, this which comes from this that in efgimn ande vary in the same
manner; but, if one excepts this case and some ofbéesrare, it is impossible
to have an integral entirely rid of any sign of inteémma In order to show it by a
quite simple example, | suppose that one has to intedn@equation

ny;r = nymfl + nfly;r:fl;
by supposingy, = ¢(x) , one will have
ny - ny,1 = ¢($ - 1) or Agym - ¢($>,

hence,y, = Y¢(x) ; one will find similarly
W, = S%0(@), Ly, =2¢(),
and generally
WYy = S o(x);

such is therefore the complete value @f by taking ¢are@dd to each
integration an arbitrary constant.

One can simplify this value and reduce it to some quesiEtifected with the
simple sign of integration, in the following manner.

It is necessary to reduce the double intedrab(z) to simpdgrals; |
make for this

2%(x) = 2, D¢ (x) — Bt, ¢(x);

by differentiating, there comes
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Yo(x) = (22 + Az)[d(z) + Vo (x)] — 2. Xh(z) — L ¢()
or
Yp(xr) = (2, + Azp — t)0(x) + Az, Xop(x).

ThereforeAz, =1 and, = z, + Az,; | can therefore suppese- x and
t, = x + 1, this which gives

2%p(z) = 2 2¢(z) — Bz + 1)¢(x);

one will reduce, by a similar process’¢(z) to some questaifected by a
single sign of integration; but it will be impossiblertd it of it entirely.

Here is now a method to integrate equations in theagpalifferences, in
which the inconvenience of the quantities affectednbyy signs of integration is
not at all to fear.

XX.
PROBLEM VI. —The equation in the finite and partial differences

1 2
1 2
+ Bn'nflyl’ + Bn'nfly;r:fl + Bn'nflym72 + ...

being given, one proposes to integrate it

For this | seek to restore the integration to thaaroéquation in the ordinary
differences. | suppose therefore that one gjas= ¢(x) ; equiionmill give
the following

D) o, =Ayy,  + Ay, o+ Nyt Byd(x) + 'Byd(x — 1) + ...,
next
1 1 _
Y, = Ay + Aggy, o+ TN+ By, + By,

whence it is easy to conclude
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1
3Y, — AS'Syx—l - AS'Syx—Q — e A, Ay, ) — 1‘41(2%—2 —...)
1
= B3(2yx — A2'23/q;71 — .. )+ B?’(le,f1 — A,y — c ) F
+N,(1-A, -4, —...).
If one substitutes, instead of

Ve = Ay g — s

L

their values drawn from equation (1), one will have guregion of this form:

1
3Yp —A3-3Y, 1 = Qge3Y, g T e T 3U,

This equation is in the ordinary differences; in orderiritegrate it by the
preceding Articles, it is necessary to knowy and thésrobthe equation

1 2

a a ay

=24+ 2+ +..
foor
now this equation is the same as this here
1 1
R R SICEL | (L. B (BT
A f f ! f

By following the same process fqy, .y, and generally fgr, one will
transform equatiorh( ) of the Problem in the following

1
(2) ny;r = an'ny;r:fl + an'ny;r:fQ +..o+ nu;r:’

that it will be easy to integrate it when one witidw u_and the roots of the
equation
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1 2
a

L S
VA S ’

one will see easily that this equation is the santbiasiere

- . 1
whence it is easy to conclude ‘a,, ...,

In order to determine presently the value of , | obsdhat, from the
equation
(2) ny;r: = an'nya:fl + lan'nya:fQ +..o+ nux’
one draws

If one adds all these equations member by member, iire@ave

1
Bn'nflya: + Bn'nflya:fl +..
1
= anfl(Bn'nflyJ:fl + Bn'nflya:fQ + . )

Now, if one substitutes, instead of

1
Bn'nflya: + Bn'nflya:fl .
1
Bn'nflya:fl + Bn'nflya:fl .

their values given by the equation of the problem, oifidave
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ny;r: - An'nya:fl T Nn = anfl(nya:fl - An'nya:fQ T T Nn)

1
+ anfl(nya:fQ - Nn)
AP
1
+Bn'n71u;1: + Bnn lu;r: 1 +

By ordering the different terms of this equation, onéhaive

ny;r: = nya:fl(anfl + An)
1
+ nya:fQ(lanfl - anfl'An + An)

+ nya:fS(Qanfl - lanfl'An + an—l'lA + 2A )

1
+B,., u,+'B. u  +..
1
+N (1—a,  —'a _, —...).

If one compares now term by term this last equatidh equation (2), one
will have the following:

an = anfl + An’
1 _ 1 . A + lA
a,= 0, 4 G, 14y n’
2 2 1 1 2
an = anfl - anfl'An - anfl' An + An’
One could, by integrating these equations, determgnéan ,-.. Jf it was not

much more simple to conclude them by the preceding method.

Finally one will have
1 2 1
(3) 71,ua: =N (1 - an,—l - an,—l - an,—l T ) + Bn,'n,—lua: + Bn,'n,—luar—l +..

n

In order to integrate this last equation, | observe, #iace,y, = ¢(z) , one
will have ;u, = ¢(z); whence | conclude

o, =N,(L—a, —...)+ B,¢p(z) + 'Byp(x — 1) + ...

one would have in the same manper ,u, ..., , and onefsaesytpreceding
thus one will have generally
(4) u,=b ¢x)+'b gz —1)+ % d(x —2)+... +C;
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therefore

u,=b o)+, dlx—1)+...+C, |,
o, =b b1+ dlx—2)+..+C, |,

If one substitutes these values into equation (3), olhbave
1
u =N (l-a ,—'a ,—..)+C, (B +'B +...)

+b, B @) +¢(x—1)("b,_ B +b 'B +..;

whence, by comparing with equation (4), one will have

b,=DB,b, |,
' =B .  +'B.b |,
c =C, (B +'B +..)+N (1—a, ,—'a, ,—...).
By integrating these different equations and adding the apateponstants,
one will have the values &f 1bn ... G, , and hence thatof The constants
must be such, that by supposing= 1 one has= ¢(z) ; so that orte mus

haveC, =0,b, =1, 'b, =0, %, =0, ....

By integrating equation (2) to which the equation of trebjem is reduced,
this operation introduces in the expressionof sotirary constants, which
can be functions of ; but these functions are notrarlyj since the integral of
equation ) can contain no other arbitrary functiomntlp(x); one will
determine them in this manner.

If one nameg, p. Ip, .,. the roots of the equation
. an lan 2an .
= 7 + ? + F + .

one will have, by Article X,
y,=C pr+'C 'pf+7C Ppt+.. .+ L.

If one substitutes this expression gf into equationgng will draw from
it, by comparing the terms homologous with respect tas many differential

60



equations as there are functions 1Cn , and, by integrathese
equations, one will determine these functions.

Instead of makingy, = ¢(x) , one can imagine a differential ecoedioy
whatsoever betweeyy, and ;| suppose that this equatibatisf a recurrent
sequence, so that one has

1
1Y, = F'lym,1 + F.lymﬂ 4 ... —|—L’

F,'F, ... andL being constants; by following the method of tteblem, one
will arrive to the following equation

1 2
(5) Ye=a,.y +oa.y +a.y o+ +u,

and one will find that the equation

One will have next

u :u71(Bn—l—1Bn—|—...)+Nn(1—an71—la — ... ),

n n n—1

whence it will be easy to conclude the value pf
The case in which the equation betwegn and is that recurrent

sequence is the one which is encountered most frequerithg application of
this theory.

One can observe here that the quantﬂgsan, e eatatrall into the
formation ofa,, ,lan »-- , but simply in that ef  ; whencedtlows that, when
this quantity is null (this which must happen very oft@guation (5) will remain
the same thing as the quantitigs 1B% are; thence theults that, in this
case, these quantities influence in the solution of greblem only on the

determination of the arbitrary constants which conaeen the integration of
equation (5).

XXI.
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In order to clarify the preceding theory with some epias) | suppose that
one has the two equations

W = 29Y, 15
ny;r = 2'ny;rz71 + 2'n71y;r:71'

If in the first equation one makeg, =1 , one will formtsway the following
sequencé, 2, 4, 8, 16, ... The second equation gives

oWy = 29Y, 1 T 2.9, 4,

and, if one supposgg, =0 , one willhayg =2 ,y, =8 ...; one will form
in this manner the sequente2, 8, 24, ... By continuing thus and sugposin
always .y, =0,,y;, =0,.5, =0 ,... one wil form theécurro-récurrentes
sequences:

4 5 6 7 8 ... =«
8 16 32 64 128
24 64 160 384 896
24 96 320 960 2688
8 64 320 1280 4480
0 16 160 960 4880

U W DN =
O O O O =
O OO N NN
O O 00 W

n
It is necessary presently to determine the general ¢¢éthese sequences or,
this which reverts to the same, the expressiony of
For this, | observe that one has, by the precedingléyt
1
ny;r = an'ny;r:fl + an'ny;r:fQ +..o+ un’

next the equation

1
a a

l=-24 4 .
[

is in this case this here
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of which all the roots are equal to 2; one has, maeay, = 2u,_|; therefore
u, = H.2™. Now, puttingn =1, one hasg, =0 , therefol¢ =0 ; one will
have thus, by Article IX,

(x—1)(z—2)...(x —n+1)

e =270 |G 1.23... (n—1)
(x—1)(z—2)...(x —n+2)
+ D 123...(n—2)
(x—1)...(x —n+3)
S s o)

In order to determine the arbitrary constatits D,, ..
this value of y  into the equation

., ,Wwillesubstitute

ny;r: - 2'ny;1:71 + 2'n71y;1:71’
by observing that
(x—1)(z—2)...(z—n+1) (z—2)(xz—3)...(x—n) (x—2)...(x—n+1)

123...(n—1) T 123.n—-10) 7 123..(n-2)
(x—1)(x—2)...(r —n+2) _ (x—2)...(r—n+1) (x—2)...(x—n+2)
1.23...(n—2) 123...(n—2) 123...(n—3)

and one will have

(x —2)(x —3)...(x —n) (x=2)...(x—n+1)

Ch

+(Cn + Dy)

123...(n—1) 12.3...(n—2)
R e T
L (@=2)...(z—n) (x—=2)...(x—n+1)
= Cn 123 . n—1) = (Dn 4 Cos) 1.2.3...(n —2)
o e

By comparing term by term, one will have:
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1°C, = C,,_1; therefore”,, = A . Now, putting =1 , the quantity

(lz—1)(x—2)...(x —n+1)
1.23...(n—1)

is reduced to its first factdr , and the quantities Vaithg

(z—1)(x—2)...(x —n+2)
1.23...(n—2) :

become nulls; thereforgy = A.2""1. Now one hag, =1 ; therefore
A=1=0C,.

2° D, =D,_;, henceD, = A andy, =2""!(&L+4) . Now putting
x =1, one hasy, =0 by the formation of the previous sequerhesgfore
A=0andD, =0.

One will find similarlyE,, = 0, F,, =0, ...; therefore

(x—1)(z—2)...(x —n+1)
123 (n—1) '

nyT — 21}71

Let, for examplez =8 and =5 ; one will have

7.6.5.4
1.2.3.4

Yy =27 = 4480.

| take further for example the two equations

We = 29Y, 15
ny;r = (7’L + 1)'ny;rz71 + nfly;r:fl'

If one supposes

1Y, = 1, oY = 0, 3Y, = 0, WY = 0, ...,
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one will form the following sequences:

1 2 3 4 5 6 7T 8 ... w

11 2 4 8 16 32 64
2 01 5 19 65 211 665
30 01 9 55 28 1351
4 0 0 0 1 14 125 910
5 0 0 0 0

1 20 245
n
In order to find now the general term of these sequencebe expression of
y,. | observe that one has, by the previous Article,

n
1 2
nyﬂ? - an'ny:r:fl + a’n'ny;r;72 + an-nym,:z, +...t+u

n?

and that the equation

is the same as this here

(=200

finally, that one has

whence, by integrating,
u, = H2".
Now, puttingn = 1, one hag, = 0 ; therefore
H=0 and u, =0.
By integrating, one will have therefore
nyx — Cn2a:71 + 10n3x71 + 20n4x71 4+ nflcn(n + 1);1:71’

an equation in which it is necessary presently to dterthe arbitrary constants
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C., 1Cn, ... For this, I substitute this value of ~ into the dtur
nya: = (7’L + 1)'ny;rz71 + nfly;r:fl’
this which gives
c2t+'C 3" 4+
=(n+1)C 2"+ (n+1).'C 3 *+...+C, 2" +'C 37 +..;
whence, by comparing term by term, | will have
2C, =(n+1).C +C, |,
3.)c =(n+1).'C +'C, |,

It is clear that the first equation begins to hold amhenn = 2 ; the second,
whenn = 3 ; the third, when =4 .,. By integrating the firsteamll have
Gy
(1-2)1-3)(1—4)...(1—-n)

C, =

Now, since one hafg/x =21 one will hagg = 1; therefore

1
123...(n—1)’

C, = +

the + sign holding if: is odd, and the sign if it is even.
One will have similarly
e

0, = (2—3)(2—42)...(2—n)'

Now, puttingn = 2, one has
ny _ 022;1:71 + 1023;1:71 — 1023;1:71 o 2;1:71.

Therefore, sincgy, = 0 , one will ha\}é’2 =1; hence

1
1
O =
nT T 123 (n_2)

the + sign having placef is even, and the signisfddd. One will find, by
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a similar calculation,

0, == 11_2 1.2.3...1(n —3)
Cu=F 1;.3 1.2.3...1(n —4)
L
o= £ 152 1(n_ 3 g1 _ T : L, (n— 11)(2n 2) oot
e 1)(2.;.?(” gy x ey,

the + sign having place if is odd, and the  sign if @vsn. Letn =4 and
x = 7; one will have
1

6 6 6 6

XXII.
PROBLEM VII. —The differential equation

1 1
ny;r: + An'nya:fl + An'nya:fQ +..o+ Nn = Bn'nflya: + Bn'nflymfl +.
1
+ CR'R*QyLL’ + Cn'anyJ:fl +.

being given, one proposes to integrate it
In following the analysis of the preceding Problem,aken,y = ¢(x) and

.Y, = '¢(z); the proposed equation will give therefore

W, Aggy, ALy o+ Ny =B o(x) + 1By g(r — 1) + .
+ Cy(z) + 'Cyplz — 1) + ...

and
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1
W+ Ay + ALy, o+ Ny
1
=By, + Byt
+ O () + 10 (e — 1) + .
whence one will draw

Yot ALY T 1A4'4y;1:72 T+ N
A (Y T A Yy )

= B,(3y, + A3-39,, )
1
+ By, + A5y, )

+C,. () + 'Cylp(r — 1) + ...
+A,.C Pl — 1) + ..
Now, if one substitutes into this equation, instead of

Y, T A3, oy
o1 T Az3Y, o0

their values, one will have an equation of this form
1 2
WYp = Opeg¥y T 0y Y T Y, 3T Ty,

This equation will be integrated by that which precedssoon as one will know
,u, and the roots of the equation
1 2
a a a
==+ —+ 4.
A S

Now it is easy to see that this equation is the sasrt@is one here

Y P A A
0_<1+ 7t +...><1+ e )

By following the same process foy, ,y. ... , and generally f; , one will
arrive to an equation of this form
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1 2
(A) ny;r: = an'nya:fl + an'nya:fQ + an'nya:f?) +..t nu;r:’
an equation which will be easily integrable when oiekwow «_and the roots
of the equation

1 2

A
FrE TR

Now one will find easily that this equation is the saas this one

0= 1+§+1ﬁ+ 1+ﬂ+1ﬂ+ 1+ﬂ+1ﬂ+
— St T I F e

whence it is easy to conclude 10%
In order to determine presently.. , | observe that theagon of the
Problem gives the following:
1 1
Y —a,.y o — a.y o—...+N (1-a —a —..)
1
+ An(nya:fl QYo T )

o
= Bn(nflya: an nflya:fl )
o
+ Cn(anya: - an'anya:fl e )
o

ny;r: n nya:fl nu;r:’
nya:fl an'nya:fQ = nu;r:fl’
.............................. ;
moreover,
nflya: - an'nflya:fl - lan'nflya:fQ T
= nflya: - anfl'nflya:fl —. An(nflya:fl - anfl'nflya:fQ T ) +..

= n—1Yy + An'nfluxfl .

similarly,
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(V)

R*QQJ} - anfl'anya:fl e
=2y T o oYr 1 T - + Anfl(nfgyxfl e ) + ...

= R*Qul’ + Anfl'anuJ:fl +.

and

R*QQJ} - an'anyJ:fl e

= R*le’ - anfl'anyJ:fl —.. 7t An(anyJ:fl e ) +..

= n—2ls + Anfl'anuJ:fl . F An(anuJ:fl + Anfl'anuJ:fQ + .. ) .
therefore
( Ju, A u + lAn.nu%2 +...+ N, (1-a, — lan —...)

1
=B,(, u,+A,. u +...)+ B (, u,  +..)+...
) + Cn[anu;I: + Anfl'anuJ:fl +..o+ An(anuJ:fl + Anfl'anuJ:fQ' o )
o e

\ e

In order to integrate this equation, one will obseha the value ofu, ~must
have this form

u,=b ¢(x)+'b ¢z —1)+ 7 d(x —2) + ...
+ cnlé(x) + 1cnl¢(:zc -1)+ 20n1¢(:p —2)+... +g,

There is no longer now a question but to determinéd, ... ¢, 'c ,...,
g, For this, one will substitute this value of into e (V), this which
gives
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b,d(x) + oz —1)("b, + A b))+ ...
+ cnlé(x) + to(z — 1)(lcn +A .c)+...
= ¢(z)(B,b, , +C,b, )

+¢(z—1)[B,'y, ,+B,Ab, ,+'Bb

n-"n ' n—1 n- n—1

+ Cn lban + CnAnflban + CnAnban + lcnb —

+1¢(:E)(B c, . +Cc )

n n—1 n- n—2

+1¢(z—1[B'c +BAc¢ . +'Be
n n—1

n-"n n—1 n- n—1

1 1
+C, ¢, ,+C A ¢ ,+C Ac ,+ C.c

n - n—2

whence one will have
b,=B,b, ,+C.Db

n-n—1 n-n—2
lbn - Bn lbnfl + Cizban + bnfl(BnAn + an + CnAnfl) + ban(CnAn + lcn)’
Cn = Bncnfl + Cncn 27
by integrating, one will have the valueshof 'b, ..., ¢ ,'c, ...,

These equations ascend to the second differencesintegiral must contain
two arbitrary constants. Now, by supposing=1

One must therefore have then

b, =1, 'b, =0, %, =0,

n

Therefore then
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By means of these conditions, it will be easy to iheitee the arbitrary constants.
Knowing thus the expression ofu, , there is no longer astepre but to
integrate equation (A), and the arbitrary constantsthi®integration introduces,
which can be functions of , will be determined by tiethod that | have given
(Art. XX).
If, instead of the two equations
1Y, = (x)
oY, = 1¢(x)

one had the two following
Y, tEy, +'E.y ,+...+K=0,
Yo+ Hoy +'Hyy ,+...+L=F.y +'F.y , +..,
one will arrive, by the preceding method, to an equatfdhis form
1
ny;r = an'ny;r:fl + an'ny;r:fQ +..o+ nu;r:’
and one will find that the equation

1
a a

=24 24 .
VA

is the same as this one here:

oz<1_5+1£+...)(1_5+1£+...)
e e
(1= ) (-2,
7 7

In order to determine;,, , one must observe that indage equation (V)
becomes
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u,(1+A +'A +..)+N (1-a, —'a —...)

n

=u (1+A +..)(B,+'B, +...)

n n

tu, ((I+A,_ +. )0+ A +.)(C, +..0);

n

now
l—a,~'a,—...=(l—a,_, "o, = )1+A +'4 +...);
therefore
1
u, =N (a,  +a,  +...—1)
+u, (B, + "B+ ) Fu, L+ A, +..)(C, + 10, + ).

This equation being differential of the second order aosttwo arbitrary
constants; they will be determined by means of theeseofu, and:, . Now one
has

=L,
u,=—L(1+E+"'"E+..)-K(F+'F+..).

XXIII.

Although, in the last two problems, the equations ingh#ial differences
considered with respect to the variable do not passetend order, one sees
however that the method will succeed generally, whatbgethe degree of the
difference of the variables. Thus method supposes in thathy or,y and
.Y, --- according to the degree of the differencenof , arengas functions of
x, or by some linear equations amang and these qugntibesit can happen
that this is not. | suppose, for example, that ondl@fllowing equations:

1Y = Y1
oYe = 1Yp1 T 3Yu1s
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The equation
ny;r = nflymfl + n+1y;r:71

is in the partial differences; but it differs from fweceding equations:

1° In this that,y, andy, are not at all given as functiohs, or by two
differential equations;

2° In this that it ceases to hold wher= m

As this kind of equations are encountered sometimes, amcipatly in the
analysis of hazards, | am going to give here the maoniategrate them.

| observe for this that, if one was able to redueeettuation

ny;r = nflymfl + n+1y;r:71’

which is of the third order with respectto , to amotbf the second order, the
problem would be resolved; | suppose indeed that the equaititre second
order is

1 1
Ye=0a,.y +a.y ,+..+tu + bn.nﬂyx + bn.nﬂy%1 + ...
In the caser = m — 1 , one will have
1
mfly;rz = amfl'mflymfl + amfl'mfly:r:fQ +.. umfl + bmfl'my:ﬂ +.. ?

whence, eliminating, _,y. by means of the equation = vy, , ottie wi
have an equation in the ordinary differences betweerd  a .
All difficulty consists therefore to lower the equatiom the third order,
with respect to
ny;r = nflymfl + n+1y;r:71

to one of the second order; this is the object ofdliewing problem.

PROBLEM VIIl. — The equation in the partial differences of the second
order, with respect ta

1
e =A vy Ay o+ + N
™) + B, Y, T B 12B
+ Cn'n+1y;r: + IC + QC

+ ...
+ ...

n'n+1ym71 n'n+1y;r:72

n'n+1ym71 n'n+1y;r:72

74



being given, it is necessary to lower it to another of the firstronth respect
ton.

It is necessary for this that, under a particular assamfir », this equation
is reduced to one of the first order. | suppose thergf@e by making: =1 ,
one has this here

(m Y = F.ly%1 + lF.ly%2 + ...+ L+ H.Qym + 1H.2y$71 4+ ...

It is easy to see, this put, that equatipn ( ) can aveaytransformed into the
following (0), of the second order with respectito

1 2
(9) { ny;r = an'ny;r:fl + an'ny;r:fQ + an'ny;r:fl +...F un
1 2
+ bn'n+1ya: + bn'n+1y;r:71 + bn'n+1y;r:72 +... ?
from which one will determine the coefficients 'a, .., b, 'b ,... in this

manner: the equatiod ( ) gives this here
1 2
Cn'n+1ya: = Cn(anfl'nflyxfl + anfl'nflya:fQ + an'nflya:fS +...+ unfl
1 2
+ bnfl'nya: + bnfl'ny;r:fl + bnfl'ny;r:fQ +.. )’

1 1 1
Cni¥o1=0Ca, 1n Yy o+ a 1) Y, s+ +u,
1
+ bnfl'nyl’*l + bnfl'ny;r:fQ +... )

If one adds these different equations member by membeiif one substitutes in
their sum, instead of

1
Cn'nflya: + Cn'nfly;r:fl +.. ?
1
Cn'nflya:fl + Cn'nfly;r:fQ +.. ?

their values which furnish equatiof ( ), one will haafter having ordered,
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1

e T 1y ©

n—1"n

[nya:fl(anfl + An + bnfl lcn + lbnflcn)

1 1
+ nya:fQ( anfl - anflAn + An
+ banQCn + lbnfl lcn + anflcn)
2 1 1 2
+ nya:f?;( anfl - anflAn - anfl An + An

+ bnflscn + lbanQCn + an,1 lcn + 3bnflcn)

e SRR
+ Y. By
+ n+1y;1:71(1Bn —a, ,B,)
+ n+1ya:72(2Bn - anflan - lanlen)
e SO AT
+u, (C +'C +°C, +...)

+N,(1-a, ; — lanq — 2%—1 —..J)]

By comparing this equation with equatiagh ( ), one willdav

10 b Bn
n1-Cb,
In order to integrate this equation, | make= ZZ—* ; this wigivles

0=2,1+ anan + anna

a linear equation in the ordinary differences.

20 lb o an _ anlen
o 1-Cb,
1 1
3° a = An + anfl + bnflcn + bnfl Cn
n 1-C.b, '
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From the first of these equations, one will have

1
PR B, ,—a,,B, |

=l 1 -C b '

n—1"n—2

substituting this value df | in the second, one will have

1
B . —a B 1
n—1 n—2"n—1
An + anfl + Cn 1-C, b, , + bnfl Cn
a = - - ,

" 1-C.b,

whence one willhave, , hente, , and thus the rest.
Finally, one will determine:, by this equation

C’n—l—lcn—l—... +Nn(1_an71_1anfl_"')

n = taol 1-Cb

1

Equation ¢ ) of the second order with respectto wilbveered to another
(/) of the first order; and one sees that the precediathod will succeed
generally, whatever be the order of the proposed.

XXIV.
On the equations in finite and partial differences in four variables.

Until now | have considered the equations in the padifidrences among
three variablesy, » and ;1 am going presently to sapra on those which
contain a greater number of them.

| suppose that, v~ represents a function of three variables andn , of

which | regard the differences as constants and equalityy | am able, in this
function, to maken, n and vary separately, or two ofdlgsantities at once,
or all three together in any relation whatsoevew,nib there exists an equation
among these different variations, it will be that evhl name arequation in the
partial differences in four variable§ his put,

PROBLEM IX. — | suppose that one has the equation in the partial
differences in four variables
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1
m n'm,ny:r:fQ

+ —|—...—|—mNn

1 2
mBn'm,nflya: + mBn'm,nflymfl + mBn'm,nfly:r:fQ +..

= C y, + Lo Y, | T 2C P

m- n m—1n m- n m—1n m n'mfl,ny

m,nya: + mAn : m,ny;rzfl
(€) +

one proposes to determine y .

| suppose that, in the caset= 1 , one has, or oneaanthe following
equation

1
m,ly;r: + Dm'm,lya:fl + Dm'm,lyme +.. Ln = 0’
and that, inthe case of =1 , one has, or one canth&avieere

l,ny;r: + En'l,nya:fl + lE y;r:fQ +...+ lHn = 0;

n'1ln

one will be able, in this case, to transform equafioninto the following

_ 1 2
(w) m,nya: - man'm,ny;r:fl + man'm,ny:r:fQ + man'm,ny:r:f?) +...+ mun’

from which one will determine the coefficients imstmanner.
This equation gives

C,(

o 1
m n'mfl,nya: T mn mflan'mfl,nymfl

mflan'mfl,ny
1 _ 1 1
mcn'mfl,nya:fl - mcn(mflan'mfl,nyme + mflan'mfl,ny:ﬂfi’) +...+ mflun)’

+ r—2 +.. mflun)’

If one adds all these equations member by member, amgeifeliminates the
guantities

1

m n'mfl,ny
1

m n'mfl,nya:fl +m n'mfl,ny

yx—i— x71+"'

oo T oo

C .
m-~ n m—1n
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by means of equatiofi)( ), one will have

( mandzs = m,nya:fl(mflan = A4,)
+ m,nyfo(mfian 1% A, — 7711An)
+ m,ny;r:f?)(mf%an + mjan'mAn 1% A, — 7721A7l)
e SN
(0) ¢ man—1Yz m B 1
+on1Yo1 (= By + 00, B,)
+ 1Yo 7721B7l + mjan'mBn 1% w}an)
e S
+ . u (C + C +..)
. - N, (A= e, =, 50, — )

This equation is in the partial differences among thveeiables by
consideringm as a constant, and it is contained inahBroblem IV of Article
XX. Now, since equationo( ) can be transformed into egnafo), one will
have, by Article XX, the following equations:

man = manfl + mflan - mAn’
1 1 1 1 o _
man - manfl + mflan + mflan'mAn mAn manfl(mflan mAn>’
w = u (- B —'B + a. B +..)
mon m-n—1 mon mon m—1"n"m "n
1 1
+ mflun(mcn + an +.. )(1 - manfl - manfl - )

1 1
— mNn(l = 1@ = 1@ — L) = @ g = G~ sl ).

These equations are in the partial differences in thag@bles; in order to
integrate them, | observe that they are all containehis here:

(b) ny;r: = an"Ryl’*l + nTJ:'nflyJ: + nM;r

| suppose therefore that, in the case 6f 1, onghas ¢(z) isplh
one will be able always to transform equatibn ( ) ifte following

1 2
(I) ny;r: = nbx'nya:fl + nbx'ny;r:fQ + nb;r:'ny:r:f?) + nzx’
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whence one will have this here:
1
nflym'nTJ: = nTJ:(nflbm'nymfl + nflbm'ny:r:fQ +.. ) + nT:r:'nflzx]

If one substitutes, instead gt' . .y T . 1y ., .., ,theirvalues drawn
from equationlf ), one will have

T
+ nflbm(nymfl - anfl'nyJ:fQ - nMx—l)%
no r—1
1 ;
+ nflbm(nyme - nRJ:fQ'nyJ:fS - nMx—Q)gvi:
n- r—
e ST
+ nTJ:'nflz;I:

whence one will draw, by comparing this equation with &qodl),

r'nTx 1
n> r—1

T
Z2, = Zpeg Lyt M, — b M %—...,

equations which are integrated easily by Problem ldgamdingn as the only
variable.

One could make some analogous researches on the péar@ndes in five,
six, etc. variables, and one sees that the preceditijpcheill succeed generally,
whatever be the number of these variables.

XXV.
Application of the preceding researches to the analysis of chances.

The present state of the system of Nature is evidanslgquel of that which
was in the preceding moment, and, if we imagine arligegete who, for a given
instant, embraces all the relationships of the beafgthis universe, she could
determine for any time taken in the past or in the &the respective position,
the movements, and generally the attachments dfealetbeings.

Physical astronomy, this of all our attainments Wiye/es the greatest credit
to the human spirit, offers us an idea, although imperégahat which could be
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a similar intelligence. The simplicity of the law whimoves the celestial bodies,
the relationships of their masses and of their distgnpermits the analysis to
follow, up to a certain point, their movements; andpider to determine the
state of the system of these great bodies in theopdgture centuries, it suffices
to the geometer that observation gives him their posind their velocity for
any instant: man owes then this advantage to the poisée instrument which
he employs, and to the small number of relationshipshare embraces in his
calculations; but the ignorance of the different causbgh compete to the
production of events, and their complication, joiningthie imperfection of the
analysis, prevents pronouncing with the same certitudgh@mreat number of
phenomena; there are for him therefore some unceiamgs, these are more or
less probable. In the impossibility to know them, las Bought to compensate
himself by determining their different degrees of poliyibso that we owe to the
feebleness of the human spirit one of the most delieatd most ingenious
theories of Mathematics, known as the science afagdgor of probabilities.

Before going further, it is important to fix the semdethese wordshance
andprobability . We regard a thing as the effect of chance, whafers to our
eyes no regularity, or which announces no design, and wigeare ignorant
moreover of the causes which have produced it. Charscéhbeefore no reality
in itself; it is only a proper term to designate our igmee of the manner in
which the different parts of a phenomenon are coomrthaimong themselves
and with the rest of Nature.

The notion of probability depends upon our ignorance. laveeassured that,
of two events which cannot exist together, one @ dkther must necessarily
happen, and if we see no reason in order that one waploeh rather than the
other, the existence and the nonexistence of eatheai is equally probable.
Similarly, if of three events which are mutually exsiVe, one must necessarily
happen, and if we see no reason in order that one waploeh rather than the
other, their existence is equally probable, but theeristence of each of them is
more probable than its existence, and this in the odt2 to 1, because on three
equally probable cases there are two which are faleotabit, and one alone
which is contrary to it.

The number of possible cases remaining the same, ¢balplity of an event
increases with the number of favorable cases; orcomerary, the number of
favorable cases remaining the same, it diminisheseasure as the number of
possible cases increases; so that it is in direct ptiopoto the number of
favorable cases and in inverse to the number di@lbssible cases.
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The probability of the existence of an event is tbufy the ratio of the
number of favorable cases to that of all the possies, when we see moreover
no reason in order that one of these cases would hapiten than the other. It
can be consequently represented by a fraction of wihiehnumerator is the
number of favorable cases, and the denominator ttedk tbie possible cases.

Similarly, the probability of the nonexistence of event is the ratio of the
number of the cases which are contrary to it to datl the possible cases, and
must be consequently expressed by a fraction of whiehnthmerator is the
number of contrary cases, and the denominator thelt thle possible cases.

It follows from here that the probability of the sbance of an event added to
the probability of its nonexistence makes a sum equahitty which represents
consequently entire certitude, because it is clearahatvent must necessarily
either rightly happen or fail.

Moreover, a thing happens certainly when all the plessises are favorable
to it, and the fraction which expresses its probghgithen unity itself. Certitude
can therefore be represented by the unit, and prolpabyta fraction of
certitude; it can approach more and more to unity, and difer from it less
than any given quantity; but it can never become greater theory of chances
has for object to determine these fractions, andsere thence that it is the most
happy supplement that one can imagine to the uncertdiotyr &knowledge.

Certitude and probability, such as we just defined thera, emidently
comparable between them and can be subjected to auggoatculus; it is not
therefore some different states of the human mind wheees only all the
possible cases favoring an event, or when, in thisbeumt realizes many of
them which are contrary to it. These two statesahsmlutely incomparable, and
one cannot say of the first that it must be the doulneriple of the second,
because truth is indivisible. There happens here the $himg as in all the
physico-mathematical sciences; we measure the ityeoisiight, the different
degrees of heat of bodies, their forces, their rewis&® etc. In all these
researches, the physical causes of our sensations,n@ndhe sensations
themselves, are the object of analysis.

The problem of events serves to determine the expactat the fear of the
persons interested in their existence, and it is uriderpbint of view that the
science of chances is one of the most useful of thé liee. This word
expectatiorhas different meanings: it ordinarily expresses tagestf the human
mind when there must happen to it any good under cersumasions which are
only probable. In the theory of chances, expectat®orthe product of the
expected sum by the probability to obtain it. In orderdistinguish the two
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meanings of this term, | will call the firshoral expectation , andetlsecond,
mathematical expectation

We imaginen persons who have an equal probability taimthe suna , and
that this sum must certainly belong to one among thém;total probability
being 1, or equal to certitude, it is clear that the driibaof each of these
persons is}—l , and consequently their mathematical exjpecta This is thus the
sum which ought to return to them, if they wished, withiacurring the risks of
the events, sharing the entire sum .

If one of these persons had a probability double df ah#@he others, his
mathematical expectation and, consequently, the sunmhwehight to return to
him in the sharing would be similarly two times greabecause, if one imagines
n + 1 persons who have an equal probability on the sum r, phebability to
obtain it will be #1 , and their mathematical expectatig;. Now one can
suppose that one among them cedes his claims and higagipetop ; this one
will acquire consequently a double probabilty and a doublpe&ation
expressed by?%; ; and in the sharing he must have agsum difutbiat of
the other persons.

We see thence that the mathematical expectatiootigng other than the
partial sum which must be returned when one does nottwisttur the risks of
the event, by supposing that the apportionment of th@eestim is made
proportional to the probability to obtain it; it is fiact the only equitable manner
to apportion it when we set aside all strange circurosgnbecause with an
equal degree of probability one has an equal right onxteceed sum.

Moral expectation depends, in this way as the matheahatkpectation, on
the expected sum and on the probabilty to obtain it; ibuhot always
proportional to the product of these two quantities; ituled by a thousand
variable circumstances, that it is nearly always issgme to define, and even
more to subject to analysis; these circumstancesirtie, serve only to increase
or to diminish the advantage that procures the expected ainso we can
regard the moral expectation itself as the product & #avantage by the
probability to obtain it; but we must distinguish, in #wected good, its relative
value to its absolute value; this here is absolutelgpendent of the need and of
the other reasons which make it wished for, insteaghi¢h the first increases
with these different motives.

Now we cannot give any determinate rule to appreciaseré¢fative value;
there is however a most ingenious point that Mr. Ddweenoulli proposes in the
Volume of Petersburg for the year 1730. The relative valuge very small sum
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is, following this illustrious geometer, proportionalite absolute value divided
by the total wealth of the interested person.

This rule is however not general, but it must serve igreat number of
circumstances, and it is all that one can desireismthtter.

Most of that which was written on chances has sdente confuse
expectation and moral probability with expectation ardh@matical probability,
or to settle at least one by the other; they haseted thus to give to their
theories an extent to which they are not susceptibis, has rendered them
obscure and little fit to satisfy the intellect accuséd to the rigorous clarity of
geometry. Mr. d'Alembert has proposed against them senyefiue objections,
which have awakened the attention of the geometerdiasemade felt the
absurdity which it would have lead them, in a great nunabesircumstances,
after the results of the calculus of probabilities, amhsequently, the necessity
to establish in these matters a distinction betwien mathematical and the
moral; this part of the sciences owes to him theeefihe advantage to be
supported hereafter on some clear principles and to beeriggh in its true
bounds.

Let one permit me here the following digression ondiffeeulties of which
the analysis of chances has seemed susceptible: thegpity of uncertain things
and the expectation which is found linked to their eristeare, as | have said,
the two objects of this analysis; the distinctiomablshed previously between
moral expectation and mathematical expectation rejliseems to me, to all the
objections that one could make against the second eé ttveo objects; we
examine consequently those which have relationshipetdirst.

In the research of the probability of events, oratstfrom this principle,
namely that the probability is the number of favoeathses divided by those of
all the possible cases, this is evident; there tbhezetan be difficulty only as
much as one would assume an equal possibility to two ungguaaisible cases;
now we cannot be prevented from agreeing that the apptisathat have been
made hitherto of the Calculus of the Probabilitiesh® objects of civil life are
subject to this difficulty. | suppose, for example, timathe game ofieads and of
tails the piece that one casts into the air has greatieration to fall back on one
side than the other, but that the two players are umawfwhich side has the
greatest inclination; it is clear that there are egdals forheads as fortails ; one
can therefore assume on the first toss, as one ddiesudly, thatheads andtails
are equally probable; but this assumption is no longer igtedf, for example,
one of the players wagers that on two tosses hémil) aboutheads; because
then one must take into consideration the possible ifigqo& headsand of
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tails, since, just as one is unaware of what side is fouadytbatest, however
this inequality encourages always the one who wagetséaaswill not occur

in two tosses, in such a way that its probabilitgrisater than iheads andails
were equally possible; the cause of the error into lwbie falls comes from this
that one assumes equally possible these four casématls n thedirst toss,
headson the second, this which | designate in this maneads, heads 2°
(heads, taily 3° ( tails, heads4° ( tails, ta)lsthis which is not; because these
two here feads, head$, ( tails, tailg are more probable than the two rsthe
fact, | suppose thaf‘% represents the probability ofda svhich has the
greatest inclination, anél;—w that of the other sides thit, the probability of

(heads, headswill be 122+ if heagere the most probable, ahef=+="  if
it were the least probable; but, as there is no reassuppose it the one rather
than the other, it is necessary to add together ttveseprobabilities and by
taking the mean, which givelstli for the probability bédds, heads aipd
hence likewise for that otdils, tails ); one will find similgrthe probability of
(heads, taily or of ( tails, headsequal toljl—wz) ; one sees therefore thatethes
four cases are not equally possible, and that the inggaélihe probabilities of
headsand of tails provided that one is unaware of what side legteatest,
favors the player who wagers that on two to$segils  nailioccur.

This which 1 just said of the game béads and tdils is dblde applied
to the game of dice, and generally to all the gameshiohwthe different events
are susceptible to one physical inequality; but, havingeldped besides this
remark with enough extensiosee in Volume VI of tHgavants étranges a
Memoir Sur la probabilité des causes par les événemehisill observe only
that, even if one is unaware which are the most [mebaf these events,
however there occurs this of the remarkable, nartiadt, one can, in nearly all
cases, determine to which of the players this inegualéadvantageous.

The theory of chances supposes again thae#ds taits curallye
possible, it will be likewise for all the combinat®aof them eads, heads, heads,
etc.), (ails, heads, tails,etc.), etc. Many philosophers have thought thia
assumption is incorrect, and that the combinatiomghich an event occurs many
times in sequence are less possible than the otherg;i® necessary to assume
for this that the past events have some influencéhose which must occur,
which is not admissible. | admit, the ordinary maré¢mature is to intermingle
the events, but this comes, it seems to me, frogrthiat the combinations where
they are mixed are much more numerous. Here is, hoywasgecious difficulty,
to which it is good to respond. ieads happened, for exantplenty times in
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sequence, one could be quite tempted to believe thatstimetithe effect of
chance, while iheads andtails were intermingled in any manoae would not
seek the cause. Now, why this difference between tivesecases, if it is only
because the one is physically less possible than ttierTo this, | respond
generally that, there where we perceive the symmetgy,believe always to
recognize the effect of a cause acting with order, aedrg@ason by this
consistently with probabilities, because, a symmedfiect must be necessarily
the effect of chance or the one of a regular cause, sdtond of these
assumptions is more probable than the first. %et Hee probability of its
existence in the case where it would be due to chamb}% this probability if it
started from a regular cause; the probability of thetemce of this cause will be
(seeVolume VI of Savants étranges

1
noo_ L
+1 14

whence one sees that the mete  will be great wgpee ton. , the more also
the probability that the symmetric event is the affef a regular cause will
increase. This is not because the symmetric evdessspossible than the others,
but because there is greater odds that it is due to a aetisg with order than
to pure chance, that we seek this cause. A quite simpfaps will clarify this
remark. | suppose that one finds on a table some priti@@aers arranged in
this order, INFINITESIMAL; the reason which leads us lelieve that this
arrangement is not the effect of chance can comefamh this that, physically
speaking, it is less possible than the others, bec#ube word infinitésimal
were not used in any language, this arrangement would ittemgreater, nor
less possible, and yet we would suspect then no particalese. But, as this
word is in use among us, it is incomparably more prolthblea person will have
thus arranged the preceding characters, than it is loatiythis disposition is due
to chance. | return now to my object.

The uncertainty of human knowledge carries either oretlemts, or on the
cause of the events. If we are assured, for examgle,ath urn contains only
some black and white tickets in a given ratio, andweask the probability that
by taking at random one of these tickets it will beteshthe event is uncertain,
but the cause on which depends the probability of itence, that is to say the
ratio of the white tickets to the black, is known.

In the following problemAn urn being supposed to contain a given number
of black and white tickets, if one draws from it a white ticketjetermine the
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probability that the proportion of the white tickets to the black in timeisithat
of p togq ; the event is known and the cause unknown.

We can restore to these two classes of problenteaae which depend on
the theory of chances. There exists, in truth, § geeat number in which the
cause and the event seem equally unknown; such is theAonern being
supposed able equally to contain all the numbers of white and black tickats fr
2 ton inclusively, to determine the probability that by drawing at randarofw
these tickets, they will be whit€he ratio of the white tickets to the black, the
total number of tickets and the event which must rdsut it are unknown; but
one must regard here as cause of the event the equallppssiall the numbers
from 2 ton, and the indifference of the tickets to Watevor black; thus this
problem is of the genre of those in which, the cagsknown, the event is
unknown.

My design being not to give here a complete treatisehentheory of
chances, | will be content to apply the preceding rekearto the solution of
many problems related to this theory; | will limit s@}f even here to those in
which, the cause being known, the question is to deterthia events, having
considered in one other memoir the case where one ggso put together
again some events with the causee(  Volume VBafants étrangers ).

XXVI.

PROBLEM X. —If in a pile ofx pieces one takes a number at random, it is
necessary to determine the probability that this number be even or odd.

| suppose that we can take indifferently, or one alonamany, or all these
pieces at one time.
This put, lety, be the sum of the cases in which thebeuarwan be even, and

lyx that of the cases in which it can be odd; it isrctbat, if we increase the
numberz of pieces by one unit, the sum of the everscaspresented thus by
y,., Will be equal: 1° to the preceding number of even casesj the preceding

number of odd cases, since each of these cases, edmbitih the new piece,
give an even case. We will have therefore

1

next the number of odd cases, representeélyal;)y1 will bel: etfuto the
preceding numbelryx of odd cases; 2° to the preceding numbeemtases; 3°
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to the unit, since the new piece can be taken aloeewlvhave consequently

1

1
(2) Ypir = y, ty, + 1L

In order to integrate these two equations, | obsersaé tthe equation (1)
gives

Ay, = 1ym hence, Any = A.lyx :
Now equation (2) gives
A.lym =y, +1, therefore Any =y, +1;
whence it is easy to conclude
Ypi1 =29, T L,
By integrating this equation by Problem I, we will have
y, = A2" -1,

A being an arbitrary constant; in order to determineobserve thaty being 1,
we have

1
yLL’ = 0, therefore A= 5 , hence yT — 2;1771 -1

Now, since we havéym = Ay, , we will hef\g% =27"1 _ The sum of adl th
possible cases is clearly

yx—i-lyx:Qx—l.

If therefore we calk, the probability that the numbéipieces is even, and
that it is odd, we will have
2;1:71 -1 2;1:71
e TRER and 1% = 5o )

whence there results that there is always more aalyarto wager for the odd
numbers than for the evens.

| suppose that one is assured that the number canresdettee number
but that this number and all the lesser are equallylgessie will have the sum
of all the odd cases= 2"+ C . Now, being , we must hzive- C =1
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therefore C' = —1 . We will find similarly the sum of all theven cases
=2"—z+ C; now,z beingl , we hav®* —x+ C =0 . Therefote= -1 ;

hence, the sum of the odd caseQ’is- 1 , and the sum @vémecases is
2" —n — 1; thus, the probability for the odds is
2" — 1

and the probability for the evens

2" —n—1

XXVII.

PROBLEM XIl. — Let a be a sum which Paul constitutes to an annuity, in a
way that the interest i% of that which is due to him: | supposeftiraspme
arbitrary reasons, one keeps each year the fract}lion of this inteyeghat
Paul, at the end of the first year, for example, must collect thielyquantity

- — -, this put, if one pays him every year the stm , and, consequently,

more than is due to him, and let the surplus be used to amortize the ,capéal
asks what this capital will become in the year

Let y  be this capital in the year ; it is clear thettthe end of the year ,
there will be due to Paul only (1 — -L) . Therefore, since pags the sum
-, the capital will be diminished by the quantity— y o=l - henge will have

T mn

a n—1
ym+1:ym_a+ym

mn

and, integrating as in Problem I,

na n—1\""
y“":n—l—i_A(l—i_ mn) ;

now, settingr = 1, y_ = a; thus,
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hence,

z—1
__a - 1+n—1
Yo n—l[n ( mn) ]

If we ask the year at which this capital will beewre will have
1 r—1
(1 + - > -
mn

Inn
In(1+4 2=1)

therefore

=1+

| suppose that the interest be 5 for 100, and that onect;s)ﬂa on this
interest, we will have

m =20 and n = 10;
hence,
xr = 53.3.

One can resolve in the same manner the followingl@nab

A person owes the suin , and wishes to release himself at the/epeao$,
so that she owes nothing in the yéa# 1, the interest being al;i;yays of the
guantity due; the question is to find what must she give for this each year

Let p be this quantity, angl.  that which she owes im yeave will have, by
the preceding method,

1
Ypi1 = Yy (1 + E) - D

whence | conclude by integrating, = mp + A(1 + %)%1 . Now, putting
r=1y9, =a; thus
a=mp+ A;

hence,
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1 r—1
yx=ww+%a—mM(L+a> ;

but, by makingt = h + 1 , we have

Yy, =0,
by assumption; therefore
_at+ )
o+ 1]
XXVIII.
PROBLEM XII. — | imagine a solid composed of a number of perfectly
equal faces, and which | designate by the numbe2s3, ..., n ; | wish to have

the probability that, by a number of casts, | will bring about these sfice
sequence in the ordér 2, 3, 4, ..., n.

| call y, this probability, andi,  the number of favoratédeses: the number of
all the possible casesns ; because, if wetcall nilnisber at the cast , it will
bet _, atthe cast —1. Now, the number of cases at thercad must be
combined with all the faces of the solid, in ordefdon all the possible cases at
the castr ; we have therefore

this which gives
Now, settingr =1 { =n ;thus

A=1 and tx:n‘”.

We will have therefore

Now u  is evidently equal to the number of favorable sasethe cast — 1
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multiplied by the number of faces of the solid, plus te tlumber of cases in
which the combinationl, 2, 3, ..., n can happen precisely at theé cas
moreover, all the cases in which this combinatioesdoot happen at the cast
x —n each gives a case in which it will happen preciselyhat castz . The
number of these casesi$™ — v ; we will have therefore

nn nn

u, =nu hence, y, =y, |, —

r—1 r—n’

an equation which we will integrate easily by the pdete methods.
Letn = 2: we will have

whence | conclude, by integrating,

Ax—i—B.
-1 ’

y, =1+

now, settingz =1,y =0, and setting=2,y =1; thud =—3 and

29
_ _ 1. _ 1 _ z+
B = —3; hencey, =1— 5.

XXIX.

PROBLEM XIIl. — | suppose a number of playéts, (2), (3), ... (n),  play
in this way: (1) plays with2) , and if he wins he wins the game; if hberei
loses nor wins, he continues to play wigh  , until one of the two winst @)
loses,(2) plays witti3) ; if he wins it, he wins the game; if hdaelbses nor
wins, he continues to play witB) ; but if he log@s, plays (4ith , and thus
in sequence until one of the players has defeated the one who he follows; that
to say(1) must be winner ov€2) , @) ov@) (6 ower ..., ,or
(n—1) over(n), or(n) over(l) . Moreover, the probability of anyone of the
players to win over the other equa§s , and that of neither winning nor losing
equals% . This put, it is necessary to determine the probability thadfotese
players will win the game at trial
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Let u, be the probability that at trial (n)  will be tagnner over(n — 1) :
we will have
n—1
U

n 17l

U +

1
Tz gumfl g
Let now éx be the probability thdt:) , at trial , wilirwthe game,gx the

probability that it will be (n — 1), and thus in sequence: wédl Wwave

1

_in
Z, = 3U, 4. Hence,

1 11 12

We will have likewise

such that these equations are reentrant. This put,lbyiftg the method set
forth previously for this type of equations, we will kav

1 21 11 1.2 12 14
ZLL’ - gszl + ?Zm’f? = g(szl - gszl) = ?21%3’
hence,
1 31 31 11 1 3 13 14
ZLL’ - gszl + ?Zm’f? - 3_3me3 = 3_3(sz2 - 521%2) = 3_3me3’
whence, by continuing to operate so, we will have
1 n1 nn—1) 11 nn—1)(n—-2) 11 11

BTNt T @R T T qny pes T gt
we will have similarly

2 N2 nn—1) 12 nn—1)(n—-2) 12 12

BTRna T Ty gt T T 103 e gtew

and thus in sequence for the other varia%:j:eélm v
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In order to integrate these different equations, iteisessary to solve this
here(f — )" = 3=; or, by making — § = ¢ ¢" — 5: =0 , this which is easy
to do, by the beautiful theorem of Cotes. There resnmnthis way no more
difficulty than the determination of the arbitrary stamts which come from the
integration. For this, it is necessary to have th@bability of winning of each
player for a number,  of trials. Now, for that whiobgards player1) , his
probability of winning on the first trial i% ; on treecond trial it i%; on the

third trial it is31—3 ...., so that we have

) 27 37 4
1 1 1
I 339 34

ST [rpyu—

)
1
9 32 9 “ e

by setting under each trial the probability of plagey inning at this trial; we
will form likewise for player(2) the sequence

2, 3, 4, 5, ..., n+l,
1 2 3 4 _n_
329 339 349 359 ctty 3ntloy

and for playe(3) this one:

3, 4, 5, 6, ..., n+2,
n(n+1)

1 3 6 10 12

339 34 35 36 Tty 3nt2

and thus in sequence for the other players.

XXX.

PROBLEM XIV. — Two player&\ anB , of whom the respective skills are in
ratio of p toq, play together in a way that, on a number of trials, treses

n of them to playeA , and consequently- n to pl&er |, in order to win; the
guestion is to determine the respective probabilities of these ayerpl

Let v  be the probability of B winning; it is clear than the following trial it
will be, either .y, ,if Bloses, ory , , if he wins. Nothe probability that
he will win is ﬁ , and that he will Ios%ﬁ—q . We haverttfore

p
(g) ny;r = p+ qnymfl + p+ qnfly;r:fl'
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This equation is in partial differences. In order teegmate | observe that,
whenn =1, we havqyx = ﬁﬂ/aﬁ , since in this casey, =0 : we will have

therefore by Problem VI, article XX,

1

1
nya: = an'ny;r:fl + an'ny;r:fQ + an'ny;r:f?) +-t Un,

and we will find that the equation

is the same as this one:

(o _a "
0_(f p+Q> '

. . o L o L n .
We will have besides, = SrgUn—1 thereforg, = H(pw) . Now, setting

n=1,u, =0;thusH =0, and,, = 0 . The expression gf will be therefore
(art. IX)

r—1

q

B (x —1)(z —2)
o = (p )

1.2

[Cn +D,(z—1)+E,

+Ln(x— Nz —-2)-(x—n+1) .
1.2.3---(n—1)
In order to determine the arbitrary constafits D,,, E,, ... , Woh be
functions ofn, | observe that, if one makes=n , we Wwive y =1;

because it is clear that A loses necessarily, winen wials there lacks of them
to him; if one makest =n—1 , we wil have similarléyw1 =1 ; basa
equation ¢ ) gives

nyn = nynfl + nflynfl

P
p+q
or

P

R
p+q

- p_l_qnynfl +

hence y, , =1 ; similarly, if one makes=n—2 , we wil haye ,=1
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and so in sequence. If therefore one makes in the eiqmesf y , r =1, we
will have 'y, =1; hence(;, =1 .Ifone makes=2 , we wil have

p+q

hence,D,, = § . If one makes= 3 , we will have
2 2

p q
= (1+22+B,)——,
( q )(p+q)2

q
(p+q)?

thereforeF,, = Zqiz , and thus in sequence; whence it is easyndude

Pe-ha-2 , ¥ e-De-2@-3

1=(C,+2D, + E,)

1

S

1+=(x—-1)+

no = (24 1)1 q el 1.2 ¢ 1.2.3

Pz —1)(x—2)(x—n+1)
gnt 1.2.3--+(n — 1)

_|_

XXXI.

PROBLEM XV. — Three playeré\, B, C , of whom the respective abilities are
represented by the letters ¢, » , play together in a manner that, on a number
of trials, there lacksn tAA pn t8 and—m—n © ; one proposes to
determine the respective probability of these three players fming.

Let v, be the probability of C winning; it is clear trefter a new trial it
will be, either or .y, ;how, the probability thit

mfl,ny;r:fl ! orm,nflymfl ! m,n
will be is —— ; the probability that it will be, . v, |]s)$ and

mfl,ny;r:fl ptq+r
the probability that it will be v _, igﬁ. We will havedrefore

(0) y:L—ly—l_l_L _1y_1+¥ y—l'
m,nx p+q+rm nJx p+q+rm,n T p+q+rm,nm
This equation is in partial differences in four variabland is integrated by
Problem IX; but, for this, it is necessary that dwa&e two particular equations
for the case oin =1 and of =1; in order to find them, | obsdhat, if one
makesm = 1 , we will have
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r q

(p) l,ny;r: = p+ q + Tl,ny;r:fl + p+ q +r l,nflya:fl’

because, whem =1 , we haye, y , =0.
Equation p ) is in partial differences in two variabesprder to integrate it, |
observe that, if one supposes-1 , we have

-
119 = P+q+ PERLIZNE

from this equation and from equatiop ( ), we will concledssily, by Problem
VI,

r n(n —1) r?
1n¥e = nm 1nYe-17 T 1 9 (p+q+r)? 1,002
@ nn—1)(n—2) 3
123 (ptq+rp e
We will have similarly
r m(m — 1) 2
' m1Ys = mmm,lywl - 12 (p+q+r)? m1Yz—2
@ m(m —1)(m — 2) 7
1.2.3 (p+q+r)p mbes ™0

By means of these equations and of equatmn ( ), wedeiltrmine, by
Problem IX, the general expression ofy ~ ; thus the prolgeoposed has no

other difficulty than the length of the calculation.

The general method of Problem 1X leads to one fingy geand equation;
but, by means of particular considerations, | havevedrat the solution of the
preceding problem by a much simpler method, that | havelajgad. | have for
brevityp + ¢ + r = 1, and equation (0) gives

(0) 0090 = PagYo1 T4 9 Yt T 90Y0 10
and if one makes: = 2 , equatigh  gives

_ 2,
01Yr = 27 9 1Ypg — T 1Yo
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Let
(9 9nYs = Qpoop¥p1 T lan' on¥r—o T X
therefore
Qop1Yp1 = 0y 199 1Yy ot 1an71q. on-1Ye3 T T, X,

Substituting into this equation, in place of v, ., vy, ,..., , their
values deduced from equatiasi (), we will have

1
Q,Ryl’ = (T + anfl)'Q,nyJ:fl + ( an - anflr> 2,ny;1:72

+ p'l,nya:fl - anflp'l,nya:fQ -t q'nleJ:fl’

whence, by comparing with equatio ( ), we will have:

1°a,=a, ,+r, henceg = (n+1)r+C; now, setting=1 a, = 2r;
thus,C' =0 .
2° ta ='a,_ —a _,r, hence, la =-"U2 L C: now, putting

n=1, lan = —r?; thus,C = 0.
3° % =2+ "3 therefore, Za, = 00 L o now,

settingn = 1, Qan = 0 ; therefore’ = 0 , and thus the rest. Hence,

p(l,nya:fl - anfl'l,nya:fQ - )
nn—1) ,

=D l,nyl'*l — nr'l,nyl’*Q —+ ?7" 'l,nya;—?) — | = 0’

by virtue of equationd ).

4° X =gq., X, ;. Now, we have X =0 ; therefore,X =0 , and
generally X =0 .We have therefore
n(n+1) (n—1)nn+1)
2,nya: = (n + 1)7a'2,nya:71 - 1.2 TQ' 2,ny;1:72 + 1.2.3 2,ny;1:73 -

We will have, by an entirely similar process,

n+2)(n+1) ,
1.2 . 3,ny;1:72 +-

3,7ly1} = (7’L + 2)T'3,nya:fl -

and generally
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(m+n—-1)(m+n-2) ,
m,nya: = (m +n-— 1)T'm,nya:fl - 1.2 . m,nya:fQ +o

an equation of which the integral is

o (x =2)(x—3)--(x—m—n+1) (x=2)-(z—m-—n+2)
mn¥a wV 1.2.3.. (m+n—2) T T o8 i n = 3)
(x—=2)(x—m—n+3) (x —2)(x—m—n+4)
ol 1.2.3...(m+n—4) +ondl 1.2.3...(m+n—15)
(x—=2)-(z —m—n+D5)
1.2.3... (m+n—6)

The difficulty consists now to determine the arbitragnstants N,
M., ..., which are able to be functionsmaf anchof
For this, | assume firskh, = 1 , and we will have

_ a2 _ (z = 2)(x —3) (x—=2)---(x—n)
(O') Lny.z: =T 1071, + 1D"(J) 2) + 1En 1.2 + 1Nn 1.2.3... (TL _ 1)

m

Now we have,  y ., =1, asitis clear, since then no tia to playerC' ; |
take next the equation

l,ny;r: = T'l,nya:fl + q- l,nflya:fl'
If one makes = n + 1, we have

l,nyn+1 =1= T'l,nyn + q,

thus
l—q
l,nyn - r ’
next
1-— 1—gq
l,nyn = = T'l,nynfl + q r ’
thus
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We will find similarly

1—gq 3
l,nyan = r !

and thus in sequence. This put, if one makes 2 , equadion il yive
(9)""' = € ;ifone makes: = 3 , we will have

r 1
1— n—2 1 — n—1
(0 () e
r r

Y

therefore

and thus in sequence; hence

a2 @2 (w—n) ¢"Pl-ogq@—2)(r-n+1)
1Y =T 1 + 5
’ rn=1 1.2.3...(n—1) rn r 1.2.3...(n — 2)

31— g\ (x—2)(z—n+2 1—q\"!
L1 ¢\ @=2@-nt2) q
rn=3 r 1.2.3...(n —3) r
We will have, likewise,

e[ P" T @ =2 (@ —m)  p" P lop(e—2)-(x—m+1)
m1Ys =T —1 + )
| rmel 123 (m—=1) 2 123, (m - 2)

If one substitutes now into equatioa ( ), in place ofy  ts,velue found
above, we will have the following equation
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N (x =3)(x —4)---(x —m —n)
men 1.23...(m+n—2)
(x=3)(z—m-—n+2)

1.23...(m+n—4)
(x=3)(zr—m-—n+1)

(x=3)-(z—m-—-n+1)
1.2.3... (m+n—3)

p
- +2 N
+7°m*1 "o 1.23...(m+n—3)
D (x=3)(z—m-—n+2)
- M
+7°m*1 moo1.23...(m+n—4)
q (x=3)(z—m—n+1)
+_mNn71 o
r 1.2.3...(m+n—3)
q (x=3)(z—m—n+2)
- M
* pmoonml 1230 (m+n—4)
LN (x =3)--(x —m —mn)
men 123 (m+n—2)
Y (x=3)(z—m-—n+1)

123 .(m+n—3) "

whence we will form the following equations:

b q
mNn = ;mlen + ;manl,
b q
mMn = ;mfan + ;mMnfl,
b q
an = ;mfan + ;anfl’
Now we have
qnfl
AV, = pn—1’
therefore
pg" ' g
2Nn = o1 + ;Qqu’
hence
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now, puttingn = 1 ,,N, = £; therefore

C=0.
Next
2 n—1
b q q
3N, = T_anqn + ;Sanl;
therefore

37 ' n Tnfl

n—1 2
q p° n(n+1)
N — L .

[7“2 1.2 O

now, puttingn =1, ,N, = %2 ; therefore
C =0,

and generally

N
m-'n pm+n—2 1.2.3.. (m _ 1)
We have next
1-qq"”
M, = r pn—2’
therefore
q 1—qq"?
QMn:;QMnfl_i_ r pn—2’
hence,
¢"*pl—gq ¢
QMn = 7“”72 ; r (7’L - 1) + Crnfl ’

now, puttingn = 1 ,,M = 1L; therefore
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and
qn72 —q qnfl 1— P
oM, = =2 (n—1)+ -1
We will have similarly
¢"PpPl—qn—1n ¢ 'pll-p ,
3M":r"*2r_2 r 1.2 +r"*1; r nt+CJ;

now, puttingn = 1 ,,M, = £(=%); therefore
C =0.
By continuing to operate so, we will find generally

o p" " P 1—q(n—Dn---(n+m — 3)

M =
i T pmin=s 1.23(m—1)
N ¢ p" 2?1 —pnn+1)-(n+m-—23)
pmtn=3 1.2.3--(m—-2)

| will observe here, relative to these expressions fV, and for M, that

nn+1)---(n+m-—2) m(m+1)--(m+n-—2)

1.2.3---(m —1) B 1.2.3---(n—1)
and that
nn+1)--n+m-3) (m—1)m--(m+n-23),
1.2.3---(m —2) 1.2.3---(n—1) !
whence there results that the quantitie¥ and rerhaisdame when

one changep t@ m to , and reciprocally; this whiclstrbe moreover by the
nature of the problem. We must say as much of the ajbentities L,

m nttt

Presently

(=}

m—1"n rm n—17
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n—3 2

_ 4" p(l=q\“. i i i

now, L = o5 7,( - ) ; therefore we will have, by integrating,
n—2

" pl1-q\’° q

27n o gn=3 r

now, puttingn =2 ;,m =2 and: =4 , in the expression found above foy ,
we have
2,294 = TQ(QLQ +2.,M, + ,N,);

therefore, sincg ,y, = 1,

1 2q

L, = T—Q—T—Q(l—Q)—T—Q(l—p)—T—Q;

moreover, C equalgl., inthe expression,fbr
We will find similarly

q" > p? (1 —Q>2(n—2)(n— 1)

sln = =3 r2 r 1.2
q" % p
+ ) ;2L2(” - 1)
Tnfl
+ an,1 ?

C being an arbitrary constant; now, putting=1 ,L, = (%)2; therefore

hence,
_ 2
I PP (1=g\ (n=2)(n—-1)
37 pn=3 p2 r 1.2
" %p
+ 7“"72;2 2(71—1)
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and generally we will have

1—q (n=2)(n—1)--(n+m—4)
rm+n 4 1.2.3---(m — 1)

L (n—1)---(m+n—4)
rm+n4“ 123 ( —2)

1-— (n+m —4)
rm+"4 123 (m—3) "

m

q"

_|_

We have next

hence,

now, puttingn = 3 , we have

C=,K,.
Likewise,
n—4 ,2 3 n—3
" 'p(1-q\"(n=3)(n—-2) ¢ p
3Kn = Tn4r—2( r > 2 + 7"77’73 ;QKS(TL_2) +

and generally we will have

K =T (1) 0Bt
mn T Tmins \ Ty 1.2.3-(m — 1)

q " 3pm? (n—2)---(n+m—5)
pmn=5 2871 937 (1 — 2)

q " 2pm 3 (n—1)--(n+m—5)
pmn=5 3927 1937 (1 — 3)
¢t (1= p\’n-(n+m—5)
pmtn=5 ( r > 1.2.3--(m—4)"

_|_

_|_

_|_
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We will determine, K, andK, by means of the following equrati

(K4 +3,Ly +3,M, + ,N,) =1,
(4K, +3,L, +3,M, + ,N,) = 1.

The law of the other coefficients? , H ,... Is clear, andsiteasy,
consequently, to determine them. As for the coefficigri , we will determine it
by this equation

(m+n-—2)(m+n-—3)
1.2

1=p""2 C +(m+n—2) D + by |-

Thus we have therefore a general expression, foy, amsequently, the

probability of player C winning; by the same method] by means of analogous
formulas, we will have that of the two other playArand B; in such a way that

we have a solution of the Problem of the matcheékancase of three players; a
Problem which had not yet been solved, as | knowpafih the geometers who
have occupied themselves in the analysis of chanomwese to desire the

solution. (SeeMr. Montmort , in his workSur l'analyse des jeux de hasard
second edition, page 247.)

| assume in the expressiony, m,=2,n=3 ane9 ,thatisto saytha

the number of trials which fall to player C is 4: Isase, moreover,
p=q=r= 3. This put, we will have

r—3 (xx+2
2392 = “go-2 5 )

and, by supposing =9 , we will have the probability of C,viinning, equal to

23U = 755; in order to have the probability of B, | observetthds equal to
2.4Y9) NOW we have
_ 1 =23 -4 -5)  (=2-2)(@-3)(=—4)
24Y: = 3272 4 1.2.3.4 +8 1.2.3
—2)(x -3
Al k) ST SRT

1.2
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If we suppose: =9 , we will have

195
24% = Tog°

the probability of A equals — 35 — 132 = 25

The preceding method could take place again, if, instedted players, one
supposed a greater number.

One can solve the preceding Problem by the methodnalbioations in an extremely
simple manner that is here:

The same things being assumed as in the precedingefrdbt, moreover, be the
number of trials which lacks to playér , so that weeha= m +n +4; it is evident
that the game must end at the latestrin 2 trials;efoee the number of all the
possible cases, multiplied each by their particular prolbaksi(p + ¢ + 7)™ "2 In
order to have the number of all the cases in whietpthyer A wins, it is necessary to
develop the trinomialp + ¢ + r)™*=2 and to admit only the termsvhichp has an
exponentqual or superior ton ; let therefore p™*#q"r"*=2-#=¥  pe one of the terms;
if the exponents of and of are one less than flandther less thain , it is necessary
to admit this term in whole; but, if the exponentqgoffor, example, is equal or greater
thann , it is necessary to reject from this ternttal combinations in which  happemns
times beforep happens  times. Let therefore n + A ; | obs#nigeput, that these
combinations are: 1° those in whigh, having happened1 times,q has happened
preciselyn times; 2° those in which, having happened 2 times,q has happened
preciselyn + 1 times; 3° those in whicly,  having happened 3 times, ¢ has
happened precisely +2  times, etc., and thus in sequenitethenttombination in
which, p having happened — A\ — 1 times, has happened\ tifmeswever\
does not exceedn —1 ; because, otherwise, it would be aegess stop at the
combination in whictp does not happen at all; presetiity number of cases in which,
onm +n — 1 trials,p will happem» — 1 , angd n, times, is, as amans,

Alm+n—1)
A(n)A(m —1)’

but, as in the terml p#¢"t ri=2=#=A p  happems+ . times, and +,\ times, it
is necessary to multipl AA(S;&Z_?) by the number of combinatiamswhich, p
happening: + 1 times; happeks times; now the number @ doasbinations is
Alp+A+1)
Alp+ DA’

therefore we will have
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Am+n—1)A(p+A+1)
A(n)AN)A(m — 1)A(p+ 1)

for the number of combinations in whigh has happenedhest whenp has not yet
happenedn — 1 times; we will find similarly
Am+n—1)A(p+A+1)
A(n+ DHAN = 1)A(m —2)A(p + 2)

for the number of cases in which has happenedl timesn p has not yet
happenedn — 2 times, and thus in sequence. Let therefore
Alm—1 AA =1 -1 -2
Quir= |14 2Mm=D A Dm-Dm=2)

(n=1E+2) m+n+2)(p+2)(n+3)
Alm+n—1DAp+A+1) ., A =2,
An)A(m —1)A(u+ 1)A(N) ’

be what we designate &9,,,,)  the sum of all the termshvdrie can form, by giving
top and to) , i, , all the possible values in whole positive numbers from zero,
in a manner however that+ A\  never exceed2 ; let us expeasdy(R,.,) that

which (Q,+,) becomes, when we change rto , ito , and waafly; this put, the

probability of A, for winning, will be

1 2 m+n+l—2 +n4i—3
prarnmm - [P T
(m+n+i—2)--(m+i—1)
1.2.3--+(n — 2)

pm(q + T)n+i_2 - (Q/H-)\) - (R/H-)\) .
The same method has equal place, whatever be the nohgiayers.

XXXII.

PROBLEM XVI. — | suppose the ticketsl, A2, Bl apd?® , contained in an
urn, and that two playerd& ar8l play on this condition that choosing the
ticketsA1 andA2 , an® the two others, if one draws each time one alone of
these tickets at random, the one of the two players will win, \dtoafill have
attained the number , the ticketd  aBAd countinglfor , and the tidRets
and B2 counting for2 . This put, if there lacks units to the player and
x — n units to playeB , one asks the respective probabilities of the ayens

A andB to win.
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Let y. be the probability of B winning; if one drawsrindhe urn the ticket
Al, it will become, _,y. , ; if one draws the ticket2 , it wilecome .,y ., ;
if the ticket B1 comes out, it willbey |, ; if it is theket B2, it willbe y ., ;
we will have therefore

1 1 1 1
(1) ny;r = Zny;r:fl + Zny;r:fQ + anlymfl + anQy;r:fQ'

This equation is integrated as in Problem VII; but,tfas, it is necessary to
have two particular equations in the two particular suppasitfor n.. Now, if
one supposesn =0 , we havgy =0 , and if one suppasesl
Y = %13/%1’ because | suppose that then the two players excludickieés
A2 andB2 . We have therefore, by Problem VII,

1 2
ny;r = an - nymfl + - nyme + - nymf?) + - "

and the equation
1 2
an, an, an,
=yt et et

is the same as this
0_(1_L> (1 1 L)
2f af Aff ’

r(x—1)-(x —n+4)
1.23...(n—3)

z(x —1)-(x —n+6)

1.23...(n—5)

we will have thus

Ay

x(x—1)(xr —n+3)
1.2.3...(n - 2)
(x—=1)--(x —n+5)
1.2.3... (n—4)
+ -+ G
Lalir z(@—1)--(z —n+3)
T [N” 123..(n—-2 ]

+p" [Nn + M,

+r0,r K,

pand'p being the two roots of the equation
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, 11
T

that isp belngHT‘/l_ , andp belﬂgg—ﬁ

It is necessary now to determine the arbitrary @mst4,,, N,,, .... Now, if
one substitutes into equation (1), in placewf v, , , ., ..., Irtsues
drawn from the expression of =, we will have

A, (r—2)-(r—n+1) (r—2)-(r—n+2)
o TP [N” 23 o TNt M) S e g
(N, + 20, + )& 15)3 _'an__n4;r 3)
(20 1) B2

+ Cn]

R

AN =
+4p{ ”<1p+1p2> 123. . (n-2)
1A, 1A, 14,1 14,
4201 " g2 T gget T g g0

Whence, by considering that
1 1

1= —+ —,
dp  4pp
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we will form the following equations:

1 1
0=_-A,+ 4, A )
2 + o An-1 + 2

1N, 1N,
9N, = ~ 1 4 =2l
4p 4 p
1M, 1M,, 1N,, 1N,_
OIM, + N, = ~—2 4~ =2 —ne2 g ol

4 p 4 p 4 p? 4 p

1L, 1L, ., 1M, o, 1M, _
2L”+Mn:__n+_ n—1 L iin—2 = nl’

4p 4 p 4 p? 4 p

We will have some similar equations fa¥,,, 'M,,,...  We wil detime the
quantitiesC, and'C,, , by considering that, whee= « Wy =1 , and that,
whenx =2n, y = % ; whence we obtain the equations

n(n—1)---3
1.23.. . (n— 2)N"}

A,
1= 2—n—l—pn[Cn+nDn—|—---—|—

—l—lp"[lCn—l—nan—i----]
and

1 A
5= 2TZ+p2"[Cn+2nDn+---+Nn

Mn---(n + 3) }
123 (n—2)
2n---(n+3)].

1. 2n |1 1 1
TP [ A TN )

It is necessary now to integrate the preceding equatiog, if one makes
—ﬁ = cosq and % = siny , which gives very nearly= 110 42 , we will
find (article I1X)

A, = 2% (acosng + 4 simgq) ,
« andg being two arbitrary constants. Now, if one makes0, we have
AO =0= g

and if one makes =1 , we have
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becausey, = 5+~ ; therefore

1
Bv/2sing = % and f=——+—;

24/2sing
hence
A, =24 3N
Sing
The equation
1N, 1N, 1
2N, = ~— 4 - L
"T1p "1y
gives
Q

N,=—~ .
(8p—1)"—2
This value oflV,, commences to take place only when2  refbee

N,

=N, and N, = ——;
Q= (8p—1)"2
similarly
1 _ 1N2
(8'p— 1)

n

We will determineN, andN, by these equations

A
1:—222+p2-N2+1p2-1N2
1 A
5_2_42+p4'N2+1p4'1N2

We will determine in the same manner the other wsftsM,,, L,,, K,,....
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XXXIII.

PROBLEM XVII. — Two players®\ anB play to this condition, that at each
trial, the one who loses will give an écu to the other; | supposeheakill ofA

be tothatoB ,ap istg , and that both have a number of écus; we ask what
is the probability that the game will end before, or at the number iab$.tr

| suppose firsp = g . Let

Y, be the number of cases following which, at trialhg gain of the two players
is null;

1y, be the number of cases following which the gain @ onthe other i$ ;

,y,, be the number of cases following which the gaih &nd, thus in sequence.
This put, we will form the following equations:

( _
Y2 = 1Ys-1>

1Yo = 2: 0921 + 2Yp_1s
le’ - ly;r:fl + 3y;r;717
(¥) $ 3Ye = 9Yp1 T Y1

(O') ny;r = nflymfl + n+1y;r:71’

\ mfly;rz = meyJ:fl

In order to show by what process one obtains thesdieqsia observe that,
at each trial, there can happen two different casesely, that A wins, or that it
is B; now it is clear that the gain cannot be zdroha trialz , without having
beenl at the triat — 1 , and each case in whichlit istrigl x — 1 gives a case
in which it is null at triake ; whence | deduce the equati

092 = 1Yp-1-

Next all the cases in which the gain is null at trial 1 each give two cases
in which there id  at triat ; whence we will have

We =2 Yy T oYy

It is likewise in the other equations. Finally, we Ivabtain the last by
considering that one must exclude the temm | , becaustetmscannot take
place, as long as the game is supposed not finite.
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The number of all possible case®is ; because, byngamithis number, as
there can happen at the following trial two differem$es, namely, that A beats B
or that B beats A, the numbér, , being able to be cwdbwith these two
cases, gives consequertly, for the number of all pessitdes at triat + 1
we have therefore

hyr1 = 2hy;
whence, by integrating,
h, = A2",
A being an arbitrary constant. Now, putting= 1, h, = 2; therefore

A=1 and h, =2".

Let presentlyu, be the probability that the game willl gorecisely at the
numberz of trials: we will have

Uy = ?7
but we have clearly
my;r = mfly;r:fl;
therefore
_ mfly;r:fl
Uy = 721; .

Let z, be the probability that the game will end beforeat the numbesr:  of
trials, we will have

Zp = Zg—1 + Ug;

therefore

Az, 1= %{?71 or 27" Az, = 1Yy
There is therefore no more but to determine the vafue ,y , which can be
made by means of the preceding equatiafs ( ). For tlubsérve that these
equations are able to correspond to Problem VIII bynseaf a simple
preparation; now this preparation consists to formmbgns of the first two, an
equation among three variables, which we will make ldysstuting into the
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second, in place ofy, , ., its valug, , deduced from the firsd, \ee will
have

We =2 Wyo T 0¥,
Let now
(Q) n,ya: = Qn - nyar—Q + la"' ’ 71,ya:—4 +ootun + b" ’ n+1yar—l + lb" ’ 71,+1ya:—3 +

It is not necessary to take account, in this equatdrthe terms y

r—1?

wYooss s na1Ypos na1Yp_ar -+, DECAUSE these terms are null as soofyas
has any value, seeing that, if the gain is even or btithbe, it is necessarily odd
oreven atthetrials —1 x— 3, ... . This put, the equatian ( )gjive
n—1Yz-1 = An-1" 1Y, 3 + lan*1 “n-1Y2-5 ot U
+ bnfl : nym,Q + lbnfl : nymf4 + -

If one substitutes into this equation, in place ofy |, . v, 5 ..., their

values that equatiomr( ) gives, we will have, after mgardered,
o= (1 +b01) y, o+ (an1+ "001),y, 4+ Canr 4 ba1),y, ¢+
1
+ n+1ym+1 — On-1- n+1yx—3 - Qn-1- n+1yx—5_' t Unp-
By comparing this equation with equatidn ( ), we will have

b, =1,
Qp = Gp-1 + bnfla

1
bn = —Aap-1,
1 1 1
ap = Gp-1+ bnfla
2 1
bn = — Qp—1,
2 2

2
ap = “Gp-1 + bnfla

Up = Up—1-

In order to integrate these equations, it is necedsamgake the following
considerations:
The first equation begins to take place whes 1.
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The second begins to exist only when=2 ; thus, therarpitconstant
which comes of the integration must be determined nsef the value af,
whenn = 1.

The third equation begins to exist whes= 2.

The fourth begins to exist only when= 3 ; and the anyitc@nstant which
comes of the integration must be determined by meati®ofalue ofa, , when
n = 2; and thus for the rest.

This put, if one integrates the second equation, wehaxie

a, =n+ C,
C being an arbitrary constant; now, putting= 1 , we have
a, =2, thus C=1,;
hence
b, = —a,_; = —n.

One must observe that this equation begins to exigtwiménn = 2 ; now,n
being1 , we have

=0, * =0, ...,

moreover, by making = 2 , we have

2py = —1a; = 0;
likewise,
by =0, by =0, ..., ‘lag="la;+ by =0;
similarly,
209 =0, Say =0, ...,

If one integrates the fourth equation, we will have

1 __(n+1)(n—2) .
n = 1.2 +G

in order to determine the constdiit , one avails dfrefste value ofta, ; now,
we have
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lay =0, therefore C = 0;

hence

2 _n(n—3).
bn = 1.2 7

this expression ofb, is able to begin to take placethbyremarks preceding,
only whenn = 3 ; moreover, by making=3 , we have

3b3 = —26L2 = 0;
similarly,
4b3:0, 5b3:0, ey 2&3:2a2+2b2:0;

similarly,

3 4

a3:0, a3:0,

The sixth equation gives, by integrating,

s (n+1)(n—-3)(n—4)
tn = 1.2.3 +C

In order to determin€ , | observe tHaj eqoals ;thezef’ = 0. Hence

n(n —4)(n —5)

2
by = —
1.2.3 ’

an expression which is able to begin to exist onhenvh = 4, and thus in
sequence.

Finally, w, =u,_1; therefore,u, =C . Now, puttingpr=1 u,=0 ;
thereforeC' = 0 . Thus we will have

(n+1)(n—2)
ny;r - (7’L + 1)ny;rz72 - 1.2 nJdr—4
(n+1)(n—3)(n—4) B
1.2.3 nYa—6
n(n — 3)

+ n+1¥z—1 — " Y3 + 1.9 n1¥z—5 77"
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If one supposes now =m — 1 , then it is not necessary todeg&eunt of

the terms, v, 1 vpi1Ypg e because these terms are excluded frem th
equations ); we will have therefore

m(m — 3) m(m —4)(m — 5)
mfly;r: =m:- mfly;r:fQ - 1.2 mfly;r:f4 + 1.2.3 mfly:r:fG -

If one substitutes presently into this equation, in plate, vy, its value
27+ Az, we will have, after having integrated,
1 m(m —3) 1 m(m —4)(m—>5) 1

T = Mpf2 = T gt 1.2.3 g6 26t 0

| suppose now the skills of two players unequal in the ratip toq ; let
p+ ¢ = 1. This put, if one asks for the probability of thedaling combination

1, 2, 3, 4, 5 6, 7, .., =
p7 q7 q7 p7 p7 p7 q7 M q7

which signifies A wins on the first trial, B on tlsecond and on the third, A on
the fourth, fifth, and sixth, etc. It is clear that,order to have this probability,
one must multiply all these quantities the one by therpnhaming therefore the
number of times thagt is found repeated in this combinat — » will express
how many timeg; is found repeated; the probability &f ¢bmbination will be
consequently’ ¢ .

If one makest —r = r + s, and if in some place one stops the cauidm
the number of times that one of the quantifies @nd fousd more often
repeated than the other is always less than , tmbiocation will be one of
those in which B will gains écus to player ; now, deeable to make a
corresponding combination in which A will gain  écusBtoand the probability
of this combination will bg"p"** | the ratio of this padiility to the preceding is
that of p® to ¢®; whence there results that generally nbenber of cases
according to which A gaing écus to B, each multipliedthmsir particular
probability, is to the number of cases according tclwBi earng écus to player
A, multiplied by their probability, ag® : ¢°.

This put, letyy, be the number of cases according to vdtithalz the gain
of the two players is null, each multiplied by their @bbty. Let 5 ,.y, ,... be
the number of cases according to which the gain of playis 1, 2, ... écus,

each multiplied by their particular probability, andlgljm 23};37, ... express the
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analogous quantities for player B; it is easy, now byesconsiderations entirely
similar to those according to which | have formed ¢hj@ations ¢ ), to obtain
the following:

1
e =9 1Y TP Y rs
We =P oY1 T4 9Y, 15
(¢/) le' = p ’ 1yl’*1 + q : 3yl’71’
< :
!
(O' ) ny;r =D nflymfl + q- n+1y;r:71’

\ mfly;rz =p meya:fl

Now we have, by the preceding remarks,

b 131/:[;71 =9 1Yy
The first equation becomes therefore
Yo =20 1Y,y
hence
0Wor1 = 20 1Y, o3
substituting this value qfy, , into the second, we willéhav
We =240 Yy T4 oYy

it is easy to see that the equations () corresporitisriay to Problem VIII.
Let there be therefore

ny;r = an - nyme + la" ’ nymf4 +- Unp + b" ’ n+1ym71 + lb" ’ n+1ym73 + - "

and we will find, by operating exactly as | have donevabwhernp ang were
equal,

(n+1)(n—-2) 4,
1.2 pq .nyqu4+.”

2
T4 Yo TP Yy T

W, =m+1pg- y, o —
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Therefore, if one supposes=m —1 , we will have

m(m —3) , 2

(T) mfly;r: =mpq- mfly;r:fQ - 1.2 pq mflya:f4 + - K

by rejecting the termsy_, .y . .,. which can have no placeprding to
the supposition that the game does not end before #he tiLet nowu, be the
probability that the game will end precisely at trialt is clear that we will have

1

7

1
now we have y_:

L1 p™ g™ therefore
qm
o= (1455 o
moreover,
my;r =p mfly;r:fl;
hence,

qm
Uy = p(l + ﬁ) mfly;r:fl'

Let z, be the probability that the game will end beforat trialz , we will have
qm
AZJ} = Ug41 = p(l + ﬁ) m—1Y1

by substituting therefore, in place of ;4 this value in ¢éiqua(Y'), we will
have, after having integrated,

m(m — 3)

( ) Zx:mpqzfo_ 1.2 p2q22x74
- :
cmm=3m=5) 5.
1.2.3 w0 '
In order to determine the arbitrary constéht , | oles¢hat, as long as  is
less thanm ., equa , and that being equahtoz, , eqlials ¢;
therefore,
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C=p"+q".

Let 1 — ¢, = z,; t, will express consequently the probability thag gfame will
not end before or at trial , and we will have

m(m —3) 5 4

t,=mpqt, _, — 15 prgt,
m(m — 3
—W—W+1—mm%iﬁ—gw—m-
Now it is remarkable that we have, whateverhe , Bydsupposing
p+q=1,

m(m —3) 5 4

0=1-p"—¢" —mpg+——F5—0¢ —,

or, generally, by supposing apy and

m(m —3) 5 4

(p+q)™ =mpg(p+q)" 2 — w P+ "+ g™

it is this of which one is able to be convinced bguction, by giving tom
different numerical values, but here is a general dematitst of it. We have

ptqg=p+aq,
(p+q)?* =2pg(p+q)° +p* + ¢,
(p+q)* =3pg(p+q) + p* + ¢*,

Let therefore, in general,
(N (p+a" =4+ ">+ 'Aulp+ "+ + 0" + 4",
and we will have

(p+q)" " =An(p+ )"+ Anlp+ )" + -
+pm+1 + qm+1 _l_pq(pmfl + qul).

Now we have

L R
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therefore

(p+q)™" = (An +pg)(p+ )™
+ (" — Apip)(p+ )"+ P g

We have moreover
P+ ™ =Ann(p+ )"+ A0+ Q"+ P+
whence, by comparing, we will have

Am+1 - Am + pq,
1f4m+1 - 1f4m - AmfIPQ7
2f4m+1 - 2Am - lAmfIPQ7

All these equations are not able to exist at oneefitst begins to take place

only whenm =1 ; the second, whem =2 ; the third, when=3 ; etc.
Moreover, as they assume necessarily known the eigmssef p+ ¢ and
(p+ q)?, in order to determine next, in their wdy,+ ¢)®, (p + q)*,..., there

results that the law represented by these equationssbegitake place when
m + 1 = 3; thus, the first equation begins to exist when= 2 ; theorse,
whenm = 3 ; the third, whem = 4 , etc.

This put, by integrating the first, we have

A, =mpqg+ C.
Now, puttingm = 2 , we have
Ay = 2pg;

thereforeC' = 0.
Next, the second gives

m(m — 3)

1
A, =—
" 1.2

¢’ + C;

now, puttingm =3 ,'43 =0, becausé +¢q) is not able to have negative
exponent in the formular( ); therefofe= 0 , and thus ferrdst. Therefore
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m(m —3) 5 4

(p+q)™ =mpg(p+q)"* — P (p+q)™" + - +p" +q"

thus we will have

m(m — 3) 2 2
qutmiél—i—-..

) t,=mpqt, ,—
In order to integrate this equation, | begin by obsegrtirat it is differential
of order 3 ormT*1 , according aa is even or odd. Moreovas, easy to see,
by inspection of the equationg’( ), that it begins tistexhenz = m . Thus, the
arbitrary constants which come by the integration tnaes determined by the
values oft, , when one makes=0,x =2,z =4, ...,z =m—2 01,
r=3,x=5,..., =m— 2, according asn is even or odd. Now, all these
values are equal to unity, because it is certain tieagjdime cannot end befare
trials.
Presently, if one suppose$  equalkto %ﬂf , according aseven or
odd, we will have

m(m —3) 5 4

t,=mpqt, , — 15 prgt,

The integral of this equation depends on the resolutiothief algebraic
equation

m m_ m(m—3) m_
f2 :mqu2 1 _ 3 p2q2f2 2+“.’
if m is even, or of this
me1 med_ m(m — 3) ml_
f2 :mqu2 1 _ 3 p2q2f2 2+“.’

if m is odd.
Now, if one makesos¢ sy we have, as one knows,

m(m — 3)
1.2

2m75 m—4

COS?’)’L¢ _ 2m71ym o m2m73ym72 +
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Let cosm¢ = 0, and we will have

1,5, mm-3)1
0=y" —m=y™ 2 S A 1 e
yromyyt Tt Ty gy
whenm is even, or
_ 1, 4 mm-3)1 .
0=qy™ 1 — . m—3 e ) & om—=5
4 myY Tt T Y

whenm is odd.
The different values aj in this equation are the @ssiof the different arcs,
which, multiplied bym , have their cosines equal to zenmy the arcs which

have their cosines null age =, 2 , ..., ™ expressing the semi-cieyemnce of
which the radius is unity. The different valuesyof a@psequently, plus and
minus the cosines of the args, 2=, 2 . % D (Wg 2)m inclusively,

according asn is even or odd; the cosines of the foiparcs being the same,
with the difference of the signs nearly, the on€ dieing null; let thereforé [,
ly, ... be these different cosines, the valueg of wilHeedfore+1, + [, ....
Now it is easy to see thagt= 41°pq, hence, the differentieslof f will be
41%pq, 4l3pq, ..., whence we will have

t, = AQ2ly/pq)” + A1(2L1\/pq)* + -+,

A, Ay, ... being some arbitrary constants which will be deieed by the
method of article IX.

XXXIV.

PROBLEM XVIII. — | have supposed, in the preceding problem, that the two
playersA andB had an equal number  écus; | suppose actually that player
hasi écus, and playd8 m  écus; the rest subsisting, as above, wlaeask t
probability that the game will end before, or at the number of trials.

It is easy to see that we will have first the equeti@)’) of the preceding
problem. Moreover, we will have the following:
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(1 1
We =4 Y1 TP Y, 15

1 1
e =4 1Yy TP 3Y, 1>
1 1 1

(¢//) 39 =4 2Y 1 +p- 4Yi_1>
4 :

B 1 1
Yo =4 n1Yra +p- n+1y;1:71’

1 1
Li-1Ye =9 i—2Y1-

Let
1 1 1
e = A ol = oA sl = A
We = A Yo = i oY = i
and we will have, by reuniting the equatiogi$ ( ) and (),
1A = QoA

z—17
2)\11 =q- 3)\1:71 —— D - 1)\;1;717
itma1Me = P pmeoM 1
Let
! 2
(Q//) n>\x—1 = Qp * n>\x—2 + Ay - n>\x—4 + Can . TLAJ?—G + e :_ Uy,
+ bn . n-‘rl)\x—l + bn . TL+1>\J?—3 + bn . n—1>\x—5 + SRR

and we will have

p- n—1>\x—1 = ap-1P- n—1>\x—3 + 1an_1p ’ n—1>\x—5 + 2an_1p ’ n—1>\x—7 + T Uupp
+ bn—lp : n>\x—2 + 1bn—1p : n>\x—4 + -

Now we have
TL>\T =4q- n+1>\x—1 + p- n—1>\x—1;

therefore
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n

n"r—2 n’ r—4

1
+q- n+1>\x—1 — an-19- n+1>\x—3 - Un-19- n+1>\x—5_' .

whence we will have, by comparing with equatioXi (),

bn = {q,

Qp = Qp—1 + bnflpa
lbn = —Qp-149,

lan - lanfl + lbnflpa
an - _laanQ7

2 2

2
ap = "Gp-1+ bnflpa

Up = Up—1P-

Ag; = (an—l + bn_lp) A + (16Ln_1 + 1bn_1p) A + (Z(Ln_l + an_lp)

’

A

n"r—6

+ ot upp

One must observe that the first of these equationsdgi exist when
n = 1; the second and the third, when=2 ; the fourth and ftie fivhen

n = 3, etc.
This put, if one integrates the second, we will have

an = (n—1)pg + C;
now, puttingn =1, a, = 0; thu€ =0 , hence
Yy = —a,_1¢ = —(n — 2)pg°.
If one integrates the fourth, we will have
—2)(n—3
, __(n=2)(n-3)

n=— T ¢’ + C;

in order to determine the consta@nt , | observe thiagnn = 2, we have

1G2 = 1&1 + lblp = 0;

thereforeC' = 0 , hence,

(n=3)n=4) ,

2
by —
2 1.9 b q
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If one integrates the sixth equation, we will have
2 (n—=3)(n—4)(n

- 5) 3 3
- C,
O 12.3 pa e

now we have
2&3 = 2&2 + lbg and 2&2 = 2&1 + lbl =0

therefore’a; = 0 , henc€ = 0 , and thus the rest.
Finally, we haveu, = u,_ip , therefore, = Cp"; now, putting= 1
u, = 0; thereforeC' + 0 and, =0 ;therefore

n—2)(n-—3
TL>\T = (’I’L o 1)pq ’ n>\x—2 o ( 1)(2 )p2q2 ’ n>\x—4

(n—3)(n—4)(n_5) 3q3_ A ...

1.2.3 et
(n=3)(n—-4) ,;

2
+aq A~ =2)pg” - A s+ 19 P4 s
If one makes: =i +m — i , we will have
7?+m71)\;1: = mflya: and i+m”x = 0;

therefore

. (t+m—=3)(i+m—4)
(H) m,—lyar = (Z +m— 2)pq ’ m,—lyar—Q - 1.2 p2q2 ’ m,—lyar—4

(i+m-4)(i+m=5(+m—6) ,,
+ 1.2.3 pq - m,—lyar—G -

If therefore we name,  the probability that A willnnbefore or at triat , we
will have, by a process similar to that of the preogdgiroblem,

(m+i—3)(m+i—4) 2,2

(m)  z,= (m+i— Q)pqz%_2 - 1o

z, ,t+-+C.

Similarly, if we name%x the probability of player Brwing before, or at trial
z, we will have
(m+i—-3)(m+1i—4)
1.2

1 . 1 1
(7") z, = (m+z—2)pqzm_2— quZZx_4+---—|—1C.

127



In order to determine the arbitrary constants whitfereinto the expressions of

z, and %m , | observe that they are to the numbefﬂzﬁf m # i IS even, or
%”1 if it is odd; now here is in what manner we will bathem.

| supposen and odd; the equatioh ( ) will begin visiblyaketplace only
whenxz —i—m+ 2 will equal0 , this gives =i+ m — 2. The equatian ( )
will begin to exist therefore only when  will equiak m + 1 it jis necessary,
consequently, to have all the values 9f , frem ztp,,; n ,order to
determine the arbitrary constants of equation ( ).

If m andi are some even numbers, the equaiibn ( ) vglhti® take place
only whenz — i —m + 2 will equall ; this gives =i+ m —1 . The equation
(7) begins therefore to take place only when equalsn + 2; IS necessary,
consequently, to have the valuesof |, fram z1Q,.-.

If, m being even; is odd, equatiorl ( ) will begin to takacpl only when
x —1i—m+ 1 will equall, this givex =i+ m. The equation ( ) has therefore
a place only when equals- m +3 ; thus it is necessary te tia/values of
2, fromzy 102,143 -

Finally, if, m being odd; is even, equatidi ( ) will begintake place only
whenz — i —m + 1 will equab , this gives =i+ m — 1. Equation ( ) begins
therefore to exist only when equals m + 2. It is necessangequently to
have the values of, , from tQ,,,.2.

This put, the number of all the possible cases to sisiabach multiplied by
their particular probability, will be

m(m — 1)

3 pm72q2+_._+qm.

pm + mpmflq +
The number of cases which make A win at tnal  equélsin order to have
the number of cases which make him win preciselyiat:tr + 2, it is clear that
it is necessary to subtrapt”  from the preceding quaratiigt, to multiply the
rest byp? + 2pq + ¢* , this gives

m(m — 1 m(m—1)(m — 2
iy 4 M=) o mm = 1)(m —2)
1.2 1.2.3
)

2m(m — 1
%pmlqg _l_..._l_mpmilq +...

pmilq _|_ e

+ 2mp™q® +
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Now, the number of cases which make him win preciaelfrial m + 2 is
clearlymp™*!q ; we have therefore

Zmyo = P (1 + mpq).

In order to have the number of cases which make Aatvimialm + 4, it is
necessary to subtract from the preceding quantityr¢p)?*'q o muiltiply the
rest byp? + 2pq + ¢* , and we will hav@bwzf””q2 for the number of these
cases; thus,

m(m+3) , 2].

zm+4=pm[1+mpq+ 15 P4

We will find, likewise,

m(m + Z’:)qu2 N m(m + 4)(m + 5) 3q3} |

T
= |1
6 = P [ Mgt T 1.2.3

and thus in sequence; the law of these values of holds.t - ; if we have
need of further values af , one could obtain them ebgithis process.

In order to integrate now the equation ( ), it is nemgs have the roots of
the equation

5 = (m—i - 2paf T - (m+l_31)(2m+l_4)p2q2fw+---,

if m + ¢ is odd, or

m+i 1 m+i _9

[ = m—i = 2)pgf T
if m + iis even; now we will find these roots by considgrthat we have
sin(m + i)z = 2 [2"T M — (i — 2)2m Ty 4
x being the sine and the cosine of angle ; now, putting
sin(m + i)z = 0,

we will have

um+7271 _ (m +i— 2)ium+7ﬁ3 .
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Letu — Q—ﬁ_q and we will have

m+i—1 m+i—3
2

= (m+i—2pgf" T~

if m + ¢ is odd, or

JE = m =i 2)paf
if m + 4 is even, the different values af are the cosiobthe angles , such
thatsin(m + i)z equal® , this gives

T 2 3

Z = Ly z = .y Z = )
m—+1 m—+1 m -+

Letl, I, l5,... bethe cosines of these anglesy®d mifi  is evpt~L
if it is odd; the different values of  will b&?pq, 4/3pq, ... . Thesalues one

time determined, it is easy to find thosezpf épd

XXXV.

PROBLEM XIX. — | suppose two playerss aBd , with an equal number  of
écus, playing to this condition, that the one who loses will give an éhe to
other; let the probability oA winning a trial be ; let thatBf de ; heitit

be able to happen that any of them not win, and let the probability of this be
This put, we ask the probability that the game will end before or aiutmderx:

of trials.

Let ,y, be the number of cases according to which, atridler, the gain of
the two players is null, multiplied by their probabiktiey, , ,y, .4y, ... the
number of cases according to which the gain of playsriA2, 3, ... at trialx ,
multiplied by their probability, and lefy, . .b. ... express tame things
for player B. This put, we will form the following equats:
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e =T oY1 T4 1Y,y TP 13141;71’

Wo =T Yot T4 0¥,y TP Yy
Wy =T 9¥p 1 T4 3Y, g TP 1Yy

(-) 9 :

ny;r: =T nya:fl + q- n+1y;1:71 + b nflya:fl’

\ mflya: =T mflya:fl + p- m72y1’71

Now we have

D 131451;71 =4 1Y, 15
the first equation will become therefore
Yo =T 0¥p1 T 24 1Y, 45
and, if one combines it with the second, we will have
W =27 Y,y (200 =70 W, ot Yy — T Y,y

Let now

ny;r: = an - nya:fl + la" ’ nya:fQ +o Tt Unp + b" ’ n+1y;1:71 + lb" ’ n+1y;1:73 + - K

therefore

P opYpy =P Y, 5t Yay1p- n-1Yp_pt o+ PUn
+ bn—lp Yo + 1bn—1p Y3 + o
Substituting in place ofp- .y ,,p-, Y., ... their values that
equation (— ) gives, we will have
nde = (anfl + T) oYt (lanfl — Qp1T + pbnfl)nyxfg
+ (Capr — 'apr+p-bp1), Y, gt

1
T4 Yo — 1 1 Ye g T 10 Yy~ Pl
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whence, by comparing, we will have

Ap = Qp—1 + 7,

bn =4q,

1 _ 1 b

Qp = Qp—1—0p-1T +p n—1»
1

bn = —Gp-19,
2 2

1 1
ap = "Gp-1 — Qp 1T+ DP- bnfla

The first of these equations begins to exist whien eqQuahe second, when
n equalsl ; the third, whem equals ; etc. We will haeediore, by integrating
and adding the appropriate constants,

a, =r(n+1),
b, = q,
nn—+1
lan - _TQ : g +pQ(n + 1)7
1.2
lbn = —ap-1q = —qgrn.

This last equation being true, when equals , it follbhesfifth equation
begins to exist when equd&@s ; this gives

9 s(n+1n(n—1)
— — 1 —1).
ap =r 193 pgr(n+1)(n—1)
Therefore
2 on(n—1)
bn — ;
T

an equation which begins to exist when equals , becdysequals0 .
Therefore, the sixth equation begins to exist wihen Ileguand we will have
1 —1 —2
3, _ _a(ntDn(n—1)(n—2)

" 1.2.3.4

+ pq7~2(n +1)(n—1)(n—2)— o (n+ 11)(2n —2)

+C.
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Now, puttingn = 2 , we have

Sag = a1 — *ayr + p- *by =0,
thereforeC' = 0 , and thus in sequence; finally,= 0 . We willehtherefore,
by makingn = m — 1 and rejecting the termg,_, v, ...
,m(m —1)
mflya: =mr: mflya:fl -7 — pgm mflya:fQ
1.2
sm(m —1)(m — 2)
* [r 1.2.3 — parm(m —2) m-1¥-3
_am(m=1D(m =2)(m=3)  ,m(m=2)(m=3) 5 ym(m—3)
[r 1.2.3.4 " 1.2 PO |mYe

If one supposes= 0 , we will have

_ m(m—3) 5 »
m—1Y = MP4 ", 1Yy o — 1.2 Da 1Yy +y
the same equation as | have found above for that case.
If we namez, the probability of A winning before ortaal =, we will have

om(m —1)

19 —pqm}zx2+---+0,

Zy = MTZy 1 — [r

C' being an arbitrary constant.

Similarly, if we name%x the probability of B winningefore or at triake , we
will have

1

m(m — 1
Sl )—pquHJr---JrC-

% —mr% — T
T r—1 1.9

In order to integrate these equations, it is necedsathave the roots of the
equation
,m(m —1)

_— m—2 ce et
19 pqm}f + e

™) =g = [

now here is how one can determine them.
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We have seen previously how one could have the rodteaquation

5 m(m—3) 7
y"=mpqy" Tt = Y

Lety = f — r, and we will have

fm — mrfmfl o [TZm(T; 1)

MELUESLED

— pqm} e

m—3
1.2.3 — pgrm(m = 2)] /

an equation which is the same as equatidn ( ); the ehffevalues off are
consequently equal to those gf , augmented by the quantityow; the
integration of the differential equationin  has noghiroublesome.

Translated by RICHARD J. PULSKAMP
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