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5. An urn being supposed to contain the number of badisiraw from it a
part or the totality, and we ask the probability thet humber of balls extracted
will be even.

The sum of the cases in which this number is unity sggatientlyz , since
each of the balls can equally be extracted. The sutheotases in which this
number equal? is the sum of the combinations of tasn two by two, and
this sum is, by no3 , equal t%%l) . The sum of the caseghich the same
number equal8 is the sum of the combinations of tadisn three by three, and
this sum ism%)g*” , and thus in sequence. Thus the successne oé the
development of the functiofi + 1)* — 1  will represent all theesaa which the
number of balls extracted is successivel.3... rto ; whenhdg easy to
conclude that the sum of all the cases relative to ddd numbers is
1(1+1)" = (1 —1)%, or2*~!, and that the sum of all the cases relativén¢o t
even numbers i§(1+1)* + (1 —1)*, @ ' —1 . The reunion of these two
sums is the number of all the possible cases; this ewisbherefor@” — 1 ; thus

the probability that the number of balls extracted bl even is2—! , and the

probability that this number will be odd 1;% ; therghsrefore advantage to
wager with equality on an odd number.

If the numberz is unknown, and if one knows only thataih not exceed
and that this number and all the lesser are equally@ssve will have the
number of all the possible cases relative to the oddarsrby making the sum
of all the values 02! , from =1 to =n ,anditis easyée shat this sum
is 2" — 1. We will likewise have the sum of all the possitdeses relative to the
even numbers, by summing the functisin! —1 |, from 1 zten , aad w



find this sum equal t@" — n — 1 ; the probability of an even nunibéherefore
then;=1% , and that of an odd numbeki$—'—

We suppose now that the urn contains the number oéwhits, and the
same number of black balls; we ask the probability Hyatlrawing any even
number of balls, we will bring forth as many whiteldas black balls, all the
even numbers being able to be brought forth equally.

The number of cases in which one white ball of theaan be combined with
a black ball is evidently.z . The number of cases ircivhivo white balls can be
combined with two black balls iﬁ%l) m(fj) , and thus in sequefioe.number
of cases in which we will bring forth as many whitells as black balls is
therefore the sum of the squares of the terms of thelajgment of the binomial
(1+1)", less unity. In order to have this sum, we will olseihat it is equal to

a term independent af , in the developmenflof 1)“(1+a)* . Thistiomc

is equal to(ltl—f)zr. The term independentcof , in its developmerthus the

coefficient of the middle term of the binomiél + a)**; trepefficient is

OER 3;372; the number of cases in which we can draw from theasmrmany white

balls as black balls is therefore

1.2.3...2z
(1.2.3...2)2

— 1.

The number of all possible cases is the sum of the erdastin the development
of the binomial (1+1)** , less the first,or wunity. This suns i
1(1+1)** + 1(1 —1)*; the number of possible cases is therefie! — 1
which gives for the expression of the probability sought

12322 _ 4
(1.2.3...1)?

22:(:71 -1

In the case where is a great number, this probafslitgduced by no. 33 of
Book | to T being the semi-circumference of which thes radius.
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6. We consider a number+ '  of urns, of which the firsitamsp white
balls andg black balls, the secopd  white balls gndackbballs, the thirgy”
white balls and;” black balls, and thus in sequence. We sagpat we draw
successively one ball from each urn. It is clear thatnumber of all the possible
cases in the first drawing js+ ¢ ; in the second drawiagh®f the cases of the
first being able to be combined with the+ ¢’ balls af second urn, we will



have(p+ q)(p' + ¢') for the number of all the possible cases velati the first
two drawings. In the third drawing, each of these cear$e combined with the
P’ + ¢" balls of the third urn; this which givés + ¢)(p + ¢)(p" +¢")  for the
number of all the possible cases relative to theetldawings, and thus of the
rest. This product for the totality of the urns will t@mposed of + =’/ factors,
and the sum of all the terms of its development in lwliee letterp , with or
without accent, is repeated times, and consequentlettieeq , =’ times, will
express the number of cases in which we can draw thenurnsz white balls
andzx’ black balls.

If o, p", ... are equal tp , and if, ¢”,... are equal¢o , the preceding
product becomesép + ¢)*t* . The term multiplied ;" in the developmen
of this binomial is

(x+2)z+2'+1)-(x+1) , 123...(z+2") , »
o or o
123, P 1232123201

Thus this quantity expresses the number of cases ifhwgccan bring forth:
white balls andz’ black balls. The number of all thesjis cases being
(p+ ¢q)***, the probability to bring fortk  white balls amtl  dMeballs is

1.2.3...(x +2) » \'( «q v
1.23...2.1.23...2/ \p+q p+q) ’
where we must observe thﬁaﬁ—q is the probability of drgva white ball from

one of the urns, and thgi—q is the probability of drgviiom it a black ball.

It is clear that it is perfectly equal to draw  whitalld andz’ black balls
from 2 + 2’ urns which each contain white balls gnd blaalls, or one alone
of these urns, provided that we replace into the urrb#fieextracted at each
drawing.

We consider now a number+ z’ + z”  urns of which the first @iostp
white balls,q black balls and red balls, of which seeond containg’  white
balls, ¢’ black balls and’ red balls, and thus in sequélleesuppose that we
draw one ball from each of these urns. The numbell tieapossible cases will
be the product of the + ' + 2" factors,

p+q+r) +d +r")@"+¢" +1")--

The number of cases in which we will bring forth  tghalls,»’ black balls and
2" red balls will be the sum of all the terms of theedepment of this product, in
which the lettep will be repeated times, the leitet’ times and the letter |,



x” times. If all the accented letter§, ¢/, ... are equal tor tbeiresponding
non-accented, the preceding product is changed into theomiah
(p+ q + )"t " The term of its development, which has for fagieg” r** |
IS

123 (JU +x/ +x//) T
1232123 . 2123. 2L 9" >
thus, the number of all the possible cases bding g+ r)**+*" , the

probability to bring forthe  white balls;’  black badledz” red balls will be

1.23...(z+ 2" +2") p z q 2 , P
12321230123 .7 \ptqg+r) \pra+r) \prg+r)

p . —
whence we must observetp b T o are the respectvalpilities

of drawing from each urn a white ball, a black ball arreéd ball.

We see generally that, if the urns contain each aheeshnumber of colorg,
being the number of the balls of the first colgr, e tne of the balls of the
second color,r, s, ... those of the balls of the third, tlarth, ...,
x4+ + 2" + 2" + --- being the number of urns, the probability to bringHort
x balls of the first colory’ balls of the second, tlud third,x” of the fourth,

... will be
123 . (x+2' +2"+2" +--) D @
1.2.3...2.1.23...2".1.2.3...2".1.23..2"... \p+qg+r+s+---

/ 1" n

T T T
q r s
>< .o
(p-l—q-l—r-l—s-l—---) (p-l—q-l—r-l—s-l—---) (p-l—q-l—r-l—s-l—---)

7. We determine now the probability to draw from theepding urns:  white
balls, before bringing forth’  black balls, of  red $all. . It is clear thatp
expressing the number of the colors, this must happetheatlatest after
x+2 +2"+---—n+1 drawings; because, when the number of white balls
extracted is equal or less than , the one of theagtieblack balls less tharh
the one of the extracted red balls less thdn..., tdb@d number of the
extracted balls, and consequently the number of drawimgsjual or less than
r+2 +2"+---—n+1, we can therefore consider here only
r+a2' +2"+---—n+1urns.



In order to have the number of cases in which welcang forthx white
balls at the(z + 1)St drawing, it is necessary to determihthalcases in which
x — 1 white balls will be drawn at the drawing+:—1 . This numizethe
term multipied by p®! in the development of the polynomial
(p+q+r+---)""1 and this term is

123, (x4i—1)

J;il .. 7:
123 (w—1i2s. 0 @trt-)

by combining it with thep white balls of the uin+: , wal have a product
which it will be necessary to multiply by the numbdrati the possible cases
relative to ther’ + 2" +--- —n+ 1 following drawings, and this number is

(P q )

we will have therefore

1.23...(x+i—-1)
@ s 1123

PN+ ) (p g )T

for the number of cases in which the event can happegisely at the drawing
x + 1. It is necessary however to exclude the case inhwhics raised to the
power z’ , those in whiclh is raised to the powér , decause in all these

cases it has already happened in the drawing: — 1 , eitheack bhlls, or
2" red balls, or etc. Thus in the development of the polyal (¢ +r + ---)", it
is necessary to have regard only to the terms mudtiplie’ ' s/”... in whichf
is less thar’ [ is less thafi f”, isless thdn... , té&hma multiplied by
¢/rf's!"...in this development is

1.2.3...¢ ropg

123...f123...f123. 1" °

All the terms that we must consider in the functiangre therefore represented
by

123...(z+f+f+--—1) T
(b) 123 (z—1)123.. f123..p.. 0 %"

X (p+ q4 1+ - )T e

because is equal tb+ f'+---.  Thus, by giving, in this last fanctio f all
the whole values fronf =0 td=2'—1 ,td all the values frém= 0 to



f'=2a" — 1, and thus in sequence, the sum of all these term&xpitless the
number of cases in which the proposed event can happep it +--- —n+ 1
drawings. It is necessary to divide this sum by the nuroball the possible
cases, that is to say by + ¢ + r + ---)*+ "+l |f we designatg’by  the
probability of drawing a white ball from any one ofthirns, byg’ that of
drawing from it a black ball, by  that of drawing a red,b.., we will have

/: p q/: q T/: T
ptqg+r+-- ptqg+r+-- ptqg+r+--

p

..;

the function B ), divided byp + g + r + - )=+ +"+=n+1 - will become thus

1.23...(x+f+f+--—1) @ f 8
123.. (- 1)123... f123.. .. 01 '

The sum of the terms which we will obtain by giving faall the values from
f=0tof=a"—1,tof" allthevaluesfronfi =0 1t =2'—1 , wil be the
sought probability to bring forthk  white balls befareblack balls, orz” red
balls, or, etc.

We can, after this analysis, determine the lot otimbern of players A, B,
C,..., of whomy', ¢/, v, ... represent the respective skills, thab isay their
probabilities to win a trial when, in order to wiretgame, there lacks trials to
player A, z’ trials to player Bg” trials to player C,dathus in sequence;
because it is clear that, relatively to player Astheverts to determine the
probability to bring forth: white balls beforé  blab&lls, orz” red balls,..

by drawing successively a ball from a number =’ + 2" + - —n+1 of urns
which contain eaclr white ballg, black balls, ratisb---,p, ¢, r,... being
respectively equal to the numerators of the fractjong’, +/, ... reduced to the

same denominator.

8. The preceding problem can be resolved in a quite simpfmen by the
analysis of the generating functions. We name . . thegility of player
A to win the game. At the following trial, this prolidap is changed into
Yr—1227.., T A Wins this trial, and the probability for this p’. The same
probability is changed intg, .., ., if the trial is won byay¢r B, and the
probability for this is’ ; it is changed intg .- ,»_; . if théal is won by player
C, and the probability for this is , and thus in sequeweehave therefore the
equation in the partial differences



/ / /
Yz a,... = P Ye—1a' 2", .. +4q Yo' —1,2",... +r Yool 2 —1,... + -

Let v be a function ot, ¢, ¢, ..., such that ., ., . is the coefficieft

7 in its development; the preceding equation in the palifferences
will give, by passing from the coefficients to the gariag functions,

u=ut+qt +rt"+--),
whence we deduce
1= p’t—i—q't' +7°/t” + .

consequently,
1 i
t =gt —rtr -
this which gives
(14 z(dt +7t" +--) )
1
2 + 7.%(.% + ) (q't' + 't + . .)2
v up — " 1.2 >
tr (1= qgt =/t — )" 1 2 '
( q r ) x(x_i_l 2)(:?"_ )(q't'+r't"+---)3
L + e )
Now the coefficient of'+'* ¢/*" ... it 19, ... ,and the same coffit in
any term of the last member of the preceding equatico askup’xt”'t””. N 1S
kp/xyo,x’ft’-m”*t”-,-~~; the quantityy07x/,t,7m/,,t,/7_‘. IS equal to Unity, Since then

player A lacks no coup. Moreover, it is necessary fecteall the values of
Yo—t o —,... IN Which{’ is equal or greater thah [”, is equal or gre&tmn
x”, and thus in sequence, because these terms are nab ddgegiven by the
equation in the partial differences, the game beingefinithen any one of the
players B, C,... have no more coups to play; it is necgstherefore to
consider in the last member of the preceding equationtbelpowers of’ less
thanz’, only the powers @f less theh ..., . The preceehpgession of:
will give thus, by passing again from the generating fonetto the coefficients,



(1+.’E(q/t/+7°/t//+"')
1
-T(‘Tl‘; )(q/t/-i-?“/t”-i-"')Q
x(x+1)(z+2)
1.2.3
+ ...

\ J

/T
Yoo —t' o=t = P \

(q't' + T/t” + )3

provided that we reject the terms in which the power/ofurpasses’ — 1
those in which the power of surpassés- 1 , etc. Thendeomember of this
equation is developed in one sequence of terms contaitieel general formula

1.23...(z+f+f+---—1) @ f 8
1.2.3...(z —1).1.2.3... f.1.2.3... f'...

The sum of these terms relative to all the valueg obm f nulltof =2’ — 1,
to all the values of’ fronf’ nulltg’ =2"—1 .,. , wil be theopability
Yo~ 27—, this which is conformed to that which precedes.

In the case of two players A and B, we will have,tfog probability of player
A,

x(x+1) 2 x(x+1)(x+2)---(x+x’—2)q,xf1}.

&4 1 1! .
P [”q TR - 1.2.3.. (¢ — 1)

By changingy’ intay and inte’ , and reciprocally, we héile

' +1) ,0 (@ + 1) (2 +2)(x+2" —2) .
7 vy, w( / Iz
7 [ L TR 1.2.3.. (¢ — 1)
for the probability that player B will win the gamehd sum of these two
expressions must be equal to unity, this which we selerly by giving them
the following forms. The first expression can, by N&/ of Book I, is
transformed into this one
1+x—|—x’—1q_’ (x+x’—1)(x+x’—2)£+
p’“x/fl 1 P 1.2 P2
(x4+a —1)--(x+1) ¢!
1.2.3-(2' —1)  p*1!




and the second can be transformed into this one

z+x —19p r+2 —1)(z+2 —2)p?

" p_/+( ) )%Jr_,_
q/x+x’71 1 q 1.2 q
(x4 —1)--(x+1) p* !

123 (' —1) g% !

The sum of these expressions is the development of bthemial
(p/ +¢')*™=1, and consequently it is equal to unity, because, A or B wins
each trial, the sum + ¢’  of their probabilities for tisisinity.

The problem which we just resolved is the one whichname the problem of
points in the Analysis of chances. The chevalier dgévproposed it to Pascal,
with some other problems on the game of dice. Two @ageéwhom the skills
are equal have put into the game the same sum,; they raystrpil one of them
has beat a given number of times his adversary; bytaipee to quit the game,
when there lacks yet points to the first player ideorto attain this given
number, and when there lacks  points to the second plagedemand in what
way they must share the sum put into the game. Such prtilem that Pascal
resolved by means of his arithmetic triangle. He pregasto Fermat who gave
the solution to it by way of combinations, this whicaused between these two
great geometers a discussion, to the continuation ahwPascal recognized the
goodness of the method of Fermat, for any number oerdaynhappily we
have only one part of their correspondence, in whietsee the first elements of
the theory of probabilities and their application toeoof the most curious
problems of this theory.

The problem proposed by Pascal to Fermat reverts tornueée the
respective probabilities of the players in order to thingame; because it is clear
that the stake must be shared between the players poodiyt to their
probabilities. These probabilities are the same asetlof two players A and B,
who must attain a given number of points, being the eurabthose which
player A lacks, and’ being the number of those whichepl&y lacks, by
imagining an urn containing two balls of which one sitev and the other black,
both carrying the no. 1, the white ball being for pftafe and the black ball for
player B. We draw successively one of these ballswandeturn it into the urn
after each drawing. By naming ,»  the probability that giaf will attain, the
first, the given number of points, or, that which mesye¢o the same, that he will
havex points before B has , we will have



1 1
Yz o = iy;r:fl,;r:’ + iym,m’fl;

because, if the ball that we extract is whijg,. hanged intay,_; ,» , and if
the ball extracted is black, ., is changed ipto,_; , andptiobability of
each of these eventsjs ; we have therefore thegirecequation.

The generating function af, ,,  in this equation in the phdifferences is,
by No. 20 of Book I,

M
1 1472
e

M being an arbitrary function @f . In order to determiineve will observe that
Yo,0 can not have place, since the game ceases whenrdhe other of the
variablesr and’ is nul}/ must therefore have fordiatt Moreovery, ,, is
unity, whatever be’ , the probability of player A isaofing then into certitude;
now the generating function of unity is generqlﬁle , bseathe coefficients of
the powers of’ in the development of this functionarequal to unity; in the
present casey, ,, being able to have place when s éitlog 2, or 3, etcy
must be equal to unity; the generating functioryof isetfioee equal tal’%t, ;
this is the coefficient of’ in the development of generating function of, .,/
orin

M .
1—1t— 1
we have therefore
M t/
-3 1
this which gives
Alzﬂu—éw
=) "
consequently the generating functioryef. IS

10



t'(1—1t)
(L—t)(1—3t—3t)

By developing it with respect to the powers of , we have

4 G+1_%_+i_j;_+i_J;_+m)
11—t 211y " 22 (1 -1y 2 (1-1ly)
The coefficient ot” in this series is
1 t/

2 (1—t)(1— L)’

Y. . IS therefore the coefficient of  in this last gubntow we have

t/
(L—t)(1—3t)
IR LA T e St e b v v il

1=t

By reducing into series the denominator of this lasttion and multiplying the
numerator by this series, we see that the coefficier” in this product is that

which this numerator becomes when we midke 1 rwe Iherefore
1 zz+1) 1 zz+D)(z+2) 1
1 _ _~ @ 7 _
)ttt 1.2.3 2"
Yoo = xx+1)-(z+2'—2) 1 ’

123, (z' —1) 271

a result conformed to that which precedes.

We imagine presently that there is in the urn a whetiecarrying the no. 1,
and two black balls, of which one carries the no.ntl, the other carries the no.
2, the white ball being favorable to A, and the blaakskto his adversary, each
ball diminishing by its value the number of points whiabk to the player to
which it is favorabley, ,, being always the probabittyat player A will attain
first the given number, we will have the equation @ plartial differences

11



1 1 1
Yyt = g Yr—1,2 + g Yz,a'—1 + g Yu,a'—25

because, in the following drawing, if the white bakés y, ,, becomeg,_; ,» ; if
the black ball numbered 1 exitg,,,  becomes _; , and if thek toall
numbered 2 exitsy,,» becomgs, . , and the probability of eddhese
events is;.

The generating function of, ., is

1 1 14,27
1—4t—1v 1y

M being an arbitrary function ¢f , and in the preseseda equal to
t/ 1 1 /2

e L

so that the generating functionwpf,,  is
(1 -1 — 1)
(L—t)(1— 5t — 5t/ — 3¢%)

The coefficient ot” in the development of this funatie
1 1

g 11—t (1_%1}_%15/_%#2)3;7

and there results from this that we come to saytti@toefficient o' in the
development of this last quantity is equal to

ct?(1+t)  x(x+1) (1 +t)?

t/
1 + 3 LT 32 ,
3¢ r(z+1D)(x+2) A +1)? N ’
1.2.3 33

by rejecting from the development in this seriesta powers of’ superior to
', and supposing in this that we conserve 1 , this withieeexpression of

Y, -
It is easy to translate this process into formuldeis] by supposing’ even
and equal t@r + 2 , we find

12



Yra! = 35 3 12 \3 123...r 3

r(x+ 1) (x+7) (r+r (r+1)r...2
1.2.3... (1 + 1) 30+r+1 1.2 T 1230 }
x4+ 1) (z+r+1)
1.2.3... (r + 2) 3+7+2

1+x3+M(E)Z_“Jr:c(;c+1)...(x+r_1) (g>r]

[1+(7°—|—1)+

R e
w(z+1)---(z 4 2r)
1.2.3...(2r + 1) 3et2r+l”

If we suppose’ odd and equalto+ 1 , we will have

1—|—x2+M(g>2+...+$($+11)'2'$(5U+7°—1) (§>T]

3 1.2 3

(x4 1) (x+7) (r+ r (r+1)r...3
1.2.3... (r+ 1) 3etrL o ]
z(x+1)-(z+r+1)

1.2.3...(r 4 2) 30+7+2

Yz = 3_1,

1.2 1.2.3...(r—1)
(r+2)(r+1) (r+2)(r+1)...5
1.2 Tt s =2 }

[1+(7°—|—1)+

[1+(r+2)+

(x4 1) (x+2r—1)
1.2.3...(2r + 1) 3012

Thus, inthe caseof=2 and=5 , we have
_ 330
Y25 = 799°

We imagine further that there are in the urn two distished white balls, as
the two black balls, by the nos. 1 and 2; the probglaifitplayer A will be given
by the equation in the partial differences

1 1 1 1
Yo' = Zya:fl,x’ + ZyJHQ,J:’ + Zya:,xul + Zyxfl,a:LQ-

The generating function af, ., is then, by No. 20 of Book |,

13



M + Nt
1 1 1 14,27
1—-i Ly L Ly

M andN being two arbitrary functions #f . In order toedetine them, we will
observe thay, ,» is always equal to unity, and that neisessary to exclude in
M the null power ot’ ; we have therefore

¢ 1, 1,

1_ﬂﬂ——f——t)

M =
4 4

In order to determingV , we seek the generating funcfign e. If we observe
thaty, ,» is equal to unity, and that, player A having noemmeed of a point, he
wins the game, either that he brings forth the wibgtk numbered 1 or the white
ball numbered 2, the preceding equation in the partial eifézs will give

1 1 1
Yra = 5 + LY + g Y2

We supposg, ,» = 1 —y,; we will have

/ 1 / 1 /
Yy = Zy:(:’fl + Zy:(:’72'

The generating function of this equation is

m + nt’
1 1,27
1— 1y — 1y

m andn being two constants. In order to determine threenill observe that
y1,0 = 0, and that consequentlyy =1 , this which gives=1 . The gengrat
function ofy/, is therefore

14+ nt
1 1,2
1- Ly Iy

We have next evidently, ; = 5 , this which givgs= 1; v} is thefficient of

t" in the development of the preceding function, and théffic@nt iSn—l—i ; we

have thereforev + 1 =1 , on={. The generating function of ursity-i;

because here all the powers’of can be admitted; weethes

14



1 1+ 4t st
- ) or )
L=t 1— gt — 372 (1—t)(1 -t — 37)

for the generating function af, ...  This same functiorhis toefficient oft in
the development of the generating functionyof. , a funcudich, by that
which precedes, is

! 2
Lo (1= 3t — 37+ Nt

_ 1,1y _ 1l 1527
4t 4t 4t 4t

this coefficient is
1
i

(1—t)(1 -t — 37)

+ 1 1,27
1— Ly — 1y

by equating it to

we will have

The generating function of, ., is thus

(1 — ' — 1%y 4 Ly
(L—t)1 -3t — 3t — 12— 7))

If we develop into series the function
(1 — ¢ — L) 4 Ly .
L-t)1—-tt -2t —1e2—%)

we will have

15



(

1+ it’(l +1) + 41—2t’2(1 +1)? + ;t’?’(l AL
+ t(lz ) [1 + %t’(l +t) + j—Qt’Q(l +t)? + f—gt’?’(l +t) + }
:
@< + %7;”)2 [1 - %’(1 +t) + 1.2'12 21+ 1) + 1.32'3543 21 +1) + }
+ %7?03 [1 - %t’(l +t') + 1.2'.542 21 +1) + ﬁt’g(l +1) + }
.

\

If we reject in this series all the powerstof otti@ant* and all the powers tf
superior tot’” , and if in that which remains we make1 ¢ = 1 we will have
the expression aof, ,, when is equal or greater than umitgnz is null, we
havey, ,, = 1. It is easy to translate this process intmiiae, as we have made
for the preceding case.

We namez, ,, the probability of player B; the generatingtion ofz, ,» will
be that which the generating functioniof, becomes wherchange in it
into ¢’, and reciprocally, this which gives, for this dtian,

t(1— $t — %) + 1tt’
1 1 1 142V
(A= = gt = gt' = §t* = §t7)

By adding the two generating functions, their sum is redteed

t N t N tt'
11—t 1—-t¢ (1-t)1-t)

in which the coefficient of*+'" s unity; thus we have

Yz 2 + Zra = 17

this which is clear besides, since the game must ¢&essarily won by one of the
players.

9. We imagine in an urn  balls marked with the n? 1, Islmairked with n°
2, r balls marked with n° 3, and so on in sequence to°the These balls being
well mixed in the urn, one draws them successively;regeires the probability
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that there will come forth at least one of thesks lzd the rank indicated by its
labeP, or that there will come forth of them atsietwo, or at least three, etc.

We seek first the probability that there will cometioat least one of them.
For this, we will observe that each ball can cooréfat its rank only in the first
n drawings; one can therefore here set aside the falipdrawings; now the
total number of balls beingn , the number of their coationsn byn , by
having regard for the order that they observe amongsiiees, is, by that which
precedes,

rn(rn — 1)(rn —2)---(rn — n + 1);

this is therefore the number of all possible casésariirstn drawings.

We consider one of the balls marked with the n° 1, aadswppose that it
comes forth at its rank, or the first. The numbecarhbinations of then — 1
other balls takem — 1 by —1 will be

(rn—1)(rn —2)---(rn —n + 1);

this is the number of cases relative to the assumpt@anwe just made, and, as
this assumption can be appliedrto balls marked with ahd will have

r(rn—1)(rn —2)---(rm —n+1)

for the number of cases relative to the hypothesis dhe of the balls marked
with the n° 1 will come forth at its rank. The sanesuit takes place for the
hypothesis that any one of the— 1  other kinds of ballscame forth at the
rank indicated by its label. By adding therefore all tesults relative to these
diverse hypotheses, one will have

(a) rn(rn —1)(rn — 2)---(rn — n + 1);

for the number of cases in which one ball at leaitceame forth at its rank,
provided however that one removes from them the calsieb are repeated.

In order to determine these cases, we consider otledjalls of the n° 1,
coming forth first, and one of the balls of the n°c@ming forth second. This

1 Translator's note This means that a ball marked with 1 will be draisst,fa ball marked
with 2 will be drawn second, and so on. In other wobddls will be drawn consecutively by
number.

2 Translator's note The word here isnuméro, number. However, this referhéouse of a
number as a label. In order to distinguish it fraombre , neimtr quantity, | choose to
render it as such.
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case is contained twice in the preceding number; f@r dbntained one time in
the number of the cases relative to the assumptiarotieaof the balls labeléd 1
will come forth at its rank, and a second time inbenber of cases relative to
the assumption that one of the balls labeled 2 willedonth at its rank; and, as
this extends to any two balls coming forth at thaink; one sees that it is
necessary to subtract from the number of the casesging the number of all
the cases in which two balls come forth at theikra
n(n—1)

The number of combinations of two balls of differéatiels isTr2 ; for

the number of the labels being , their combinatiovis by two are in number

%, and in each of these combinations one can contb@e balls marked

with one of the labels with the balls marked witd tiher label. The number of
combinations of then —2 balls remaining, taker- 2  rby 2 ,hiaying

regard for the order that they observe among themsédves
(rn —2)(rn — 3)---(rn — n + 1);

thus the number of cases relative to the assumptid@rivtieaballs come forth at
their rank is

Lq; D r*(rn —2)(rn — 3)---(rn — n + 1);

subtracting from it the numbea ( ), one will have

rn(rn —1)(rn — 2)---(rmn —n+ 1)
@) —MTQ(WL—2)(rn—3)---(rn—n+1),
\ 1.2
for the number of all the cases in which one balkast will come forth at its
rank, provided that one subtracts again from this fun¢hienepeated cases, and
that one adds to them those which are lacking.

These cases are those in which three balls contb &irtheir rank. By
namingk this number, it is repeated three times ifitsieterm of the function
(@); for it can result, in this term, from three asptions of each of the three
balls coming forth at its rank. The numbder is likewssatained three times in
the second term of the function; for it can resultrfreach of the assumptions
relative to any two of the three balls coming faatttheir rank. Thus, this second

3 Translator's note The word is numérotéesnumbered. | have chosen to renderstels
for the same reason as above.
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term being affected with the-  sign, the number infaahd in the function
(@); it is necessary therefore to add it &0 ( ) in ordext it contain all the cases
in which one ball at least comes forth at its raftke number of combinations of

n labels taken three by thre&"‘é‘% , and, as one cahicertiner balls of
one of these labels of each combination withsthalls mf the second label and
with ther balls of the third label, one will havesttotal number of combinations
in which three balls come forth at their rank, by tiplyjing W‘%Wr?’ by
(rn —3)(rn —4)---(rm —n+1), a number which expresses that of the
combinations of then — 3 balls remaining, taker-3  +/by 3  ,haying
regard for the order that they observe among themself/esne adds this

product to the functiore( ), one will have

rn(rn —1)(rn —2)---(rn —n + 1)

@) —%ﬁ(rn—2)(rn—3)---(rn—n+1),
+ n(n _112)(;1 —2) r?’(rn —3)(rn—4)---(rm —n+1).

This function expresses the number of all cases ichaine ball at least comes
forth at its rank, provided that one subtracts fromgaia the repeated cases.
These cases are those in which four balls come &drtheir rank. By applying
here the preceding reasonings, one will see thamitgessary again to subtract
from the functiond" ) the term

n(n - 1)1(712;?(7% —3) r*(rn —4)(rn — 5)---(rn —n + 1).

By continuing thus, one will have, for the expressiérthe cases in which one
ball at least comes forth at its rank,

(rn(rn —1)(rn —2)---(rn —n +1)
- %7‘2(7%—2)(rn—3)---(rn—n+1)
@ { e _1.12).(;1_2)7“3(7%—3)(rn—4)---(rn—n+1)
- V0D e g)on — 5)(rn 4 1)
L

\
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a series being continued as far at it can be. Infuhstion, each combination is
not repeated: thus the combinationsof balls cominthfat their rank is found
here only one time; for this combination is contdia times in the first term of
the function, since it can result from each of ¢hallskcoming forth at its rank; it

IS subtracted‘% times in the second term, since iresuit from two by two

combinations of thes balls coming forth at theirkiai is added%

times in the third term, since it can result from ¢benbinations of letters taken
three by three, and so in sequence; it is therefortdei function (A), contained a
number of times equal to

s(s—1)  s(s—1)(s—2)

1.2 1.2.3

and consequently equal to- (1 — 1)* , or to unity. By dividing thetiondA)

by the numbern(rn — 1)(rn — 2)---(rn —n + 1) of all possible cases, one will
have, for the expression of the probability that balkat least will come forth at
its rank,

~ _(n=1r (n—1)(n —2)r?
1.2(rmn—1)  1.2.3(rn —1)(rn — 2)

B (n—1)(n —2)(n —3)r
1.2.3.4(rn — 1)(rn — 2)(rn — 3)

(B)

We seek now the probability that balls at least @aline forth at their rank. The
number of cases in which balls come forth a thenkris, by that which
precedes,

nn—1)(n-2)-(n—s+1)
1.2.3...s

(b r’(rn—s)(rn—s—1)---(rn —n+ 1),

provided that one subtracts from this function the cagaish are repeated.
These cases are those in which 1 balls come fortheatrank, for they can
result, in the function, from + 1 balls taken by ; thesses are therefore
repeateds + 1 times in this function; consequently it iseesary to subtract

thems times. Now the number of cases in which1 callme forth at their
rank is
nin—1)(n—2)---(n

—8) i1
Cpa = o — s~ D = s = 2 = 1),
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By multiplying it by s and subtracting it from the functi@s), one will have

nn—1)(n—-2)-(n—s+1)
1.2.3...s
s(n — s)r
(s+1)(rn—s)]

ri(rn—s)(rn—s—1)---(rn —n+1)

(b?)

In this function, many cases are again repeated, naihelge in whichs + 2
balls come forth at their rank; for they result, lne ffirst term, froms + 2 balls
coming forth at their rank and taken &y ; they resulthe second term, from
s + 2 balls coming forth at their rank and taker-1 sy 1 , andewoweer
multiplied by the factok , by which one has multiplied #econd term. They are

therefore contained in this function the number obﬁrﬁ% —s(s+2);

thus it is necessary to multiply by unity, less this benof times, the number of
cases in whick + 2 balls come forth at their rank. Tdss number is

nn—1)(n-2)--(n—s—1) ., .
1.2.3...(s +2) rT(rn = s = 2)(rn — s = 3)-(rn —n+ 1);

the product in question will be therefore

nn—1n=2)--(n-s=-1) .
123 (512 rrn—s—2)---(rn —n+1)

By adding it to the functiorb( ), one will have

(n(n—1)(n—2)---(n—s+1)

1.2.3...s

§ s  (n—s)r

(b7 1_(s+1) (rn — s)
X 2

L8 n—s)n—s—1)r

L s+21.2(rm—s)(rn—s—1)

r*(rn—s)(rn—s—1)---(rn —n+1)

This is the number of all possible cases in whichlls lsame forth at their rank,
provided that one subtracts from it again the caseshwéuie repeated. By
continuing to reason so, and by dividing the final furctly the number of all
possible cases, one will have, for the expressiadheprobability thats balls at
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least will come forth at their rank,

( (n—1)(n—2)---(n—s+1)r!
1.23...s(rn—1)(rmn — 2)---(rn — s + 1)

s n—s)r s (n—s)n—s—1)?
(©) < . L= T = s+212.(rn—s)(rn—s—1)
s (n—s)n—s—1)(n—s—2)r

s+3123(rm—s)(rn—s—1)(rn—s—2)

\

One will have the probability that none of the balls come forth at its rank
by subtracting the formula (B) from unity, and one #illl, for its expression,

(1.2.3...r0) — nr[1.2.3... (rn — 1)] + “22202[1.2.3.. (rn — 2)] — - --
1.2.3...rn

One has, by n° 33 of Book I, whateveribe |,
1.2.3...0= /xidxcm,

the integral being taken from null to  infinity. Theepeding expression can
therefore be put under this form

fxm’”dx(x —r)c?

[xrrdze

(0)

We suppose the numbet  of balls in the urn very great; thy applying to the
preceding integrals the method of n®24 of Book |, onkfiwi very nearly for
the integral of the numerator,

\/%Xrn+2 (1 _ %)n+lcfX

\/ﬁX2 +n(r—1)(X —r)?’

X being the value ofx  which renders a maximum the functio
™ "(x —r)"c ". The equation relative to this maximum gives for  the t
values

4 pages 128-137.
5 Translator's note The constant denotes |, the base of the natugatitbm.
6 pages 94-96.
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rn4+r L \/7“2(n—1)2+47°n
2 2 ’

X =

One can consider here only the greatest of thesesvadieh is, to the quantities
nearly of the OrdEITan , equal ta + 255 then the integral efrthmerator of
the function ¢ ) becomes nearly

\/%(Tn)rn+%cfrn(1 _ %>N+1\/;
Joe-na-hr+r
The integral of the denominator of the same funcphy n° 33, quite nearly,
V2r(rn) e
the function ¢ ) becomes thus
D"V
Jo-D-12+1

One can put it under the form

(1- l)n+1

n .
1 2 1]
\/ A=) +5 -
rn being supposed a very great number, this function is redpgdtsl nearly to
this very simple form
n—1\"
" .

This is therefore the expression approached more and byothe probability
that none of the balls of the urn will come forthtatrank, when there is a great
number of balls. The hyperbolic logarithm of this exsien being

one sees that it always goes on increasing in measuteincreases; that it is
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null, whenn =1, and that it becomégs , when is infinitypeing always the
number of which the hyperbolic logarithm is unity.

We imagine now a number of urns each containing théeum  of balls, all
of different colors, and that one draws successivethalballs in each urn. One
can, by the preceding reasonings, determine the prapahdt one or more balls
of the same color will come forth at the same ramkhe: drawings. In reality,
we suppose that the ranks of the colors are settledthéeomplete drawing of
the first urn, and we consider first the first cole suppose that it comes forth
the first in the drawings of theé —1  other urns. The ltatamber of
combinations of thes — 1 other colors in each urn ishéing regard for their
situation among themselve$,2.3...(n — 1); thus the total numbehesdet
combinations relative to— 1 urns|is.2.3... (n — 1)]""!;  this is the nundfer
cases in which the first color is drawn the firsbgéther from all these urns, and,
as there are colors, one will have

n[1.2.3...(n — 1))}

for the number of cases in which one color at leatarrive at its rank in the

drawings from the — 1 urns. But there are in this numberesmepeated cases;
thus the case where two colors arrive at their rankhese drawings are
contained twice in this number; it is necessary foeeeto subtract them from it.
The number of these cases is, by that which precedes,

n(n—1)

g 123 (n - 2)]

by subtracting it from the preceding number, one wilehdne function

n(n —1)

n[1.2.3... (n— D) = =55

[1.2.3...(n —2)]"".

But this function contains itself some repeated ca@gsontinuing to exclude
from them as one has made above relatively to aesingl, by dividing next the
final function by the number of all possible casesd amhich is here
(1.2.3...n)""1, one will have, for the probability that one of the- 1 colors at
least will come forth at its rank in the- 1 drawings ethiollow the first,

1 1 1

w12 — )2 123 Dn-2))2 "

an expression in which it is necessary to take ay neams as there are units in
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n. This expression is therefore the probability thaeast one of the colors will
come forth at the same rank in the drawings of urns.
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