CHAPTER VI

DE LA PROBABILITE DES CAUSES ET DES EVENEMENTS FURS,
TIREE DES EVENEMENTS OBSERVES

Pierre Simon Laplace

Théorie Analytique des Probabilit€§26—-33, pp. 370-409

ON THE PROBABILITY OF CAUSES AND OF FUTURE EVENT®RAWN FROM
OBSERVED EVENTS

An observed event being composed of simple events of the same kind dridhothes
possibility is unknown, to determine the probability that this possilidigomprehended
within some given limitsExpression of this probability. Formula in order to detee it
by a very convergent series, when the observed eserimposed of a great number o
these simple events. Extension of this formula todhse where the observed event is
composed of many different kinds of simple everfts N 26.

Application of these formulas to the following problerwio players A and B play together to
this condition that the one who out of three trials will have won two ofl thid win the
set, the third trial not being played as useless, if the same phagerthe first two trials.
Out of a great number  of won sets, A has won the nuinber of them; one démeands
probability that his skill, respectively to player B, is comprehdndé&hin some given
limits.

One demands the probability that the number of trials played is comprehertied seime
determined limits. Finally, this last number being supposed known, one detiends
probability that the number of sets is comprehended within some givée limi

Solutions of these diverse problems$. N 27.

Application of the formulas ofh 26 to the births obselin the principal places of Europe.
Everywhere the number of births of boys is superioth® one of the births of girl§.0
determine the probability that there exists a constant cause of thie@iigeaccording
to the births observed in a given pla@olution of the problem. This probability for Paris
differs excessively little from certitude®N 28.

At Paris, the ratio of the baptisms of the boyshiase of the girls i%% , While at London this
ratio is % . To determine the probability that there exists a constant cause of this
difference.Solution of the problem. This probability is very greRrobable conjecture with
respect to this cause®N 29.

Research on the probability of the results based enTHbles of mortality or of assurance,
constructed out of a great number of observations.



Supposing that, out of a great numher of individuals of 4ge , one has observedrthat the
exists of theng atagé+a,r atadeta+d .., ,todetermine the probability that,

out of a great numbey  of individuals of the same dge , there WiII(ﬁ‘)dbEm% + 2

at aged +a % + 2z atagel +a+d, ... Solution of the problem. There results from

it that by increasing the number one approaches witlkeasing the true law of
mortality, with which the results of the observasomould coincide, ifp was infinite. N
30.

To evaluate, by means of annual births, the population of a vast enQuletion of the
problem. Application to France. Probability that theoe of this evaluation will be
comprehended within some given limits> N 31.

Expression of the probability of a future event, dravamfran observed event. When the future
event is composed of a number of simple events, muchesrttaan the one of the simple
events which enter into the observed event, onblés without sensible error, to determine
the possibility of the future event, by supposing to esciple event the possibility which
renders the observed event most probalfle. N 32.

From the epoch when one has distinguished at Paris, out of the regiketsirths of each
sex, one has observed that the number of masculine births surpasses tbk thee
feminine births; to determine the probability that this annual superiovity be
maintained within a given interval of time, for example, in the spaaecehtury N° 33.

26. The probability of the greater part of simple evastsinknown: by
considering it a priori , it appears to us susceptible of all tladues
comprehended between zero and unity; but, if one hasrveblsea result
composed of many of these events, the manner by leghenter there renders
some of these values more probable than the othérss, Th measure as the
observed result is composed by the development of th@esawents, their true
possibility is made more and more known, and it becomes2 and more
probable that it falls within some limits which, bgitightened without ceasing,
would end by coinciding, if the number of simple eventsabee infinite. In order
to determine the laws according to which this possibgi discovered, we will
name itz . The theory exposed in the preceding Chaptéigivei the probability
of the observed result, in a function:of . et be tanction; if one considers
the different values of as so many causes of thigtyeése probability ofc  will
be, by the third principal of°’n 1, equal to a fractiombich the numerator ig
and of which the denominator is the sum of all theieslofy ; by multiplying
therefore the numerator and the denominator of tlastim by dz , this
probability will be



ydz
[y dx’

the integral of the denominator being taken from 0  z to 1 The probability
that the value oft is comprehended within the limits=0 nda =26 is
consequently equal to

ydx
[y dx’

the integral of the numerator being taken from 0  xzte ¢’ d doat of the
denominator being taken from=0 10=1

The most probable value af is that which renders agimum. We will
designate it by . If at the limits of y, is null, theach value of has an equal
value corresponding on the other side of the maximum.

When the values af , considered independently of theradbeesult, are
not equally possible, by naming the function of whetpresses their
probability, it is easy to see, by that which hasrbeaid in Chapter | of this
Book, that by changing in formula (L), ina , one \udive the probability
that the value ofr is comprehended within the limits- 6 nd a = 6. This
reverts to supposing all the values ©of equally possblpriori and by
considering the observed result as being formed of tdependent results, of
which the probabilities arg and . One is able ttoresthus all the cases to the
one where one supposaspriori , before the event, an equdilppdsi the
different values ofc , and, by this reason, we will adihyg hypothesis in that
which will follow.

We have given infi 22 and the following of Book | tharfalas necessary
in order to determine, by some convergent approximatiesintegrals of the
numerator and of the denominator of formula (1), when dimple events of
which the observed event is composed are repeated greatynumber of times;
because thep has for factors some functions of eddat very great powers.
We will, by means of these formulas, determine the d¢d probability of the
values ofz , in measure as they deviate from the walube most probable, or
which rendergy a maximum. For that, we resume fornailaf(n® 27 of Book I,

(1)
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become when one changes, after the differentiationsto a, a being the value
of x which rendersy a maximun¥ is equal to that whish function
\/logY — logy becomes, when one changes iate # yin , &hd is that
which the same function becomes, when one changesto ain- 6. The
preceding expression gfydx  gives the value of this integrgiin the limits
r=a—60 andz =a+ 6, the integral dt ¢t being taken fram= —T to
t=T".

Most often, at the limits of the integrdlydz , extendednfz =0 to
x =1, y is null; now, whery is not null, it becomes so batathese limits, that
one is able to suppose it null. Then, one is able tkerahthese limit§” and’
infinite, this which gives for the integrdly dz , extendemmz = 0 tox =1,

1 2U% 13 dU°
/ydx - Y(U T oT2de T T1234d0 " > v

thus the probability that the value af is comprehendéthirwthe limits
x=a—60andr =a+ 6 isequal to
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One sees, by°n 23 of Book |, that, in the case whenas for factors some
functions ofz elevated to great powers of orgen , bamgxtremely small
fraction, thenJ is most often of orde/& , SO thasiiscessive differences;,

2 2773 . 3 .
A LU .. are respectively of the orde(ga «, a3, ...;  whence it foflow

dr 7 dxz? >




that the convergence of the series of formula (3) regumatl” and” are not
of an order superior te\}—a.

If one suppose8 = ¢ , then one has very neirly T” , and for(@uia
reduced, by neglecting the terms of order , in the inte&fﬁl, taken from

t = —T tot=1T'; this which reverts, by neglecting the squarehefdifference
T'* — T2, by doubling the preceding integral and by taking it frorall to

T2+ 17
t=| ——.
2

T? = logY — logy,

Now one has

and one is able to suppose

1
logy = —log¢,
o
¢ being a function ot or oft — 6 , which no longer contamstors raised to
. } 2
great powers. By naming therefode 4%, <2 .. that which’®, 29 ...

become, whery is null, by observing next that thedtomm of Y or & a
maximum givesiZ = 0 , one will have
d*® d2® \* N
3P dxt O da?

By changingd into-6 , one will have the value«df’> ; oriktlave therefore,
by neglecting the terms of ordef

42 Bd
T2 - 2 3 _
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a(T*+177)  , d*®
2 - 23 2’
hence,
+7T° 0 ?e
2 - \/a 2® dz?’
We make
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t a
b=

the probability that the value ef is comprehended withe limitsa + % will
be

2fdte "
ﬁ )

the integral being taken from= 0 , and being able to beidxd in a quite near
manner from the formulas ofn 27 from Book I.

There results from this expression that the most flebalue ofr is: , or
that which renders the observed event the most pmbatd that by multiplying
to infinity the simple events of which the observedré is composed, one is able

at the same time to narrow the limist % , and to iaseethe probability
that the value ok will fall between these limits; that at infinity, this interval
becomes null, and the probability is confounded withitcele.

If the observed event depends on simple events of tviereht kinds, by
namingz and:’ the possibilities of these two kinds ohtsyeone will see, by the
preceding reasonings, that, being then the probabilititeo composite event,
the fraction

ydx dx'
[ Jydzda’

will be the probability of the simultaneous valuesccdnd ofz’ , the integrals of
the denominator being taken fram=0 #0=1 , and from=0 z'te1

By naminga andsd’ the values eof amtl  which renger amanj and
makingz =a+ 60, ' =a’ + 6, one will find, by the analysis of n 27 from
Book I, that if one supposes

(4)
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the fraction (4) taking this form

dtdt e 1"
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The integrals of the denominator must be taken ftom—oco ¢ <000, and
from ¢ = —co to t' = co; because the integrals relativeato  ahd thef
fraction (4) being taken from=0 and=0 o arld equalto paitgd at
these limits, the values ¢f and ®@f being anda —ad| landd’ the,
limits of ¢ and oft’ are equal to these last limits mpliéd by some quantities of

order ﬁ . thus the exponentiaT’fZ*t’z) Is excessively smathase limits, and
one is able, without sensible error, to extend thegrals of the denominator of
the preceding fraction to the positive and negativeitafwalues of the variables
t andt’ . This denominator becomes thus equal to ; and ¢falglity that the
values oY and of are comprehended within the limits

t'/—2Y 2k
0 =0, 0=

EY By (EY )2’

0x2 Oz dxox’
1 %Y
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is equal to

1 / / dtdt e t—t"
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the integrals being taken from atid nulls.

One sees by this formula that, in the case of twierdiiit kinds of simple
events, the probability that their respective po#s#sl are those which render
the composite event most probable becomes more arel gneat, and ends by



being confounded with certitude; this which holds generalty any number
whatsoever of different kinds of simple events, whiokee into the observed
event.

If one imagines an urn containing an infinity of batfsmany different colors,
and if after having drawn from it a great numberp outhef number had
been of the first colorg of the second, of thedihetc.; by designating hy,
', 2", ... the respective probabilities to bring forth in a sndtawing one of
these colors, the probability of the observed evelhbesthe term which has for
factorz?z'?2""---, in the development of the polynomial

(x+2 +2"+--)",

where one has

r+a +2"+-- =1,
prqgt+r+---=mn
one will be able therefore to suppose hgee zPz'%2""- - , and therhas for
the values of, «/, 2", ... which render the observed event thé¢ pnobable
o p I q "o r
r==-—, r=-—, x =—,
n n n

Thus the most probable values are proportionals touh®ers of the arrivals of
the colors, and when the number is a great numberggipective probabilities
of the colors are very nearly equals to the numbetsneft that they are arrived
divided by the number of drawings.

27. In order to give an application of the preceding formué&awill consider
the case where two players A and B play together withdondition, that the
one who out of three trials will have won two of thevins the set, and we
suppose that, out of a very great number of sets, Avbasa number of
them. By namingc the probability of A in order to vairtrial, and consequently
1 — x the corresponding probability of B, the probability’oin order to win a
set will be the sum of the first two terms of thadsnial (z + 1 — x)3, and the
corresponding probability of B will be the sum of thetlawo terms. These
probabilities are therefore?(3 — 2z)  afitl— z)?(1 + 2x) ; thus the probability
that, out ofn sets, A will win of them, and B,—: , Mok proportional to
2%(3 — 22)'(1 — x)?"~2%(1 + 22)"~*. By naming thereforg this function, and
the value otz which renders it a maximum, the proliglifiat the value ot is



comprehended within the limits— ¢ and+ 60  will be

Jy dx
[y dx’
the integral of the numerator being taken from o — 0 xtea+6  d, that
of the denominator being taken fram=0 ate=1 . If one makes
1 v ,
- =aQ, - =1,
n n

one will have, by the preceding section,
¢ =2 (3-22)" (1—2)> (1 +22) 7.

The condition of the maximum @f or of givée =0 ; consetjyea being
the value oft corresponding to this maximum, one wileha
27 27 2(1 -7 2(1 -7
_2 2 201-d)  21-1)

0= 2 _ _
a 3—2a 1—a 14+2a’

whence one draws
i’ =a*(3—2a), 1—14 =(1-a)*(1+2a);
next one has

—d*® 18 5

2ddz? (3 — 2a)(1 + 2a)

The probability that the value af is comprehended withe limitsa + ﬁ will
be therefore, by the preceding section, equal to

6\/5 / —182

dr cB-20052a)
V(3 —2a)(1 + 2a)

One will see easily that this result agrees withahe that we have found i n
16, by an analysis less direct that that here.

The set ends in two trials, if A or B wins the fitato trials, the third trial not
being played, because it becomes useless. Thus the nwhisets won by one
and the other of the players does not indicate the nuafbgames played; but
they indicate that this last number is contained widome given limits, with a



probability that increases without ceasing, in measasethe sets multiply
themselves. The research of this number and of tblsapility being very proper
to clarify the preceding analysis, we will occupy ourssiwith it.

The probability that A will win a set in two trials 22, 2 expressing, as
above, his probability to win at each trial. The @oility that he will win the set
in three trials i22%(1 — ). The sun¥(3 — 2z) of these two probailiis the
probability that A will win the set. Thus, in order lhave the probability that, out
of ¢ sets won by player A; will be of two trials,ist necessary to raise to the
poweri the binomial

x? N 222(1 — x)
x?(3—2x) 2?(3—2x)

or

1 202
3—2r 3—2x "’

and the termi — s+ 1 of the development of this power wilthe probability
which is thus equal to
1.2.3...0.2075(1 — )"*
1.2.3...5.1.2.3... (i — 5)(3 — 2x)"

The greatest term of this development is, By n 16, the ia which the
exponents and— s of the first and of the second tertheobinomial are very
nearly in the ratio of these terms, this which gives

(
3—2x

S =

We will names’ this quantity, and we will make
s=35+1.
One will have, by f 16,

L giesite
S —— c2s'(i—s
28'm(i — ')

for the probability ofs , corresponding to the skill pidyer A.

10



One will find similarly that, if one names the numlzé the sets of two
trials, won by player B, out of the number-:  of sett the has won, the most
probable value of will bg"5>, and that by designating’bynis quantity and
making

2=2 41,

the probability ofz corresponding to  will be

n — 7[ 7(77,71',)1/2
- dl/ CZZ’(n,fifz’) .
22/ (n—i—2")m

The product of these two probabilities is thereforeptbability corresponding
to x, that the number of sets of two trials, won ayet A, will bes’ + 1, while
the number of sets of two trials, won by player Bl vé 2’ + I'. Let

( r n—-1 )
28/ (i — &)’ 7= 22/(n—i—2")

q:

one will have, for this composite probability,
VI gy gy e=or=d”,
T
It is necessary to multiply this probability by thdtzg which, as one has seen in
the preceding section, %%; the product is

VAL YL ) gy it

T [ydzx

The integral of the denominator must be taken from 0 =z to1, and by f
27 of Book |, this integral is, very nearly,

| =2Y
}/V/; 2y -
da?

—gl2— /l/2
/qq/C qim—q

and if one designates by  the valuerof which renders maxamum, and by

(€)

If one namesX the function

11



X" andY’ that whichX ang become when one chamges dintane will
have, by the preceding section, by making a’ + 6 :

B l27 /l/ , , H2d2(X’Y’)
ydr/qq ¢ 1" =Y X'dl ¢ v

It is easy to see that differs from the value x ofhiclv rendergy a maximum,
only by a quantity of orde , which we will designateflay, by substituting into
Y, a + fa instead o)’ , in order to fordi’ , and developing wittpezt to the
powers ofa , one will see th% being null, becalise theignaximum of; Y’
differs fromY only by quantities of order ; thus one,haghe quantities near
of an order inferior to the one that one conserard,by observing tha%% and

LX are able to be neglected with respeciip,
d?X'Y’ A’y

OX'YV'dz?  2Ydz?’

the function € ) becomes thence

/ qaq' —ql*— l’2+%
() e 2Y dx? didl'doc

One must, in this function, suppoge=a , this which givgsubstituting for:
its valuena?(3 — 2a) ,
3—2a , 1+ 2a

7= dna?(1 —a)’ 7= 4na(l —a)?’

Next, z being equal to’ + 0, itis equal&ot+ fo + 0; by neglecting tloeee
the quantities of ordex , one will have
r=a-+0.
Now the number of sets of two trials being
1 n—1i

I+
3—2x+1—|—2x+ T

this number will be

i n—i 2 2n — i)
+ +
3—2a 1+2a (3—2a)2 (14 2a)?

O+1+1.

12



We make

B 21 2(n — 1)
b= [(3-2@ (11 20)?

and we designate ly  the quantity
A’y

2 2(n—i) 1?’
2Yda? [(372(1)2 - (1+2a)2]

}9+l+l’

which, after all the reductions, is reduced to

9(3 —2a)(1 + 2a) .
2n(1 — 2a)%(3 — 2a + 2a?)?’

the function ¢ ) will become

7 \/W / —ql2—q 1" —q" (t—1-1')?
dtdldl'dfc a4 .
(6 ) ﬂﬁ ‘

By integrating froml = —oo td = oo , and frofh= —occ =00 , one will
have the probability that the number of sets of tmadstwill be equal to

) +n—i
3—2a 1+ 2a

+t;

now one has
2
/dl quIqu’l’qu”(tflfl’) /dl q+q//t 1)2=q1”~(q+q") [1 q+q//(t [,)} )

This last integral, taken froin= —occ  fo= o0, is, by that wharecedes,

VT
NCET

By multiplying it byd!’ and by putting it under this form

/ 2
ﬁ dll _ aq'+99"+¢'¢" (l aq"t )
I} 17 I 0T

¢ wtad"+dd g ad'+qd"+d'q

Vit d |

and integrating frofl = —oco t# = co , one will have

C q+q”(t Iy ,1,2

13



T B qq’q”tZ
c ' +ed"+dq"
/ 1 1 1
Vaq +aq" + d'q

The function ¢ ) integrated with respect to dhd , witthie positive and
negative infinite limits of these variables, becornfes

1 qq'q" —
C 97 +aq¢"+a'q" |
ﬁ qq/ +qq// +q/q//
Thus the probability that the number of sets of twalswill be comprehended
within the limits
1 n n—1
3—2a 1+ 2a

+t=nla’+ (1 —a)’]+t

is equal to the double of the integral of the precedingréffitial, taken from

null. One must observe that ¢’, ¢"  are of order , so that ghantity

aqdq’ ; 2 _
77 'S of the same order. We represent |t—7iley , and we make,/n;
one will have

2 12,2
(€ —/k:'dr ek
VT

for the expression of the probability that the nunddesets of two trials will be
comprehended within the limits

nla® + (1 — a)?] £ r\/n,

the integral being taken from null. The interval o two limits i2r/n,
and the ratio of this interval to the number of skze%%\/%. This ratio diminishes

without ceasing in measure as increases,rand idablerease at the same
time indefinitely, so that the preceding integral appreacmdefinitely from
unity.

The total number of trials is the triple of the numbésets of three trials,
plus the double of the number of sets of two trialsther triple of the total
numbern of sets, less the number of sets of twetitak therefore

2n(1 +a —a*) Fry/n.

14



The integral ¢ ) is therefore the expression of thédabdity that the number of
trials will be comprehended within these limits.

If, instead of knowing the numbér of sets won by plajeand the total
numbern of sets, one knows the number and the totabetuof trials, the
same analysis will be able to serve to determinautt®own number.  of sets.
For this, we designate by the total number of triate will have, by that
which precedes, the two equations

) n—1
30— . —h+
"T3 94 1+2a r/n,
) 7 n—1 n—1

n 3-2a 1l—-a 1+2a

These equations give and in functions af r\/ﬁ . We suppose
h + h +
n:¢<7ﬁ> azr<77jﬁ);
7 7
one will have, by reducing into series,

(Y, de(d)
n = Z@D(;) :l:zr\/ﬁW + -
one will substitute intd’ , instead of andwfiy,(2)  dfd) he integral
(€"") is then the probability that the number of setsamprehended within the

limits
h
w(%) +ir w(?) —dﬁ%i).

28. It is principally in the births that the precedinglgsia is applicable, and
one is able to deduce from it, not only for the hunzaey but for all the kinds of
organized beings, some interesting results. Until heeeobservations of this
kind have been made in great number only on the humanwacwill submit the
principals to the calculus.

We consider first the births observed at Paris, atdbo and in the realm of
Naples. In the space of forty years elapsed from thar@cement of 1745, an
epoch where one has begun to distinguish at Paris, ol oégisters, the births

15



of two sexes, to the end of 1784, one has baptized ircapisal 393386 boys
and 377555 girls, the found infants being comprehended in thibemurthis
gives nearly% for the ratio of the baptisms of thgshim those of the girls.

In the space of eighty-five years elapsed from the camsement of 1664 to
the end of 1758, there is born at London 737629 boys and 69895&luwls,
which gives% nearly, for the ratio of the birthsbofys to those of girls.

Finally, in the space of nine years elapsed, fromctramencement of 1774
to the end of 1782, there is born in the realm of Na@&sly not included,
782352 boys and 746821 girls, this which gigés  for the ratibeobirths of
the boys to those of the girls.

The smallest of these numbers of births are reladearis; besides it is in
this city that the births of the boys and of thesgigbproach more to equality. For
these two reasons, the probability that the poggikaf the birth of a boy
surpasses; must be less than at London and in the odahaples. We
determine numerically this probability.

We namep the number of masculine births observedrat, Pdahe one of the
feminine births, andr the possibility of a masculinghb that is to say the
probability that an infant who must be born will bebay; 1 — = will be the
possibility of a feminine birth, and one will havestprobability that, out of — ¢
births, p will be masculine, and will be feminine, elgioa

1.23...(p+q)
1.2.3...p.1.2.3...q

xp(l - x)qa

By making therefore
y=a"(1—x)!

the probability that the value af is comprehended witlame given limits will
by, by i 26, equal to

fydx
[ydz’

the integral of the denominator being taken frem 0  xte 1 and that of the
numerator being taken within the given limits. If onkds zero and for these
limits, one will have the probability that the valokx not surpas% . The value

which corresponds to the maximumgof ]ﬁs& , and, seemgnidmgnitude of the

numbersp and , the excess};éig oyer is too considerabrder to employ

16



here formula ¢ ) from ' 27 of Book I, in the approximatiohthe integral
[y dz, taken fromz = 0 tar = % ; it is necessary therefore, is thse, to make
use of formula (A) fromt 22 of the same Book. Here luase

_yde (1 - 2)

dy ~ p—(p—q’
the formula cited (A) gives thus, for the integifa} dz takeomzx =0 to
1

$:§,

WWH@—@[“'$j52+”}

As for the integraly dz taken from=0 to=1 , one has, b2®,
1 4?03
/ydeY(U-i-EdeQ-i-“-)\/;,

Y being that whicly becomes at its maximum, or when substitutes’—  for

r—-L 2773 . 2.3
. : g U d v
x; v is here equal teimquogy’ and, <=, ... are that which'; -, ...

become, when one makes, after the diﬁerentiatl@ns,ﬁ One finds thus, for
the integral/y dz takenfrom=0 to=1 |,

/y dp — Pt /om [1 L (p+a)—13pg }
(p+ q)Prats 12pq(p + q) ’

the probability that the value ef does not surgasstheiefore equal to

pta+s 2 _
©) (p+q) [1_(p+q (p+q) 13pq_“}.

(p—q)y/m2rrerapriagrs -

p—q)° 12pq(p +q)
In order to apply some large numbers to this formuleomld be necessary to
have the logarithms qf, ¢ angd— ¢ , with twelve decimaliast: one is able
to supply it in this manner. One has

p+q\ P4 o o
Iog[%] =—p Iog(l + %) —q Iog(l — u).

piqt P+q

When the logarithms are hyperbolic, the second menabethis equation,
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reduced to series, becomes

2 4 6 8
p—q p—q p—q p—q
) () () ()

1.2 3.4 5.6 7.8

—(p+9q)

One will have therefore, by this very convergenteserthe hyperbolic logarithm

of gﬁiﬁ;ﬁ; . In multiplying it by 0,43429448 , one will convert it by taitar
. . N - +q)% .
logarithm, and, by adding to it the tabular Iogarlthny(% one will have

the tabular logarithm of the factor which multipliesise ©). If one name§ this
factor and if one makes

p=393386, q= 377555,

one finds by tabular logarithm
log e = 72, 2511780,

and the serie( ) becomes

l(1 —0,0030761 + ---).

7]
This quantity of excessive smallness, subtracted fromty,uwill give the
probability that at Paris the possibility of the hgtof the boys surpasses that of
girls; whence one sees that one must regard this plibbalsi being equal, at
least, to that of the most authenticated historaetist

If one applies formulad ) to the births observed in picipal cities of

Europe, one finds that the superiority of the birtheayfs over the births of girls,
observed everywhere from Naples to Petersburg, indieagesater possibility of
the births of boys, with a probability extremely nea certitude. This result
appears therefore to be a general law, at least inpEuand if, in some small
cities, where one has observed only a little conaldlernumber of births, nature
seems to deviate from it, there is everywhere tie\@ekhat this deviation is only
apparent, and that at length the observed births ire ttiies would offer, in
being multiplied, a result similar to the one of the go#t@des. Many philosophers,
deceived by these anomalies, have sought the causenoinpéiea which are only
the effect of chance; this which proves the necgedsitmake precede from
parallel researches for that of the probability withich the observations indicate
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the phenomena of which one wishes to determine theecd take for example
the small city of Vitteaux, in which, out of 415 obseh@rths during five years,
there is born 203 boys and 212 gifls; being here lessqthidue natural order
appears reversed. We see what is, after these ohsesyate probability that
the facilities of the births of boys surpasses is tity that of the births of girls.

This probability isﬁjﬁ , the integral of the numeratoingetaken fromz = 1 to

x =1, and that of the denominator being taken frem 0 zxte 1  rmita
(o), which, subtracted from unity, gives this fractibecomes here divergent; we
will employ then formula (3) from® 26, which is reducedyveearly to its first

g2
term 1 d\’/‘% , the integral being taken from the value of Wlgorresponds to

x = 1 to the value of which correspondsate= 1 . Now one byashe section
cited,

t* = logY — logy,

y beingz?(1 — x)?, and” being the valuewf corresponding to thénmax of

y, which holds when: = - ; the value 6f  which corresponds to 5 is

—Iog[<p“‘;()ﬁ } this logarithm being hyperbolic, and being given, kst tivhich
precedes, by a very convergent series. The valué of ichvdorresponds to
z =1ist? = co; one has therefore thus the two limits of titegral [dt ¢,
an integral which it will be easy to obtain by tleeriulas which we have given
for this object. One finds thus the probability thbW/dteaux the facilities of the
births of boys surpasses those of girls equal 83 uper®rity of the facility
of the births of girls is therefore indicated by thesleservations, with a
probability equal ta),67, a probability much too weak to hedathe analogy
which carried us to think that at Vitteaux, as in ladl tities where one observed
a considerable number of births, the possibility @& Hirths of boys surpasses
that of the births of girls.

29. One has seen at London the observed ratio ofrtis loif boys to those
of girls is equal to% , While at Paris the one of thgtisms of boys to those of
girls is only 22 . This seems to indicate a constant eafsthis difference. We
determine the probability of this cause.

Let p andg be the numbers of baptisms of boys and gatkerat Paris in the
interval from the beginning of 1745 to the end of 1784; bygdesing byx the
possibility of the baptism of a boy, and making, ahégreceding section,
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y=z"(1 — ),

the most probable value of will be that which rendgra maximum: it is
thereforeﬁ ; by supposing next

x:L-I—@,

pP+q
the probability of the value &f will be, by n 26, equl
dg (p + q) o

7

By designating by’ ¢’ an@ that whighq ahd become fordbo, one
will have

d@’ (p/ + q/) (p +(1 9/2
2/q
ﬁ 2p/q/ ¢

for the probability o#’ ; the product

do de'\/(p+q) W +0) g iy

™ 4dpqp'q'

of these two probabilities will be therefore the @bibty of the simultaneous
existence of and . We make

/

p/i)_q/ elzﬁ‘f‘e‘f‘t;

the preceding differential function becomes

de dt \/(p +q)3(p +¢q ) <p+q ot +q [9+ Vosd }2

(pt+a) (' +4")
™ 4dpqp'q’

By integrating it for all the possible valuesfof andtrfer all the positive values
of ¢, one will have the probability that the posdiilbf the baptisms of boys is
greater at London than at Paris. The valueg of dectalbe extended froih

equal to—ﬁ to? equal tb — ﬁ ; but, when and are very greabensn
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(r+q)® 02

the factorc™ 2 is so small at these two limits tha¢ @able to regard it as
null; one is able therefore to extend the integraltred to6 , fromd = —occ to
0 = co. One sees, for the same reason, that the intedasive toz is able to be
extended fromt =0 ta = oo . By following the process 6f n 27 tlwgse
multiple integrations, one will find easily that, if@makes

12 (p+a)°(W +4)°
20'q' (p+ q)® + 2pg(p/ +¢')*’
__ Pa—pd
(p+a)p +q)
2pgk? ;
0+ t—h)=t,
(p+4q)? E=h)
this which givesif = dt’ , the preceding differential, integrdbest with respect
tot fromt’ = —oo tot’ = oo, and next from=0 to infinity, will give
kdt o,y
KAt —k(t—h)
VT

for the probability that at London the possibility thfe baptisms of boys is
greater than at Paris. If one makes

k(t—h)=1t",
this integral becomes
dt// "
! ’ ,
VT

the integral being taken froti = —kh tB =00 , and it is cleat ths equal
to

dt" *t”Z
N

the integral being taken from = kh  t6 = oo . Thence it followg,? 27 of
Book I, that, if one supposes

1—

2 _ Pd+a)’ +pa +q)
P+ +a)rq—pg)?*’
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the probability that the possibility of the baptisnisboys is greater at London
than at Paris has for expression

1— :
(1) R p——
L2 —

By making in this formula
p=393386, ¢ = 377555,
p = 1737629, ¢ = 698958,
it becomes

1
1-— .
328269

There are therefore odds 2#8268  against one that at Lotiaopossibility of
the baptisms of boys is greater than at Paris. Thisahility approaches so much
to certitude, that there is place to research the azubes superiority.

Among the causes which are able to produce it, it hasaeggbéo me that the
baptisms of the found infants, who are part of the drisiabf the baptisms at
Paris, must have a sensible influence on the ratibebaptisms of the boys to
those of the girls, and that they must diminish thi®yaf, as it is natural to
believe, the parents in the surrounding country, findingaaige to retain near
to them the male infants, have sent from therehto Hospice of the Enfants-
Trouvésd of Paris, in a ratio less than the one eftirths of the two sexes. It is
this which the summary from the registers of thigmeshas made me see with a
very great probability. From the commencement of 174hecend of 1809, one
has baptized 163499 boys and 159405 girls, a number of which ithésr%,
and differs too much from the ratﬁ of the baptismthefboys and the girls at
Paris, in order to be attributed to simple chance.

30. We determine, according to the preceding principlespribigabilities of
the results founded on the Tables of mortality or stieence, constructed on a

great number of observations. We suppose first that, negpect to a number
of individuals of a given agel , one has observed thae teests further the

1 Translator's note Foundling Hospital of Paris.
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number ¢ at the agel + a ; one demands the probability that,ob p/
individuals of aged , there will exigt + z of them at tlyea + « , the ratio of
p’ andq’ being the same as thapof ¢to

Let x be the probability of an individual of age , in arte survive to age
A + a; the probability of the observed event is then #mntof the binomial
x + (1 — x)? which hasr? for factor; this probability is theredor

1.2.3...p
1.23...(p—q)1.23...q

(1 —x)P Y,

thus the probability of the value of , taken from thserved event, is

xldx (1 — x)P1
[zidz(1 — z)r=a’

the integral of the denominator being taken from 0 zto 1 :
The probability that, out of thg  individuals of adeq’ 5+ z il ive to age
A+als

1.2.3...p

q’+z 1 _ p,*q,*z.
128 @+ 28 (7 —ad =" 12

In multiplying this probability by the preceding probabilif the value ofc , the
product integrated from =0 to=1 will be the probability oé texistence of
q + z persons at agd +a . By naming therefdte this probagbdite will
have

1.2&&..p{fx9+d+qu(],_.x)p+ﬂqudfz
1.2;&..(q’+—z)1.2£&..(p’—-q’—-z)fodaK],_.x)pfq’

P =

the integrals of the numerator and of the denominamglttaken fromx = 0 to
x = 1. One has, byt 28, very nearly,
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/  g—q —
/x9+9+zdx(1 —.’E)p+p q—q—z

e a+q+z+3
= /27 +4q (1+ >}
[(q q) q+q

) ] A

[(p +0 —q-¢) (1 —
(p+ )7

T+5(p — g)P—0ts
/qux(l —x)P =27 a7 p (1]) -
P

X

Y

Next, by i 33 of Book I, one has
1.23...p = p’pur%c_p/\/ 2,

VAN
1.23... (¢ +2) = ¢/ (1 + 7) 15\/2m,

q

P —d =+

123...(p—¢ —2) =@ -1 o (1 - : /) cPta +Z\/§%
P —q
finally one has/' = %. This posed, one finds, after allrdaiictions,

1 z atdtaty B R

p= P’ (1+77) (1 57)
ap'(p—q)(p+p)2nm (1 . 1)(1/-&-2-&-; (1 B L)p/_q/_.w; .

q p—q

If one takes the hyperbolic logarithm of the second bezrof this equation,
if one reduces this logarithm into series ordered va#pect to the powers of ,
and if one neglects the powers superior to the squarewiirfie@ave, by passing
again from the logarithm to the function,

3 _ 2 3.2
P = p [1 + (2q p)p z :|C2qp’(ppq)(p+p’) X
qp'(p—q)(p+p')2m 2qp'(p—q)(p+ 1)

p, q, P’ being supposed of very great numbers of oﬁder , the @eeffiofz is
very small of order: ; the one efz?> is very small afdhe same order. But, if
one supposeg  of the ordgfa , one will be able to negtethe preceding

expression, the term depending on the first power of veas small of order
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\/&. Moreover, this term is itself destroyed, when oas regard at the same

time to the positive and negative valuesof . By nemlgat therefore, one will
have

p3 322
2 /dz c 2/ (0-a)(p+p)
qr'(p —q)(p+p')2m

for the expression of the probability that, out g6f diwduals of ageA , the
number of those who will arrive to age+a  will be confy@eded within the
limits ¢ & z, the integral being taken froe null.

We suppose now that one has found by observation thiagfe individuals
of ageA ,¢ would live yet to agé+a , and to abe a+d’ ; one demands

the probability that, out of’ individuals of the same a&ge"pﬂ + z will live to
ageA +a , andg + 2 wil live to agé + a + o

The probability that, out of individuals of age % + 2z e to age
A + a is, by that which precedes,

p3 322
/dz c 20 -0)tr) |
2qp(p— @) (p+p)27

One will have the probability that, out &f + >  individuai§ age A +a ,

(% + z)g +u will live to age A+ a+d', by changing in the preceding
function p’ into‘%” +2z,p intog q intor and inta ; this whigives, by
neglectingz with respect t%/ :

2 2,2
ap c 2 (Z]ir)(pﬂ/ ).
2rp'(q —r)(p+ o)

The product of these two probabilities is the probgbdit the simultaneous
existence ot and af . Now one has

/ r ,r,/
(Q-I-z)——l—u:ﬁ—i-z',
p q p

this which gives
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U=z — —;
q
by making therefore
62 _ p3
2qp'(p—q)(p+p)’
2 qp’

2rp'(q—r)(p+7)

the probability” of the simultaneous existence ofwthlees ofz and of’  will
be

_ [Bdzfdd prr(ey)

SRR

By following this analysis, one finds generally thagne makes

P

2

B//Q _ rp
2sp/(r—s)(p+p)’
B///Q o Sp2

2P (s—t)(p+ )

the probabilityP that, out of' individuals of age , thenbers of those who
will live to agesA +a, A+a+ad', A+a+a +d", ... wil be comprehended
within the respective limits
/ / / / / / t / t /
qar Q‘i‘ ' Q_i_z/ P ﬂ_i_z”- 22 £+Z”/'

Y Z? Y Y Y Y Y Y

p p p D p D p p

- de ﬁ/ dZ/ 5// dZ” 7[}2227[},2(2,72)27[},,,2(2,,7%)27”.

= | q

One is able to estimate by this formula the respegrobabilities of the numbers
of a Table of mortality, constructed on a great numdfeobservations. The
manner to form these Tables is very simple. One takesof the registers of
births and of deaths a great number of infants whofalosvs during the course

P
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of their life, by determining how many there remafrtleem at the end of each
year of their age, and one writes this number vissadying each year. But, as in
the first two or three years of life mortality sy rapid, it is necessary, for more
exactitude, to indicate in this first age the numbethefsurviving at the end of
each half-year. If the number of infants were itdinone would have thus
some exact Tables which would represent the true lamoofality in the place

and at the epoch of their formation. But the numbeinfaints that one chose
being finite, however great it be, the numbers of Théle are susceptible of

errors. We represent by, ¢, ', s, t/, ... these diverse numbers. Tige tr
numbers, for a numbep’  of births, afe 5 L % If onakes

q = % + z, z will be the error off ; similarly, if one supposés= % +2, 7
will be the error of’ , and thus consecutively. The edéty expression aP is

therefore the probability that the errorsqgbfr’, s, ...  are poghended within
the limits zero and , zero and, zero afid etc. Theesadfs g4, ...
depend onp, ¢, r, ... which are unknowns; but the suppositiop of itéfin
gives
62 _ p2
2qp'(p—q)

One is able to substitute, without sensible er%br,steim of’; , this which gives
62 — L
2¢'(p = ¢')

One will have in the same manner

/2 q
T r)
B//Q o r’

- 28(r — ')’

If one wishes to consider only the error of onehaf humber of the Table, such
as s’ , then one will integrate the expressionPof tivelao 2, 2V, ... , from
the infinite negative values of these variables #or tinfinite positive values, and
then one has
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Bdz B dz’ §"dz" g (vore) g (2o
e C q " .
The integrals relative toe  and  must be taken fronm tiegative infinite values

to their positive infinite values; one will find thulsy the process of which we
have often made use for this kind of integration, thahe supposes

P

/

R A
28/ (pf — &)’

one will have
P: ’deu Cir\ﬂz,ﬂ.
VT
The probabilty that the error of any number from thable will be
comprehended within the limits zero and any quantithésefore independent,

either of the intermediate numbers, or of the subsequanbers.
If one makesyz” = ¢, one will have

2" 2(p — ')
EI T

and the probability”? that the ratio of the error leé humber’ from the Table

to this number itself will be comprehended within thats + ¢ 2(1;,;,‘9/) IS

=2 ﬂ cftZ,

/T
the integral being taken from null. One sees thus tihet,value oft and
consequently the probabilit{  remaining the same, rtti® increases whesi
diminishes; thus the numbers from the Table are so egsicertain as they are
more extended from the firgt . One sees further thiatratio diminishes in
measure a®  increases, or in measure as one multi@iesbservations; in a
manner that one is able, by this multiplication, tmidish at the same time this
ratio and to increasé , this ratio developing null whérns infinite, and P
becoming then equal to unity.

P
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31. We apply the preceding analysis to the research opogalation of a
great empire. One of the simplest and most proper waydetermine this
population is the observation of the annual births loitkvone is obliged to take
account in order to determine the civil state of thiants. But this means
supposes that one knows, very nearly, the ratio optipilation to the annual
births, a ratio that one obtains by making at manptpaif the empire the exact
denumeration of the inhabitants, and by comparing théocorresponding births
observed during some consecutive years; one concludest fnext, by a simple
proportion, the population of all the empire. The Govexminihas well wished, at
my prayer, to give some orders to have, with precidibese givens. In thirty
departments, distributed over the surface of Francemaramer to outweigh the
effects of the variety of climates, one has madéace of the townships of
which the mayors, by their zeal and their intelligeneould be able to furnish the
most precise information. The exact denumeration efithabitants of these
townships, for 22 September 1802, is totaled to 2037615 individubks. T
summary of the births, of the marriages and of thehdedtom 22 September
1799 to 22 September 1802, has given, for these three years,

Births Marriages Deaths
110312 boys 46037 103659 males
105287 girls 99443 females.

The ratio of the births of boys to those of girtgttthis summary presents, is the
one of 22 to 21, and the marriages are to the birthstasl3; the ratio of the
population to the annual births28, 352845 . In supposing thergfenumber
of annual births in France equal to one million, thisch deviates little from the
truth, one will have, by multiplying by the preceding aatihis last number, the
population of France equal to 28352845 individuals. We see thetkatoone is
able to fear in this evaluation.

For this, we imagine an urn which contains an infioit white and black balls
in an unknown ratio. We suppose next that having drawraratom a great
numberp of these ballg, have been white, and tihat second drawing, out of
an unknown number of extracted balls, there¢are  wdiitthem. In order to
deduce from it this unknown number, one supposes its a§iq the same as the

one ofp togq , this which give%g—/ for this number. Weksthe probability that
the number of balls extracted at the second drawingngprehended within the
limits % + z. We namer the unknown ratio of the number bitevballs to the
total number of balls in the urn. The probability lo¢ tobserved event in the first
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drawing will be expressed by the term which has fotofag?(1 — z)?~? in the
development of the binomiat + (1 — z)]? , whence it is easy toctale, as in
the preceding section, that the probabilityrof is

xldx (1 — x)P 1
[zidx (1 — x)p=a’

the integral of the denominator being taken from= 0 zte 1 We imagine

that, in the second drawing, the total number of lmitsacted is%q/ +z ; the
probability of the observed numbet  of white balls| wé the term of the
binomial [z + (1 — x)]qu,*Z, which has for factorz? (1 — x)qu,*z*q/ ; this
probability is therefore

1.2.3... (% —l—z)

, 21 (1 — z) e
1.2.3...¢.1.2.3. . (% 4o q’)

By multiplying it by the preceding probability af , by @grating the product
fromx =0 tox =1, and by dividing it by this same product multgbligy d =

and integrated for all the positive and negative values, @ne will have the
probability that the total number of balls extracmégi + z . One will find thus,

by the analysis of the preceding section, this prababtjual to

q3 P2
c 2d (-0 (at+d) |
2pq'(p— q)(g + ¢')m

By naming this numbeP  the probability that the nundddyalls extracted in the
second drawing is comprehended within the Iirﬁqﬁ{st z , Offldhawre

q3 B2
P=1- 2/dz 0721"1’(1'*(1)(%(1’)’
2pg'(p—@)(g+ ¢

the integral being taken from= z to infinity.

Now, the numbep of balls extracted in the first dreghis able to represent
a denumeration, and the numiger of white balls whielcamprehended is able
to express the number of women who, in this denumeratiost arrive mothers
in the year, or the number of annual births, corredjpgnto the denumeration.
Thenq' expresses the number of annual births observatlll tine empire, and
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whence one concludes the populat?gh . In this casgrde=ding value oP
expresses the probability that this population is congmedéd within the limits
p 4,
q

We will suppose, conformably to the preceding givens,

~ 110313 + 105287
= 3 :

p=2037615, ¢

we will suppose next
q' = 1500000, z = 500000;

the preceding formula gives then

L
1162

There are odds therefore around 1161 against one thaing dk42529267 the
population corresponding to fiteen hundred thousand births, vaill not be
deceived by a half-million.

The difference between certitude and the probaldlity intBhes with a very
great rapidity whenz increases; it would be insensibleone supposed
z = 700000.

P=1-

32. We consider now the probability of future events, dréwm observed
events, and we suppose that having observed an event seanpbany number
of simple events, one seeks the probability of a futesalt, composed of similar
events.

We namex the probability of each simple event, theresponding
probability of the observed result, and the one of fitere result; the
probability ofz will be, as one has seen,

ydx
[ydz’

the integral being taken from=0 to=1 ﬁjﬁ is thereforephabability of

the future result, taken from the valuezof , consideredaase of the simple
event. Thus, by naming the entire probability offtliare event, one will have
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yzdx
[ydz’

the integrals of the numerator and of the denominamglttaken fromx = 0 to
r =1.

We suppose, for example, that an event being arfived es timnsecutively,
one demands the probability that it will arrive théof@ing » times. In this case,
x being supposed to represent the possibility of the sieyadat,z™ will be that
of the observed event, antl  that of the future evlistuthich gives

P =

whence one draws

m+ 1
m+n+1

We suppose the observed event, composed of a very grehemoimsimple
events; letw be the value of which rendgrs a maxinanaly” this maximum;
let o’ be the value of which renders  a maximum,¥hd d ZArthat whichy
andz become at this maximum. One will have, by n Bowlk |, very nearly

/de—/¢h§§
/yzdx_M

I
da?

The observed result being composed of a very great nuwhisegnple events, we
suppose that the future event is much less compositeeduaion which gives
the value ofi’ of: , corresponding to the maximurgof , is

d dz

Ay

0= R
ydr  zdz’

ﬂ IS a very great quantity, of ordér , and, since the dutasult is much less

composﬁe with respect to the observed reséjt willobe lesser order,
which we will de5|gnate bx— . Thug, being the value @fhich satisfies the
equation) = -% | the difference between and  will be verglismhordera? |
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and one will be able to suppose
d =a+ao L
This supposition gives

Yy o\ d’Yy
Y =Y+t pu—
TR T T2 a

But one hastl =0 , and it is easy to conclude from it tAdt is of an order

nA ,n n R
equal or less thard; ; the tegf"— 1= will be consequentlhyertizain order

.nYdz"
a"*=2) Thus the convergence of the expressiofof  in sez@sres that
surpass , and in this cagé  differs fitm  only by quesititf ordern** ! .

If one namesZ that which becomes when one makes: ne wil be
assured in the same manner tHat  is able to be redocedRinally one will

prove by a similar reasoning thg?t(;TZ/) is reduced to vesylyne’ ﬁ%. By
substituting these values into the expressioR of , adlhbave

P=2,

that is to say that one is able then to determiagthbability of the future result,
by supposingz equal to the value which renders the obseesedt most
probable. But if it is necessary for that that theufetresult is rather little
composite so that the exponents of the factors oé otan order of magnitude
smaller than the square root of the factorsyof ;rraditely, the preceding
supposition would expose some sensible errors.

If the future result is a function of the observed resulill be a function of
y, which we will represent by(y) . The valueof whichderszy a maximum
is, in this case, the same which renders a maxirthus;one hag’ = a , and if
one designate%% ky (y) , the expressioof will becomepberving that
=0
oY)

Yo'(y)
1+ 559

If »(Y) = 4", so that the future event is times the repetitbénhe observed
event, one will have
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Yn
/N 1

The probability P , calculated under the supposition thatpibesibility of the
simple events is equal to that which renders the obdarsult most probable, is
Y"; one sees thus that the small errors which resuth fthis supposition are
accumulated at the rate of the simple events whiclhr erite the future result,
and become very sensible when these events areanrgmaber.

P =

33. Since 1745, an epoch where one has commenced to distinguisiris
out of the registers the baptisms of boys from thdsgrts, one has constantly
observed that the number of the first has been sugeritre one of the second.
We determine the probability that this superiority vo# maintained during a
given time, for example, in the space of a century.

Let p be the observed number of baptisms of b@ys, omleeof girls,2n the
number of annual baptisms, the probability that tfentrwho will be born and
be baptized will be a boy. By elevating+ (1 — x) to the power and
developing this power, one will have

xQn + 2nx2n71(1 _ $) + %.%2”2(1 o .’E)2 4.
The sum of the: first terms of this development wdlithe probability that each
year the number of baptisms of boys will surpass tleeodnhe baptisms of girls.
We namez this sumy’ wil be the probability that tkisperiority will be
maintained during the numbér of consecutive years;ftreraf one designates
by P the entire probability that this will take placene will have, by the
preceding section,

_ [xPdz 21 (1 — x)1
[xrdz (1 —z)1

the integrals of the numerator and of the denominamgltaken fromx = 0 to
r=1.

If one names: the value of which rendefs’(1 — z)? a maxinmuuoinifa
one designates by £, ©Z  this whieh%, £z becomes, when caregel
x into a, one will have, byt 26,
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. p+1 1— q+IZ7Z /2
/xpdxzz(l—x)q: o’ (1-a) T —
\/p(l —a)? + qa? +ia2(1 — a)? LFEEL
z being the sum of the first  terms of the function

11—z n 2n(2n —1) (1 —x)? n
x 1.2 x?

%" [1 + 2n

one has, byt 37 of Book I,
utdu
_ Jamp
= T ldu
f (1+u)2n+1
the integral of the numerator being taken frora 1;—“" ute oo, thiad of

the denominator being take from=0 40=o00 . ket % be; thisevaf
z will become

[s"ds (1 —s)"t
z= )
[snds (1 — s)nt

the integral of the numerator being taken frem 0 ste x  d #oat of the
denominator taken fromm=0 to=1 . Thence one draws

dz  a"(1—ax)"!

zdr  [stds(1— s)n1’

the integral of the denominator being taken frem 0 s te x One will have
next
d*z dz n—2n—1)z

zdx?  zdr  x(l—2)

By changingr inta: in these expressions, one will taese ofZ 72—, /5.

In order to determine , we will observe that the comdiof the maximum

of xPz'(1 — x)? gives

0=

- -

D q . dZ
= i
a 1—a Zdz’
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whence one draws, by substituting - its preceding value,

P ian+1(1 _ a)n

p+q (p+q)fstds(l—s)1’

a =

the integral of the denominator being taken frore 0  ste a In order to
concludea from this equation, we will observe thatuhlee ofs which renders
s"(1— s)"~' a maximum is very neary , and consequently less gﬁg,rwhich

itself is smaller tharu . Thus;  being supposed a large ewnolme is able,
without sensible error, to extend the integral of ghpression of. , from = 0
to s = 1, the term which depends on it being very smalls §hies, by i 28,

1 _1 7
/s"ds(l —s) = e (n — 1) 21 2 _ VT .
(27’L _ 1)2n+§ 2271\/5
The equation which determines becomes thus, quite pearly
p ian+1(1 o a)n22n\/ﬁ
+ .
p+q (p+q)/m

In order to resolve it, we will observe that differey little from
if one makes

a =

. SO that,

a=——tp,

w1 Will be quite small, and one will have, in a most appnate manner,

97 m
pll— (p q)
iy _npprq)(p=q) _ (pta)?np?

pq pq

(2) —z\[ 0+ ) \[ c ;

one will have next, very nearly,

P q
a’(1—a)? = ( P > ( q > c - ",
P+q P+q

By substituting into the radical
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dzZ? — Zd*Z
1— 2 2 2 1— 2 "7 =
\/p( a)? + qa® +ia’(1 — a) i
for a its value_t— + 1, forf% its valu'ip*(q 5 7%%, and fgfZ,  its
value 4% %, this radical becomes very nearly

pq p+q +a? (y, , Pta
Mp+q¢ [n(p—q) = pl + o AL@ + = )

Finally one has, by 28,

/Zde(l_agq: ( p >p( q >q pg_ V2m
p+q) \p+tq) V' ptqap+tyq

This posed, the expression®f will become very nearly

Zi ‘ (p2+]:é) ,u

2,2 .
\/1 p+q iy — ) — pl + (Hgg 2 (2n + p7_+:q)
The concern is therefore no longer but to deter#in®ne has

[s"ds (1 —s)"t
[snds (1 — s)n=1’

(2)

7 =

the integral of the numerator being taken frem 0 stoa d #at of the
denominator being taken froem=0 $0=1 . Itis easy to amdelfrom it that
one has

[s"ds (1 —s)"t

Z =1-
[snds (1 — s)nt

the integral of the numerator being taken frem a  ste 1 nad of the
denominator being taken from=0 to=1 ; one will have tlquste nearly,
by rf 29,

[dte "

NI

(3) Z=1-

37



the integral relative té6  being taken from

2n—1 |n(p— 2
2n(n—1)[ p+q p+gq

to > = oo.

In order to apply some numbers to these formulas, weolserve that, by
that which precedes, in the interval from the comresment of 1745 to the end
of 1784, one has byn 28, relative to Paris,

p = 393386, ¢q = 377535.

By dividing by 40 the sum of these two numbers, one &ileh19273,5 for the
mean number of annual baptisms, this which gives 9636, 75; wk  wi
suppose moreoveér= 100 . By means of these values one veliiee that of

p by equation (1); one will determine next the valueZdfy equation (3); finally
equation (2) will give the value @t . One will find thus

P =0,782.

There was therefore at the end of 1784, after thesesyivearly four against
one to wager that, in the space of a century, thedmaptof boys at Paris will
surpass, each year, those of girls.
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