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4. A lottery being composed of numbered tickets of whiddome forth at each
drawing, one requires the probability that aiter drawalgthe tickets will come forth.

We namez, , the number of cases in which, after drawthgstotality of the tickets
1,2, 3, ...q will come forth. It is clear that this number is egieathe number,, ,_; of
cases in which the tickets 2, 3, ...,¢ — 1  come forth, less the eumbcases in which,
these tickets being brought out, the ticket is not draaw;, this last number is evidently
the same as the one of the cases in which the gidke?, 3, ...,¢g — 1 would be
extracted, if one removed the ticket from the tickdtthe lottery, and this number is
Zn-14-1; One has therefore

(I) Zn,q = Zn,g—1 — Zn—1,q—1-

Now the number of all possible cases in a single dguising “"~2U2 ("4 “ipe
one of all possible casesiin drawings is

ety

The number of all the cases in which the ticket 1 mall come forth in these drawings is
the number of all possible cases, when one subtraistsicket from then tickets in the
lottery, and this number is

[(n - 1)(1712_;)7“(” - T)]i;

the number of cases in which the ticket 1 will com#hfan ; drawings is therefore

]

or

o[ttt

this is the value ot,; . This put, equatian Will give, by making successively = 2,
q=3, ...,



s |

=[]

and generally

R |

Thus the probability that the tickets2, 3, ...q  will come forrtli drawings being equal
to z, , divided by the number of all possible cases, it will be
Al(n—q)(n—g—1)-(n—r—qg+ 1]
n(n—1)(n—2)--(n—r+1)])

If one makes in this expressign=n , one will have, ndpdiere the variable which must
be supposed null in the result,
A"[s(s—1)--(s—r+1)]
[n(n—1)---(n—r+1)]

for the expression of the probability that all thekeéits of the lottery will come forth in
drawings.

If nandi are very great numbers, one will have, byfdheulas of No. 49 of Book I,
the value of this probability by means of a highly wengent series. We suppose, for
example, that he brings forth only one ticket at edw@wing; the preceding probability
becomes

Ansi

nt

Let us propose to determine the number of drawings iohathis probability i% n and
i being very great numbers. By following the analysistted section cited, one will
determine firsz by the equation

this which gives
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One has next, by No. 40 of Book |, whert is a veryllsmoaantity of the orde% , as
that takes place in the present question, one has, fosthye quantities nearly of ordgr ,
s being supposed null in the result of the calculation,

Al gl (H7_31)7’+§Cna77?(1 _ Cfa)nfi

n! 1 — ﬂcfa
n

Now one has, to the quantities nearly of the o@gj,er

; 7:+%_ .
i+ 1 -

by supposing nexi—* = z , one has

(1 . Cfa)nfl _ C(?Fn)z (1 + t— n22>;

2
moreover, the equation which determines gives
i+1—na=(G+1)z,
whence one deduces
cna—i=l _ C*iz(l - z);
one will have therefore, to the quantities nearlwmferi%,

A"s :cm(l—i—Z 2n +1 Lo nz2>.

om T2

n%

In order to determine , we take up again the equation

t+1 o+ 1
n n

—a,
Y

a =
one will have, by formulap) of No. 21 of Book Il of theMécanique céleste

i+1 ., 3(EY)T o a2()”
¢+ 719 Tt 953 T

—a

z=cC :q—|—

q being supposed equal to'n. This value of gives
¢ =M= (i + 1)g’);

consequently,

A"gt B i+1—2n n+i+2
=14 q— 7 |
n 2n 2

By equating this quantity to the fracti(%n , one will dav



now one has
i+ 1= —nlogg;

one will have therefore very nearly, for the expi@ssf the numberi of drawings,
according to which the probability that all the tickef come forth ist ,

1 1 1
i = (logn — loglogk)(n — 3 + 5 logk) + 5 logk;
one must observe that all these logarithms are hyjierbo
We suppose the lottery composed16000 ticketsp ex 10000 Jkard2 is, th
formula gives

i = 95767, 4

for the expression of the number of drawings, in winok can wager one against one,
that the ten thousand tickets of the lottery will coiowth; it is therefore a little less than
one against one to wager that they will come forth5m67 drawings, and a little more
than one against one to wager that they will comig ior95768 drawings.

One will determine by a similar analysis the numdedrawings in which one is able to
wager one against one that all the tickets of theedptof France will come forth. This
lottery is, as one knows, composed of 90 tickets of winnehcome forth at each drawing.
The probability that all the tickets will come forit < drawings is then, by that which
precedes,

AR[SI(S/ — 1)(8' — 2)(3’ _ 3)(8' - 4)]7
n(n—1)(n —2)(n —3)(n—4)]" ’

n being here equal t60 , and  previously being supposed nutieirresult of the
calculation. If one makes= s’ — 2 , this function becomes

A"[s(s* —1)(s* — 4)]
{(n=2)[(n — 22 = 1][(n — 2)2 — 4]}*"
where, by developing in series,
(A"s% — 5IAN 2 ) 5

CEFIEE R TR |

s previously being supposed equaHd in the result of tloalasibn.
One has, by No. 40 of Book I, by neglecting the terrnsxrdc‘er%2 and supposing®

very small of ordef



An857; B (57+1)57'(575i1)57'c(n 2)a— 57(1 _Cfa)n

oy % ’
(n—2) (n —2)5 \/l 57 57"“ (,)

a being given by the equation

_ (i 11—
(n—2)(1+25)

One has thus, by neglecting the terms of o;%gi,er

. T .\ 5i -
A g5 _ (1 + %) (1 . Cfa)nclf(5i+1)cia*% 5 7 1-— L + _nCLQC - 5
(n—2)%  (1—ca)i 5i+ 1 10i 100 )’
L\ i -
(1 N 2c 2) —cnr
n p—

(1 _ Cfa)f57i — 65720*” (1 + @CQ(J)’

5\ . 1
—c 1+ —);
(5¢+1> ¢ ( +10@'>’

one will have therefore, to the quantities nearlwmferi%,

A" g% 5% na’c¢
S—— AN B v —2a ]
g~ 1= ( SR TiF >

now one has

By substituting fore its value and observing that ig/\itle different fromn — 2 in the
present case, as one will see hereafter, one hgaearly,
na’c* 51 + 12

100 2(n-2)°

—a

| keep, for greater exactitude, the teﬁﬁﬁ}g) , although ofrq%gdebecause of the size of
its factor12 ; one will have therefore

AP gdt 5 —2n + 16 51
- = (1= *anl et ¢ _72(1.
m—zp ~17° )[+ dm-2) © T3¢ ]

o1

If one changes in this equatiéh  irto—2 , one will hehat of ;-5 )0,22 ; but the value
of a will no longer be the same. Let  be this newagabne will have

,_ Bi-HA—c)
(n—2)(1+25)




this which gives, very nearly,

Now one has

l—c¥=1—¢c%—

whence one deduces, by neglecting the quantities of ;éwder ,
(1—c) =1 —c)
consequently one has, by neglecting the quantities of écde

An857?72

oz~

One will have therefore, to the quantities nearlwmferi%,

A"[s(s® —1)(s* = )]
[n(n = 1)(n —2)(n = 3)(n —4)]'
5i — 2n + 16 54 QQ} |

=(1—c") [1 + 2(n—_2)c*“ + 5
This quantity must, by the condition of the problemefaal tol , this which gives
1 9t — 2n + 16 o1
1—c*= \/;[1 - W_—;)c“ - %02‘1},
whence one deduces
o (1_\ﬁ> [1+ 5i — 2n + 16 —|—ﬁc“]
2 2n(n — 2) 2n ’

consequently one has, by hyperbolic logarithms,

( /2 ) 5i—2n+16  5i
a = log i - —c %

V2 - 2n(n — 2) om’

now one has, to the quantities nearly of orﬁler

9t + 1
a=—"—"—""""7-+;
(n—2)3/2

one will have therefore



By substituting fom its valug0 , one finds
i = 85,53,

so that it is a little less than one to one to wabat all the tickets will come forth ®5
drawings, and a little more than one to one to wagat tiey will come forth g6
drawings.

A quite simple and very approximate way to obtain theevalf: is to supposé% ,

or the series
(n—l)i n(n—l)(n—2>i
1_n _|_ —
n 2 n

equal to the development

1_n(n;1>7‘+ n(ri; 1) (n;1>27‘__“

An
of the binomial [1 — ("7*1)7] . In reality the two series have finst two terms equal

respectively. Their third terms are also, very neadyal between themselves; for one has
quite nearly (“2)" equal tc(”T*l)m . In reality, their hyperboligdoithms are, by
neglecting the terms of ordgs , both equatts . Onesed in the same way that the
fourth terms, the fifth,.. are very little differemshenn andi are very great numbers;
but the difference increases without ceasing in meamitee terms move away from the
first, which must in the end produce in them an evidefifference> between the series
themselves. In order to estimate it, we determinevéilae of: concluded from the

equality of the two series. By equating:to  the binorﬁiialr ("7*1)7] " one will have

(- )

"7 Tog(mh)

these logarithms may be, at will, hyperbolic or tatadalLety’ % =1—z. We will have,
by taking the hyperbolic logarithms of each membehisféquation
2

1
—|ng‘=—|Og(1—z):z+Z—+...’
n 2

this which gives, very nearly,

n 2n

Iogk( Iogk:)
p=—(1-—);



one will have therefore, by hyperbolic logarithms,
J1Y B log k&
Iog(l — \/;> = logz = log logk — logn o

n-1_ 1 1

One has next

log

n n  2n?

The preceding expression for becomes in this way, vesyly,

- Y L oa:
i = n(logn — loglogk) (1 — 2n> + 5 logk;

the excess of the value found previously:ifor overdhesis

log &
%(Iogn — loglogk);
this excess becomes infinite, when is infinite; Buery great number is necessary in
order to render it very evident; and in the case ef 10000 d ik = 2, it is again only
of three units.

If one considers likewise the development

— 5\’
1—n(n >+
n

of the expressiort DI L - 55 the one of the binor[ﬂal— n("T*)Y]n ,

one will have, in order to determine the number tigrin which one can wager one
against one that all the tickets will come forth, éloiation

n

()] -

log(g45)
log(725)
These logarithms can be tabulated. By makirg 90 , one finds
i = 85,204,

this which gives

this which differs very little from the value= 85,53 thaevave found above.



