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9. We imagine in an urn balls marked with the n? 1, Istmaarked with n°
2, r balls marked with n° 3, and so on in sequence to°the Tihese balls being
well mixed in the urn, one draws them successively;regeires the probability
that there will come forth at least one of thesks lzd the rank indicated by its
labeP, or that there will come forth of them atsietwo, or at least three, etc.

We seek first the probability that there will cometioat least one of them.
For this, we will observe that each ball can cooréfat its rank only in the first
n drawings; one can therefore here set aside the falipdrawings; now the
total number of balls beingn , the number of their coationsn byn , by
having regard for the order that they observe amongsiiees, is, by that which
precedes,

rn(rn — 1)(rn — 2)---(rn — n + 1);

this is therefore the number of all possible casésariirstn drawings.

We consider one of the balls marked with the n° 1, aadswppose that it
comes forth at its rank, or the first. The numbecarhbinations of then — 1
other balls takem — 1 by —1 will be

(rn—1)(rn —2)---(rn — n + 1);

this is the number of cases relative to the assumph@anwe just made, and, as

1 Translator's note This means that a ball marked with 1 will be draisst,fa ball marked
with 2 will be drawn second, and so on. In other wobddls will be drawn consecutively by
number.

2 Translator's note The word here isnuméro, number. However, this referhéouse of a
number as a label. In order to distinguish it fraombre , neimtr quantity, | choose to
render it as such.



this assumption can be appliedrto balls marked with ahd will have
r(rn—1)(rn —2)---(rm —n+1)

for the number of cases relative to the hypothesis dhne of the balls marked
with the n° 1 will come forth at its rank. The sanmesuit takes place for the
hypothesis that any one of the— 1  other kinds of ballscame forth at the
rank indicated by its label. By adding therefore all tbsults relative to these
diverse hypotheses, one will have

(a) rn(rn —1)(rn — 2)---(rn — n + 1);

for the number of cases in which one ball at leatcame forth at its rank,
provided however that one removes from them the calsieb are repeated.

In order to determine these cases, we consider otfeedfalls of the n° 1,
coming forth first, and one of the balls of the n°c@ming forth second. This
case is contained twice in the preceding number; f@r dbntained one time in
the number of the cases relative to the assumptidrotteaof the balls labeléd 1
will come forth at its rank, and a second time intbenber of cases relative to
the assumption that one of the balls labeled 2 willedonth at its rank; and, as
this extends to any two balls coming forth at thaink; one sees that it is
necessary to subtract from the number of the casesging the number of all
the cases in which two balls come forth at theikra

n(n—1)

The number of combinations of two balls of differéatiels isTr2 : for

the number of the labels being , their combinatiovis by two are in number

"(El), and in each of these combinations one can contb@e balls marked
with one of the labels with the balls marked with tither label. The number of
combinations of then —2 balls remaining, taker- 2  rby 2 ,hiaying

regard for the order that they observe among themsédves

(rn —2)(rn —3)---(rn — n + 1);

thus the number of cases relative to the assumptia@rivtieaballs come forth at
their rank is

Lq; D r(rn — 2)(rn — 3)---(rn — n + 1);

3 Translator's note The word is numérotéesnumbered. | have chosen to renderstels
for the same reason as above.



subtracting from it the numbea ( ), one will have

rn(rn —1)(rn — 2)---(rmn —n+ 1)
@) —MTQ(WL—2)(rn—3)---(rn—n+1),
\ 1.2
for the number of all the cases in which one balkast will come forth at its
rank, provided that one subtracts again from this fund¢tierepeated cases, and
that one adds to them those which are lacking.

These cases are those in which three balls contb &irtheir rank. By
namingk this number, it is repeated three times ifitsieterm of the function
(@); for it can result, in this term, from three asptions of each of the three
balls coming forth at its rank. The numlder is likewssatained three times in
the second term of the function; for it can resultrfreach of the assumptions
relative to any two of the three balls coming faatttheir rank. Thus, this second
term being affected with the-  sign, the number infaahd in the function
(@); it is necessary therefore to add it &0 ( ) in ordext it contain all the cases
in which one ball at least comes forth at its rartke number of combinations of

n labels taken three by thre&"‘é‘% , and, as one cabhigertiher balls of
one of these labels of each combination withsthalls mf the second label and
with ther balls of the third label, one will havesttotal number of combinations
in which three balls come forth at their rank, by tiplyjing W‘%Wr?’ by
(rn—3)(rn —4)---(rm —n+1), a number which expresses that of the
combinations of then — 3 balls remaining, taker-3  +/by 3  ,haying
regard for the order that they observe among themselffesne adds this

product to the functiore( ), one will have

rn(rn —1)(rn —2)---(rn —n + 1)

@) —%ﬁ(rn—2)(rn—3)---(rn—n+1),
n(n _112)(;% —2) r?’(rn —3)(rn—4)---(rm —n+1).

This function expresses the number of all cases ichaune ball at least comes
forth at its rank, provided that one subtracts fromgaia the repeated cases.
These cases are those in which four balls come &drtheir rank. By applying
here the preceding reasonings, one will see thamitgessary again to subtract
from the functiond" ) the term



nn—1)(n—-2)(n—-3) ,
1934 r*(rn —4)(rn — 5)---(rn — n 4+ 1).

By continuing thus, one will have, for the expressiérthe cases in which one
ball at least comes forth at its rank,

(rn(rn —1)(rn —2)---(rn —n +1)

- %ﬁ(rn—2)(rn—3)---(rn—n+1)
A) ¢ + n(n _112)(;% — 2)7°3(7°n —-3)(rn—4)---(rm—n+1)
nn—1)(n—-2)(n—-3) ,
— 1234 r*(rn —4)(rn — 5)---(rn —n + 1)

\

a series being continued as far at it can be. Infuhstion, each combination is
not repeated: thus the combinationsof balls cominthfat their rank is found
here only one time; for this combination is contdia times in the first term of
the function, since it can result from each of ¢hallskcoming forth at its rank; it

IS subtracted‘% times in the second term, since iresuit from two by two

combinations of thes balls coming forth at theirkiai is added%

times in the third term, since it can result from ¢benbinations of letters taken
three by three, and so in sequence; it is therefortdei function (A), contained a
number of times equal to

s(s—=1)  s(s—1)(s—2)

1.2 1.2.3

and consequently equal to- (1 — 1)* , or to unity. By dividing thetiondA)

by the numbern(rn — 1)(rn — 2)---(rn —n + 1) of all possible cases, one will
have, for the expression of the probability that balkat least will come forth at
its rank,

_ _(n=1r (n—1)(n —2)r?
1.2(rm—1)  1.2.3(rn —1)(rn — 2)

B (n—1)(n —2)(n — 3)r
1.2.3.4(rn — 1)(rn — 2)(rn — 3)

(B)




We seek now the probability that balls at least @aline forth at their rank. The
number of cases in which balls come forth a thenkris, by that which
precedes,

nn—1)(n-2)-(n—s+1)
1.2.3...s

(b) r*(rn—s)(rn —s—1)---(rn —n + 1),

provided that one subtracts from this function the cagaish are repeated.
These cases are those in which 1 balls come fortheatrank, for they can
result, in the function, from + 1 balls taken by ; thesses are therefore
repeateds + 1 times in this function; consequently it iseesary to subtract

thems times. Now the number of cases in which1 callme forth at their
rank is
nin—1)(n—2)---(n

_8)7~3+1(7°n—8— (rn—s5—2)-(rn—n+1).

1.2.3... (s + 1)
By multiplying it by s and subtracting it from the functi@), one will have

nn—1)(n—-2)-(n—s+1)

1.2.3...s
s(n — s)r

(s+1)(rn—s)]

r*(rn—s)(rn—s—1)---(rn —n+1)

(b)

X [1—

In this function, many cases are again repeated, naihelge in whichs + 2
balls come forth at their rank; for they result, ne ffirst term, froms + 2 balls
coming forth at their rank and taken &y ; they resulthe second term, from
s + 2 balls coming forth at their rank and takerR-1 oy 1 , andewoweer
multiplied by the factok , by which one has multiplied #econd term. They are

therefore contained in this function the number obﬁrﬁ% —s(s+2);

thus it is necessary to multiply by unity, less this benof times, the number of
cases in whick + 2 balls come forth at their rank. Tdss number is

nn—1)(mn-2)--(n—s—-1) ., .
1.2.3...(s + 2) rT(rn = s = 2)(rn — s = 3)-(rn —n+ 1);

the product in question will be therefore

nn—1)(n-2)--(n—s—-1) .,
1.23.. (s +2) = s =2)(rn—n+1)

s(s+1)
1.2



By adding it to the functiorb( ), one will have

(n(n—1)(n—2)---(n—s+1)

1.23...s

§ s  (n—s)r

(b) y 1_(s+1) (rn — s)
L8 (n—s)(n—s—1)r?

L s+212(rm—s)(rn—s—1)

ri(rn—s)(rn—s—1)---(rn —n+1)

This is the number of all possible cases in whichlls lsame forth at their rank,
provided that one subtracts from it again the caseshwéuie repeated. By
continuing to reason so, and by dividing the final furctly the number of all
possible cases, one will have, for the expressiadheoprobability thats balls at
least will come forth at their rank,

( (n—1)(n—2)---(n—s+1)r!
1.23...s(rn—1)(rn — 2)---(rn — s + 1)

s (n—sr s (n—s)n—s—1)’
(©) | . L= T s s+21.2.(rn—s)(rn—s—1)
s (n—s8)(n—s—1)(n—s—2)r

s+3123(rm—s)(rn—s—1)(rn—s—2)

\

One will have the probability that none of the balls come forth at its rank
by subtracting the formula (B) from unity, and one #iltl, for its expression,

(1.2.3...r0) — nr[1.2.3... (rn — 1)] + “25202[1.2.3.. (rn — 2)] — - --
1.2.3...rn

One has, by n° 33 of Book I, whateveribe |,
1.2.3...0 = /xidxcx,

the integral being taken from null to  infinity. Theepeding expression can
therefore be put under this form

4 pages 128-137.
5 Translator's note The constant denotes , the base of the natugatitbm.



[am " dx(z — 7)™

[xrrdze

(0)

We suppose the numbet  of balls in the urn very great; thy applying to the
preceding integrals the method of n®24 of Book |, onkfiwi very nearly for
the integral of the numerator,

\/%Xrn+2 (1 _ %)n+lcfX

\/ﬁX2 +n(r—1)(X —r)?’

X being the value ofx  which renders a maximum the functio
™ "(x —r)"c ". The equation relative to this maximum gives for  the t
values

rn4+r N \/r2(n— 1)2 +4rn

X =
2 2

One can consider here only the greatest of thesesvadieh is, to the quantities
nearly of the OrdEITan , equal ta + 255 then the integral efrtbmerator of
the function ¢ ) becomes nearly

\/%(Tn)rn+%cfrn(1 _ %>N+1\/;
Joe-na-Hr+r
The integral of the denominator of the same funcphy n° 33, quite nearly,
V2r(rn) e
the function ¢ ) becomes thus
D™y
Jo=D-12+1

One can put it under the form

6 pages 94-96.



(1- l)n+1

n .
1 2 1]
\/ Q=2 +5 -
rn being supposed a very great number, this function is redpgdtslnearly to
this very simple form
n—1\"
" .

This is therefore the expression approached more and byothe probability
that none of the balls of the urn will come forthtatrank, when there is a great
number of balls. The hyperbolic logarithm of this exsien being

one sees that it always goes on increasing in measuteincreases; that it is
null, whenn =1, and that it becomégs , when is infinitypeing always the
number of which the hyperbolic logarithm is unity.

We imagine now a number of urns each containing théeum of balls, all
of different colors, and that one draws successivethalballs in each urn. One
can, by the preceding reasonings, determine the prapahdt one or more balls
of the same color will come forth at the same ramkhe: drawings. In reality,
we suppose that the ranks of the colors are settledthéeomplete drawing of
the first urn, and we consider first the first cole suppose that it comes forth
the first in the drawings of thé —1  other urns. The ltatamber of
combinations of thes — 1  other colors in each urn ishéying regard for their
situation among themselve$,2.3... (n — 1); thus the total numbehesdet
combinations relative to— 1 urns|is.2.3... (n — 1)]""!;  this is the nundfer
cases in which the first color is drawn the firsbgéther from all these urns, and,
as there are colors, one will have

n[1.2.3...(n — 1))}

for the number of cases in which one color at leatarrive at its rank in the

drawings from the — 1 urns. But there are in this numberesmepeated cases;
thus the case where two colors arrive at their rankhese drawings are
contained twice in this number; it is necessary foeeeto subtract them from it.
The number of these cases is, by that which precedes,



n(n —1)

g 123 (n - 2)]

by subtracting it from the preceding number, one wilehdne function

n(n—1)

nl23.. (n -1 = =

[1.2.3...(n —2)]"".

But this function contains itself some repeated ca@gsontinuing to exclude
from them as one has made above relatively to aesingl, by dividing next the
final function by the number of all possible casesd amhich is here
(1.2.3...n)""1, one will have, for the probability that one of the- 1 colors at
least will come forth at its rank in the- 1 drawings ethiollow the first,

1 1 1

12— 12 123 - m 22

an expression in which it is necessary to take ay meams as there are units in
n. This expression is therefore the probability thaeast one of the colors will
come forth at the same rank in the drawings of urns.



