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This Memoir being a sequel to that which has appeared timelsame object
in the preceding Volume, | will conserve the order aof Hrticles and of the
sections. | have given, in the first article, a gaharethod to reduce to highly
convergent series the differential functions whichtamnsome factors raised to
great powers. In the second article, | have restoréaiddkind of integrals all the
functions given by some equations linear in the ordimaryartial differences,
finite and infinitely small; and | am thus arrived,tive third article, to determine
the approximate values of many formulas which are eriecesh frequently in
Analysis, but of which the application becomes veryipaivhen the numbers of
which they are functions are large. There remains¢opresently to show the
usage of this analysis in the theory of chances.

ARTICLE IV.
Application of the preceding analysis to the theory of chances.

XXXII.

All events, even those which by their smallnesstaed irregularity seem to
not depend upon the general system of nature, are a asri@cessary as the
revolutions of the Sun. We attribute them to chaneeabse we are ignorant of
the causes which produce them and the laws which link ttee the great
phenomena of the universe; thus the apparition and tivemsmt of comets,



which we know today depend on the same law which restbee seasons, was
regarded yesterday as the effect of chance by thoseawhaoged these stars
among the meteors. The woctlance expresses thus only ouaigre of the
causes of the phenomena which we see to happen andceedutemselves
without any apparent order.

The probability is relative in part to this ignorancepart to our knowledge.
We know, for example, that out of three, or a greatenber of events, one
alone must exist; but nothing brings to belief that ohéhem will arrive rather
than the others. In this state of indecision, itmpossible to pronounce with
certitude on their existence. It seems to us howewdrgle that one of these
events, taken at will, will not exist, because we @@y cases equally possible
which exclude its existence, while one alone favors i

The theory of chances consists therefore to dedu¢keadvents which can
take place relatively to an object, into a certain loeinof equally possible cases,
that is such as we are equally undecided on their exéstand to determine the
number of the cases favorable to the event of whielseek the probability. The
ratio of this number to the one of all the possildses is the measure of this
probability.

All our judgments on the things which are only probablesfounded on the
parallel ratio: the difference of the facts which leasan has on them and the
errors which we commit in evaluating this ratio givettbto that crowd of
opinions which we see reign on the same objectsgcdhabinations of this type
are so delicate and the illusions so frequent, that at gigtention is often
necessary to escape the error.

The theory of chances offers a great number of examplevhich the results
of Analysis are entirely contrary to those whichgar themselves at first glance,
that which proves how often it is useful to apply thiewdas to the important
objects of civil life; and, when even the possibiliif these applications would
oblige to make some hypotheses which would be only appabgj the precision
of the analysis renders always the results of it pabfe to the vague reasonings
which we employ often to treat these objects.

The preceding notion of the probability gives a quite sngmlution to a
guestion agitating to some philosophers, and which censisknowing if the
past events influence on the probabilities of the fuewents. We suppose that in
the game otroix et pile we have brought forthioix = more often timle by ;
that alone we will be brought to believe that, eitirethe constitution of the
coin, or in the manner of casting it, there existeastant cause which favors the
first of these events; the past trials have theniafheence on the probability of



the future trials; but, if we are assured that the @eed of the coin are perfectly
similar, and if moreover the circumstances of its gutpn are at each trial
varied, in a way that we are restored without ceasintp¢ state of an absolute
indecision on that which must happen, the past can havifluence on the

probability of the future, and it will be evidently abduo take account of it.

When the possibility of the simple events is knowrg pmobability of the
composite events can often be determined by the lsedeyt of combinations; but
the most general method in order to attain it consistdserving the law of the
variations which it sustains by the multiplication tbe simple events, and to
make it depend on one equation in the ordinary or paititd tifferences: the
integral of this equation will give the analytic expiessof the sought
probability. If the event is so composite that the othis expression becomes
impossible, because of the great number of its termsoéits factors, we will
have its approximate value by the method exhibitedarmptieceding articles. We
will see an example at the end of this Memoir.

In a great number of cases, and these are the messtihg in the analysis
of chances, the possibilities of the simple events wknown, and we are
reduced to seek in the past events some indices whiclgweda us in our
conjectures on the future. But in what manner do theeet® unfold to us, in
expanding themselves, their respective possibility? Aliog to what laws do
they influence on the probability of future events? sehare some difficult
guestions, of which the solution requires some very atelianetaphysical
considerations and a sensitive analysis. The diffiafitsolving them makes itself
felt principally when the question is to ascertain semall differences through
the observations, because then a considerable nurhlmdserved events can
indicate only these differences with a very small polty; and, if we use these
events in very great number, we are lead to some fasmof which it is
impossible to make use. It is therefore indispensable tih have a simple means
to obtain the law according to which the probabilifyacresult indicated by the
observations increases with them, and the numberichwhe observed events
must be raised in order that, this result acquiring a goeabability, we are
justified to research the causes which produce it. | fymwen moreover the
principles and the method necessary for this objedat, this method has the
advantage of being as much more precise as the obsesmeid are in greater
number: the analysis exhibited in the preceding artitieging lead me to
generalize it and to simplify it, | am going to presdrnihare in a new day, by
giving some very convenient formulas in order to detesmafter the observation
of results composed of a great number of simple evdr@gdssibilities of these



events, the differences that the time, the climategther causes can produce in
it, and the probability of future events.

In order to clarify this method by an example, | apply it to some problems
on the births: it is an important object in the naturistory of man, and the
observation offers in this regard some remarkableetiasi relatively to the
difference of the sexes and of the climates; but #reyso small in themselves
that they can become sensible only by a great nuoibbirths. By comparing
those which have been observed in the great citi@s] that from the north to
the middle of Europe they indicate a greater possihilithe births of boys than
in those of girls, with a probability so very neardertitude that there exists in
natural philosophy no result better established by theemations. This
superiority in the possibility of the births of boystherefore a general law of
nature, at least in the part of the globe that webithand, if we consider that it
subsists despite the great varieties of climates arutamfuctions, which take
place from Naples to Petersburg, it will appear probdtiae this law extends to
the whole Earth.

An equally interesting result and which the observatiodgate with great
probability is that the possibility of the births bdys, relatively to that of the
births of girls, is not everywhere the same. Itasehespecially that it matters to
have an easy method to compare a very great numbethsf dnd to determine
the probability which results from it that the obszhdifferences are not due to
chance: these differences are so very small thah aitany millions of births are
necessary to establish that they are the resultvaif/a active causes and that we
must distinguish them from those small varieties wiithince alone brings forth
in the succession of the equally possible events. |, giverder to obtain this
probability, some very simple formulas, by means oictvlwe can immediately
judge its magnitude: these formulas, applied to the birtesrged at London and
at Paris, give a probability of more than four hundrexigiand against one that
the possibility of the births of boys compared to tbatthe births of girls is
greater in the first of these two cities than in skeeond; whence it follows that
there exists very probably in London a cause greaéer ithParis which renders
the births of the boys superior to those of girls. Binhs observed in the realm
of Naples seems to indicate similarly in this realrgraater possibility than in
Paris in the births of boys; but, although the sumhefdbserved births in these
two places is elevated to more than two millionss tlesult is hardly indicated
with a probability of one hundred to one. Thus, in otdgsronounce irrevocably
on this object, it is necessary to await a greatenber of births.



XXXIII.

Whatever be the manner in which two events aredirtke one to the other,
it is clear that the probability of their sum is equeathe probability of the first,
multiplied by the probability that, the one taking plate second must similarly
exist; we will have therefore this last probability determininga priori the
probability of the sum of two events and by dividingytthe probability of the
first event determined priori

In order to express analytically this result, we n&rende the two events;
E + e their sum; V the probability of &; that offEe ; amdhe probability of
e, by supposing that E exists. We will have, this put,

b= VA
This quite simple equation is the basis of the followesgearches, and all the
theory of the probability of causes and of the futureney; taken from the past

events, result from it with a great ease. Let usisgtehbw it gives the respective
probabilities of the different causes to which we &tinbute an observed event.

XXXIV.

Let E be this event and we suppose that it can béwttd to the: causes
e, el e? e~ if we namep!”) the probability of the caus® , taken
from the event E, V the probability of E and thatof ("), we will have, by
the preceding section,
n_v
P = VA
It is necessary now to determine and V; for thiswikobserve that the
probabilitya priori of the existence of the cause % is ;&wying therefore,
aV,a® ..., a"V the respective probabilities that, the causes’), e, ...
being supposed to exist, the event E will take plé;é)e, | bevithe probability of
E + ¢(") determinedh priori : it is the quantity which we have named
The sum of all these probabilities relative to eaich causes will be evidently
the probability of E, since this event can arrivdydiy one of these causes; we
will have therefore



hence

a+al) +a? 4+ ... 4 qn-1)°

that is that we will have the probability of one aautaken from the event, by
dividing the probability of the event, taken from thatise, by the sum of all the
similar probabilities.

We suppose, for example, that an urn contains thregvhith can be only
white or black; that after having drawn from it a ha# remit it into the urn in
order to proceed to a new drawing and that after  drawweghave brought
forth only white balls: it is clear that we can makeriori only four hypotheses,
because the balls will be entirely white or entitglck, or two will be white and
one black, or two will be black and one white. If vamsider these hypotheses as
so many different causes e'!), e(? e(®  of the observed event,emective
probabilities of this event, taken from these causdsbe 1, (2)™, (3)™,0;
these are the quantities which we have named"), a?, . Thectaspe
probabilities of these hypotheses, taken from thetevélh be therefore, by the
preceding formula,

3m 2m 1
3m42m 417 3m42m 417 3m42m 417

0.

We see, besides, that it is useless to have regargetbypotheses which
exclude the event, because, the probability of theteresulting from these
hypotheses being null, their omission changes not titeavalue ofp!") .

XXXV.

The possibility of most of the simple events is unknaama, considered
priori, it seems to us equally susceptible of all the valwes frero to unity; but,
if we have observed a result composed of many of thesets, the manner in
which they enter it renders some of these values mareable than the others.
Thus, in measure as the observed result is composee lexplansion of simple
events, their true possibility is made more and morevkn@and it becomes more
and more probable that it falls within some limitsiathare narrowed without



ceasing and ending by coinciding when the number of sieyalets is infinite. In

order to determine the laws according to which thisipitissis discovered, we
will name it . The known theory of chances will gitlee probability of the
observed result in a function of ; ket be this functih we regard the different
values ofr as so many causes of the observed resufpyabability ofz will be,

by No. XXXIV, equal to a fraction of which the numeryaisy and of which the
denominator is the sum of all the valuesyof . By myjitigl therefore the two

terms of this fraction bylz , this probability will bﬁ% the integral of the

denominator being taken from=0 10= 1.
The probability that: is contained between the twutdiz = 6 andz = ¢

is, consequently, equal t.y;lz , the integral of the numeitagamg taken from

x = 60tox =6 and that of the denominator being taken from 0 z tol.

The most probable value is that which rendgrs amari we will
designate it by: : the least probable values are thdsehwendery null. In
nearly all the cases, this happens at the two limis0 to z = 1. Thus we will
supposey null at these limits, and then each value ofl bava corresponding
value which will be equal to it at the other side @& thaximum.

If the values ofc , considered independently of the oleskergsult, are not all
equally possible, but that their probability is expredsed functionz ofc , it will
suffice to change, in the preceding formulgas, ipto t Whaich returns to
supposing all the values af equally possible and to comsidére observed
result as being formed of two independent results, ofwihie probabilities arg
and z . We can therefore restore in this manner ellcises to those where we
suppose an equal possibility to the different values ofd, by this reason, we
will adopt this hypothesis in the following researches.

XXXVI.

We will consider a result composed of a very great nurabsimple events
and suppose that, after the observation of this resdtwish to have the
probability that the possibility —of these events sotpass any quantity less

thana ; this probability is, by the preceding sectiaqyat to the fraction% ,

the integral of the numerator being taken frora- 0  zte 0 thad of the

denominator being taken from=0 #0=1 . We will have thesegrals in a

highly convergent series by the formulas of No. Viwd make first—%” =v,

and if we designate by U and J that which and becohesnwe change



into ¢, formula &) of this section will give, for thexpression in series of the
integral [ ydz taken fromr =0 te=146 ,

/ydx:—UJ[l—l—@—i- dUdv) + -

do de?

If we name next Y the maximum @f or that which thiaction becomes
when we change into , if we make

Tr—a

= u’
\/1ogY — logy

these logarithms being hyperbolic, and if we designat& b d;, %, ... that
whichu, 2 4 " become when we change iato , formdla ( ) efsame
section will give for the expression in series of thegral [y dx , taken from

r=0tox =1,

1 U 1.3 dUS
/ydx - Yﬁ(U T oT2de T 2 1234d0t T >

7 being the ratio of the semi-circumference to theusadihe probability that is
equal or less thath  will be therefore

du , dUdu)
—Ud[1+ g A
1 _d?U3 1.3 _ d*U>b :
Yﬁ(U t otz T2 T234a0 T )
The numerator of this series forms a divergent sefi@ss very near ta ; in

this case, we will have the integred dz  fram=0 ate=60  oynfula €) of
No. VI, and we will find for the expression in ser@g<his integral

1 U 1.3 dUS i
/ydx - Y(U+ 212d2 22 1234dit m)/dte

Ye T [dU? T d2Us3 N
2 dx 1.2dx? ’

the integral relative t& being taken fram=  Ttte oo, T begiven by the
equation

T?=logY — logJ,



in which the logarithms are hyperbolic, and  being rthenber of which the
hyperbolic logarithm is unity. The probability that egual or less thath  will be
therefore given by this formula

~72 ( dU? a*U*
) [dte? € (ZE'*’Tlade*"“)
a 1 _d°U3 ’
V/; 2N/;(U'+'§12dﬂ'+")

We can, in every case, determine by means of form@ldsand ¢ ) the
probability thatr is equal or less thér9 , being smiliana .

If § surpasses , we wilmake— 60 =6 1—x =2 and, by namijhg that
which y becomes, we will seek the probability that edsial or less thafi by

the formula{z:—;lj;: , in which the integral of the numeratoraken fromx’ =0 to
2/ =@, that of the denominator being taken frafm=0  afo=1 . Foasul

(&) and @) will give this probability, by changing u, v, 6  intg v, v, 6'; by
subtracting it from unity next, we will have the protigbthat = is equal or less
thand .

The integral[ dt e~ is encountered frequently in this analysisl, for this
reason, it will be very useful to form a Table ofvtdues, fromt = oco td =0 .
When this integral is taken from= Tic=occ0 , T being equalm@ater tha |,
we can make use of the formula

.
, o e 1 1.3 135
— 1— _
©) / dte 2T ( o2 4Tt gTo )

which will give a value alternately greater or legban the true.

XXXVIL.

We will determine the probability that the valuerof contained between the
two limits a — 6 anda + ¢’ , which embraces the valuerof cgoesling to the

maximum ofy . This probability is equal t:.y;lﬁ , the integrllthe numerator

being taken fromr =a — 60 ta=a+6 , and that of the denominatorgoein
taken fromer =0 tar =1 .

We supposef) and  very small and such that the two valfigs o
corresponding tac =a—6 andto=a+6¢ , are equal to one same quantity
which we will designate by J; formula ( ) of No. VI Igive, very nearly



/ydx = YU/dtetZ,

the integral relative tac  being taken fram=a —6 #0=a+60 , and th
integral relative to ¢t being taken fromt=—,/log -Ylog J to

t = /logY — logJ; the sought probability will be therefore equaliﬁlé\/%.
y being supposed to have for factors some very elevatecrppwhe
exponents of these powers become coefficients ifogtarithm, so that, if we

designate bya a very small fractiompgy will be of ordgg and
v/logY — logJd will be of orderi% , at least when J is very lidiferent from Y.

We suppose that it differs from it rather little in ardleat \/log Y— log J is
equal to%% A being positive and less than unity; if we redtug J into a series

ordered with respect to the powers dbf , the functigiog — Mg will
become of this forrﬁ% ; thus, in order that it be cde]rr%} , It is necessary théat

be quite small of ordes'= ; we will prove the same thielgtively to¢’ . The
interval § + 6 contained between the two limits— 6 and- ¢’ vioith
therefore of orden'= ; it will be consequently as mueh ks the events will be
more multiplied, so that it will become null if theiumber is infinite, and, in this
case, the two limits will confound themselves witle thialue ofa which
corresponds to the maximumof .

In order to have the probability that the valuerof castained within these
limits, it is necessary to determine the intedrdi e onft = — L tot = - .

a? o

This integral is evidently the double of the integfal e aken fromt =0 to
t = oo, less the double of that same integral taken ft@mig t =t0o0o; now

>~

we have, by No. IV,

/dtet2 = %ﬁ,

the integral being taken from=0 to=oco ; we have moredwefpormula €' )
of the preceding section,

1 1 Oz>‘ 3042)‘
dte™? = Zare (1 - = R
/ e gae ( 2+ 1 >,

10



the integral[ dte~" , taken from= —-5 o= -5 , wil be therefore
« «

1

A
T — Q2€ )\+

By dividing it by /7, we will have the probability thatis contained between
the limits a — 6 anda+ 6 ; the expression of this probabilityll vibe,
consequently,

(d) 1-

Wheni is a large number, this formula converges rapalyrity, principally

because of the factar «* , which becomes very smalhwhes a very small
fraction; thence results this theorem:

The probability that the possibility of the simple events is containecée
some limits which are contracted more and more approaches without ceasing to
unity, in a manner that, under the supposition of an infinite number of simple
events, these two limits coming to join themselves, and the propabilit
confounding with certitude, the true possibility of the simple evenggactly
equal to that which renders the observed result the most probable.

We see thus how the events, by multiplying themseblisspver for us their
respective possibility; but we must observe that therm this analysis two
approximations, of which the one is relative to ihet$ which contain the value
of x and which are contracted more and more, and ofwthie other is relative
to the probability thatz is found between these limasprobability which
approaches without ceasing to unity or to certitude. linist that these
approximations differ from ordinary approximations, inichhwe are always
assured that the result is contained within the limiteh we assign them.

It matters principally, in these researches, to lte @bjudge immediately if a
result is indicated by the observations with a greasipiity, because it suffices
often to be assured that it is very probable, withbat there be a need to know
with much precision the value of the probability; by sugapg therefore that the
question is to determine if it is very probable tha&t plssibility of a simple event
is contained within some given limits, we can easilyive to the following
formula.

11



We have, by that which precedes,

1
logY — logd = —.
(0%

Moreover, if we suppose very small, we have

dlogY N 6> d*logY
dx 1.2 da?
but the condition of the maximum gives
dlogY 0 d?logy  d*Y
de dz2  Yda?'

we will have therefore

logJ=logY+6 4

o d?Y 1

U Ydx2 T oM

thus the probability that the possibility —of the sienplent is contained between
the limitsa — 6 andz + ¢ will be, by formulad( ),

1 02 a2y
1-— 726 Yda? 4 teey
d2Y
0 TN a2

whence we see that this probability will be very giiga-6> j;fz) is a very small

number, such a$l a2 , that which gives a very simple toajudge the
magnitude of this probability.

XXXVIII.

The possibility of the simple events can not be #mesin different epochs or
in some different countries: the climate, the produstiand a thousand other
physical and moral causes can produce the differences tbetat number of
observations render sensible; but, as the single ocatrdms of chance suffice to
introduce the slight differences in the result of theeotations, we see that a
very great number are necessary in order to be asshatdtite observed
differences, when they are very small, are due to sweys acting causes. This
problem, one of the most important in the theorylences, require a delicate
analysis; here is a quite simple solution of it.

12



We suppose that we observe, in two different places,résolts composed
of a very great number of simple events of the santk ket

x be the possibility of the simple event in the fplstce;

y be the function o which expresses the probabifitthe observed result in
that place;

a be the value af which corresponds to the maximugn of

Let similarly

2’ be the possibility of the simple event in the secplace;

vy be the function of’ which expresses the probabifitthe observed result in
that place;

a’ be the value af’ which corresponds to the maximui;of

aand o’ are the possibilities of the simple events whatder the observed
results the most probable, and these quantities wilbypéhe preceding section,
the true possibilities of the simple events, if theevled results were composed
of an infinite number of these events. We suppdse litdeydifferent froma ,
and that it is a little greater; finally we name B girobability that the possibility
of the simple event is greater in the first thanha second. This put, we will
have, by some considerations analogous to those oKXV,

__ffyy%kndx’
N [ Jyy dx dx”’

the integrals of the numerator being taken from=0  zte=2z nd from
x =0 to z = 1; those of the denominator being taken from=-0 z'te=1
and fromxr =0 tar =1 .

In order to have these integrals, we will suppe'se: ux , anavilll name
z that whichzyy' becomes when we will have

P__ffzdxdu
[ [zdxdu’

P

the integrals of the numerator being taken from 0 wte 1 nd,feomx =0
to z = 1, those of the denominator being taken from 0 ute % nd, feom
xr = 0tox = 1. We determine first the integrals of the numetato

13



For this, we will observe that, being null at the@timitsx =0 andz =1 ,
z is similarly null at these two limits; let theredoZ be that which this function
becomes when we substitute for its value in , givethbyequatior) = % ;
we will have very nearly, by No. VI,

/de: vz
[ &z

Zdz?
//zdudx:\/%/\/%.
T Zda?

The integral relative ta: must be taken fram=0  ute=1 ; ladtthe
maximum of the differential functiog/ dx dx=’ , we have

hence

r=a and r =a
and, consequently,
u =
The value ofu , corresponding to this maximum, exceedgftre very slightly
unity; thus we must, in this case, make use of fornwlaf(No. VI. Let
du
/[ @2z’
Zdz?
and we name’Z that which Z becomes at the point whereave
0Z
ou'’

we name next S that which Z becomes when we makel he fotrmula cited
will give, quite nearly,

du' =

0=

Z [dtet
/ gy — 2t

1 9z’
T2 7047

14



the integral relative t& being taken fram=  Tites oo, Thhegiven by the
equation
T?> =logZ' — logS.

The equatiorn) = % can be put under this form

o= 92 0u
 Ou ou'’

whence we deduce

0z

0=>-

and

21 21 2 2’7 9*7

82 _82 du __8u28;r:2,

ou?  ou? du? z
we will have therefore

, V4 2
Zdu' = ———=—— [dte".
927 927

1
2 Z'ou? Z'0x?

The numerator of the expression of P will be, consetyyery nearly equal to

2\/nZ p
0°7'  9*7
Z/0x% Z'0u?

42
tet;

we will now determine its denominator.

y being null at the two limits’ =0 and =1 , itis clear thas null at the
two limitsu = 0 andu = % ; it is similarly null at the two litex =0 andz =1 .
By naming therefore U that which becomes when wetgute foru and for
their values given by the equations

0z 0z

and 0=

0= % o’

we will have, by No. VI,

15



27U
//z dudr = 7T7;
/ 92U U
Uou? Udz?
this is the value quite approximate of the denominatd?.df is easy to see that

Z' = U, because the one and the other of these quansti¢sat whichz
becomes when we substitute for and their values dedrgradlie equations

0z 0z
0= o 0= 92
the value of P will be, consequently, given by this/smple formula
b_ [dte " .

NG

The two limits between which the integral relatieel tmust extend are= T
andt = oo, P being equal tog 'Z log S. The maximunzof oxrgf s Z;
the maximum ofy correspondsio=a ;thatwgf correspondsvalue ofr
which differs from it only by a quantity of order , amd, at the point of the
maximum, the magnitudes vary only in an insensible eanne can suppose
x = a at the maximum oty . Let Y be that whigh becomethia case, the
maximum ofzry will bea Y. The maximum @f correspondste= o’ let)Y’ be
that whichy’ becomes, we will have therefofe=Za  'YYis $he maximum of
xyy whenwu = 1, or, that which returns to the same, whemakez’ = = in
y'; let a” be the value af which in this case rendgfs maaimum, and we
name Y this maximum, we will haveSa” Y : hence

T? =logY + logY’ — logY” + Iogc%.

The value of:” is mean between aid , and since tassero quantities
are supposed to differ very little between themselveswill have very nearly
- = 1, and consequently we can neglect the ternfilog

If T2 is a slightly large number, such a8 1 , P wél & very small
fraction less tha@m; it will be therefore hardly prblesthat the possibility of
the simple event is greater in the first place thathéxsecond, or, that which
returns to the same, it will be very probable thatthe second place whesé
surpasses , the possibility of the simple events iggrehan in the first. The
observations will indicate then, with much likelihodtiat there exists in the

16



second place a cause of more than in the first, wadalitates the production of
the simple event. The following analysis will give thes according to which this
probability increases with the expansion of the sireplents.

For this, we will observe thaty” being very slightlifferent froma and
froma’, we will have quite nearly

|OgY”:|OgY+|OgY/+§(CL”—CL) Y dz? +§(CL —CL) W,
that which gives
1 a’y 1 azy’
2 __ 2 " N2 .
[ L e LR vy ek
buta” is given by the equation
_dy | dy
- ydx  yda!’
2’ needing to be changed into ﬁ; . If we suppose nexta’ =
a+ (a" —a), we have
dy  dY y 2y
ydx —de—l—(a a)deQ’

ay

T We will have therefore

moreover we have =

dy = (a" — a)dQ_Y.

ydx Y dx?’
we will find similarly

dy/ 1 / dQY/

y' dz’ = (a _a)Y’dx’Q'
We will have therefore
d*Y a*y’
0= =)y T =g

whence we deduce
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a>y 1 _d*Y’
v Oyaer YOy

Y Y
Y da? + Y/ dz?
we will have thus very nearly
1/ d2Y a2’
-I-2 o 2(& B a)YdJ:Z Y’ dz”?
- PY Y :
Y da? Y/ dz?

We can easily judge, by this value of T , of the proltghitith which the
observations indicate a difference between the poigssoof the simple events;

because, this probability being, by that which preceegsal tol — fdf/? , the

integral being taken froh= T tb= co , a Table of valueshd integral, from
t=o0 to t =0, wil give immediately the sought probability witufficient
precision.
. . 2 2v/ /!

The simple events, by being expanded, make the valugs-ofnd ofgt>
increase, and consequently also that of T , that wihidicates clearly the law
which exists between their expansion and the probabfithe results which they
seem to indicate. The value of T shows further theertiog differences between
a anda’ are smaller, the more simple observed eventseaessary to establish
that these differences are not the effect of chaied which moreover is evident
a priori, and there results from it that, for a difference tmaees less, there are
necessary around four times more observations.

XXXIX.

We apply the formulas of the preceding sections to tttashifor this we
suppose that, out of+ ¢ observed births, there have jpbegs and; girlsp
being greater thap , and we seek the probability tleapdissibility of the births
of the boys not surpass any quantity . It is necessatlyis case, to make use of
the formulas of No. XXXVI. If we designate by the pbdity of the births of

the boys and if we namé  the quantity;— 5535  , the probabiiiy out of
p + ¢ births there will bep  boys and  girls will ba?(1 — z)? :dtthe quantity
which we have namegl in the section cited; the quantiigh we have named
will become thus(% , and the function
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au
14— 4+ ...
UJ( +d9+ >

will become

por(1 — )t (p+q)0* + p(1 — 20)
1- 5 ey,
(p+q)0—p [(p+q)f — p]
Now, the quantity which we have nam&d in No. XXXV] liy No. VI,
equal to,/— 242 | Y and®> Y being that whigh aity  become whena ;
moreover,a being the value of which corresponds tariaemum ofy , it is

determined by the equatioﬂ:y% , Whence we deduceﬁ , and
consequently
_ Bt @Y (p+a)’
(p+q)r+e’ Y dz? g

The function

1 d*U3
Yﬁ(U Ty Toan T >
will become therefore, by observing that it is redutedery nearly its first term,
whenp and; are large numbers,

Bprtiqttay/2m

(p+q)tets

the formula & ) of the section cited will give thus fbe probability that: not
surpas¥

0L (1 — 0)T (p+ )Pt { _ (p+ 90 +p(1 —20) }

V2r[p— (p+ q)f]pPtqrt [p—(p+ q)f]?
If we makef = % , we will have for the probability that otrsurpas% or, that
which returns to the same, that the possibility efliiths of the boys is less than
that of the girls,
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3
) (p+g) "2 | _Pta
(p—q)2rreteprtigrts/r L (p—q)?

Bl

by subtracting this formula from unity, we will havesthrobability with which
the observed births indicate a greater possibilithénkirths of boys than in those
of girls.

Among the births observed in Europe, we will considers¢hwhich have
been at London, at Paris and in the realm of Naples.

In the space of the ninety-five years elapsed fromb#wnning of 1664 to
the end of 1758, there is born at LondiiY629 boys GI8H58 e,
which gives nearly% for the ratio of the births ofyb to those of girls.

In the space of twenty-six years elapsed from the begrnof 1745 to the
end of 1770, there is born at Pa2isl527 boys aath45 girls, vihath
givesg—g nearly for the ratio of the births of boyghose of girls.

Finally, in the space of the nine years elapsed filwerbeginning of 1774 to
the end of 1782, there is born in the realm of Naples,coataining Sicily,
782352 boys and746821 girls, that which gives  nearly for theoratf the
births of boys to those of girls.

The less considerable of these three numbers ofhstibhat of the births
observed at Paris; moreover it is in this city tihat births of boys and of girls are
removed the less from equality: for these two reasthes probability that the
possibility of the births of boys surpassges must e tkan at London and in
the realm of Naples. We will determine numericallg gobability.

It is necessary for this to have to twelve decirtfadstabulated logarithms of
p, q, p+ q and2 , because these numbers are elevated in forghukn (sgme
great powers; now we have

logp = 109251527 =  l0g5.4005 8461 0947,

logg = 109241945 =  log5.3837 1665 1469,
log(p+q) = 109493472 =  10g5.6932 6251 5480,
log2 = 10g0.3010 2999 5664,

that which gives
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(p+q)
(p—q)prtagrtagrtets /x

By naming therefore. the number to which this logarittelongs, and which is
excessively small, because it is equal to a fractfomhich, the numerator being
unity, the denominator is the numbker followed4dy  aiphéhe formulad )
will become

= —41.9384918.

log

(1 — 0.0053747 + ---).

By subtracting it from unity, we will have the probdbpilthat at Paris the
possibility of the births of the boys surpasses th#tegirls, whence we see that
this probability differs so little from unity, that wean regard as certain that the
excess of the births of the boys over those ofgille, observed at Paris, is due
to a greater possibility in the births of the boys.

If we apply similarly formula € ) to the births of boysbserved in the
principle cities of Europe, we will find that the supeitipin the births of the
boys, compared to those of the girls, observed evergyHeom Naples to
Petersburg, indicates a greater possibility in the ofhboys, with a probability
very near to certitude. This result seems therefot®eta general law, at least in
Europe, and if, in some small towns where we have reédeonly a less
considerable number of births, nature seems to delvate it, there is every
place to believe that this deviation is only apparewt that in the long run the
observed births in these towns would offer, by multigythemselves, a result
similar to the one of the great cities. Many philosagh deceived by these
apparent anomalies, have sought the causes of phenorheaare only the
effect of chance; that which proves the necessignmurage similar researches,
for that of the probabilty with which the phenomenof which we just
determined the cause is indicated by the observatio@goliowing example will
confirm this remark.

Out of415 births observed during five years in the litden of Viteaux, in
Bourgogne, there have be2d3 boys a2l girls, that vghiels nearly%
for the ratio of the births of girls to those of Boylhe natural order appears
reversed here, because the births of the girls surpdssss of the boys; let us
see with what probability these observations indieatgreater possibility in the
births of girls.

p having been supposed greater than , in the preceding fermtla
represents in this case the number of girlsnd fitaedoys; formulad ) will
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give the probability that the births of the boys suspasthose of the girls; but,
this formula being divergent, it is necessary to usmtita @' ) of No. XXXVI,
and we will find, after all the reductions, that, if wakey = 5zF(1 — z)? and
¢ = 1, it will become

1l dt e’tZ e ™

\/ 5TPq p+q

the integral being taken from= Tto=o0o 2T being given leyehuation

p+q
T? = plogp + qlogq — (p + q) log——

in which the logarithms are hyperbolic. This formwatihe expression of the
probability that the possibility of the births of theys carries it over that of the
births of the girls; if we substitute, in the placepoind ofq , their preceding
values relative to the town of Viteaux, we will find329802 for this probability;
by subtracting it from unity, the differen€e670198  will beetprobability that
at Viteaux the possibility of the births of the gidssuperior to that of the births
of the boys; this greater possibility is thereforeigated only with a probability
of two against one, that which is much more feebleounterbalance the analogy
which leads us to think that at Viteaux, as in all tbeins where we have
observed a considerable number of births, the possibilithe births of boys is
greater than that of the girls.

XL.

We have seen, in the preceding section, that the otioe births of boys to
that of girls is aroune}g at London, while it is at BaamoundQ—, ; this difference
seems to indicate, in the first city, a possibilityhe births of boys greater than in
the second city. We determine with what likelihood @abservations indicate this
result.

This problem is a particular case of that which weehawlved in No.
XXXVIII; thus we make use of the formulas which we haween there; for this,
it is necessary to know the quantities which we hareedy and/ . Let be the
number of births of boys observed at Paris, thahebirths of girls, and the
possibility of the births of boys in that city; ifeamake

22



1.23...(p+q)
1.2.3...p.1.23...q°

6=

the probability of the result observed at Paris vall b
PP (1 — )%

this is the quantity .

If we name similarlyp’ the number of births of boysserved at Londory’
that of the births of girls, and  the possibility bétbirths of boys in that city; if
we make next

1230 +q) .
0 1.23...p.1.23...¢"°

B/
the probability of the result observed at London véll b
/x/p’(l - x/)q’;

this is the quantity’ .
By designating therefore by P the probability that atisPthe possibility of
the births of boys is greater than at London, wehalle, by No. XXXVIII,

b_ [dte "
=

the integral being taken from= T to=occ . We see that whidlecomes in
the present case.
We have, by the section cited,

T? =logY + logY’ — logY” + Iogc%.

Y is the maximum of; or ofiz?(1 — x)? ; the value of which asponds
to this maximum is-2—; this is the quantity which we haxeneda . We wil

p+q’
have therefore

_ bt
(p+ q)pta’

we will have in the same manner
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v — " g

Y" is the maximum ofjy’ when we maké= = ¢h , that whictegiv
' = BB (1 —2)";

the value of:  corresponding to the maximum of this fancis ﬂfff; +; thisis
the quantity which we have named . We will have thus

yr _ B8+ PP (g4 )
C(pHp g

these values give

T=@p+p+q+d+1)logp+v +q+¢)
—(p+p 4+ Dlog(p +p') — (¢ +¢)logdlqg + ¢')
+ (p+ 1)logp + glogq — (p + g + 1)log(p + q)
+ p'logp’ + ¢'logq’ — (p" +¢') loglp’ + ¢').

Now we have, by the preceding section,

p= 251527, p = 737629,
g = 241945, ¢ = 698958,

whence we deduce, by tabulated logarithms,

log p = 5.4005 8461 0947,
logq = 5.3837 1665 1469,
log (p + ¢) = 5.6932 6251 5480,
logp’ = 5.8678 3798 2735,
logq’ = 5.8444 5108 0009,

= 6.2855 7058 5161.

log(p' + ¢') = 6.1573 3193 2083,
log(p' + p) = 5.9952 64741371,
log(q + ¢') = 5.9735 4485 3243,

)

log(p+p +q+¢

By making use of these logarithms, we would have
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T? = 4.5357576;

but, these logarithms were tabulated, it is necessaryve know, to multiply
them by the number2.3025851 , in order to reduce them to hyperbol
logarithms; we will have therefore the true value &f @y multiplying the
preceding by the same number, that which gives

T? = 10.4439679.

This put, if we determine the integrfiit e by formuta ( Naf. XXXVI
we will have

P = 0.0000025422(1 — 0.047875 + 0.0068759 — ---).

The first three terms of this expression give

P = 0.00000243797 =

410178

This value of P is a little too large; but, as, in ngkone term more, we would
have a value too small, without the impairmen;—é&gf See that it is quite near,
and that thus there are odds of more #ae000 against thibwag exists at
London a cause of more than at Paris, which fa@kt#ite births of boys.

The numerical calculation of T supposes that we have tahelated
logarithms ofp, ¢, p+ ¢, p',¢',... to twelve decimals; the Tables of Gaadi
which are those of which we make the most use, cotit@ logarithms of the
first 1161 numbers to twenty decimals, and we can concluden fit the
logarithms of the superior numbers; but the calculati@n this supposes is too
long; we can supplement it quite simply by consideratiohefexpression of T ,
and to determine the value of this quantity without resewo the logarithms of
the numbers superior td 61
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For this, we put it under this form

p
™ = (p+ 1)iog L 4 glo (1__>
= (p )9 s qlog P+

p’ ) 4
+p'lo +¢'lo (1— >
D 9p,+q qlog 7 +q
p+p
p+p+tq+d

p+p
—(¢+¢)lo (1— >
(9+q)log p+p+qg+4q

—(p+p +1)log

If we makea: vary by a very small quantity the ra]cﬁeq n the function

p
+1)iogL— 4 g0 (1__>
(p )9 s qlog P+

it will not change sensibly in value, because it bee®then

p p
1log( —2— og(1- 2 —a);
-+ )Og(p+q+a> +qog( p+ a)’

q

ptq
respect to the powers af , and by rejecting the quantiie@rdera which are
not multiplied by the large numbeps apd , it is reduced to

+ 1)lo (L>+ lo (1—L>
(p )9p+q qlog P+

This put, we will seek, by the method of continued frawdj the fraction
which, having a denominator equal or less tha61 , meat top — » the

difference of this fraction and o}ﬁ—q being only of order we can use this
fraction in the place ofpﬁ—q , and, as the Tables givd wienty decimals the

logarithms of its numerator and of its denominatortred the logarithms of the
numerator and of the denominator of the new fractidnchv we have by
subtracting the preceding from unity, we will have eabiytabulated value of

+ 1)lo (L>+ lo (1—L>
(p )9p+q qlog P+
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We will find in the same manner the tabulated valuab@bther parts of the
expression of T ; we wil have thus the tabulated &f anhd this expression,
taking less of it, will be the tabulated logarithmeof” we will have next the
true value of ¥ by multiplying the preceding 3025851

We can nearly always employ, without sensible ertioe, formula of No.
XXXVIII

%(CLI— )dZY a2y’

T2 o Y dz2 Y’d;r:’Z

d2Y d2y’
Y da? + Y/ da'?

and, as we have, in this case,

/

_p , D
a=—", a=—-,
Pt+q P+q
Y (p+q)? Y (' +q)?
Ydz2  pg Y'dz'?  plq

we will have

, 2
o (p,ﬁq, - ﬁ) P+ +4d)
20q'(p+q)® + 2pq(p + ¢')3

If we apply this formula to the observed births at $and in the realm of
Naples, it will be necessary to suppose

p=251527, q = 241945,
P =1782352, ¢ = 746821,

that which gives
T = 2.7206;

we find then the probability P, that the possibilifytlee births of boys at Paris is
greater than in the realm of Naples, equal to arq%@d is thierefore likely that

there exists in this realm, as at London, a causmaré than at Paris, which
facilitates the births of boys; but the probabilitghwwhich it is indicated by the
observations is considerably too small again in otal@ronounce irrevocably on
this object.
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XLI.

We will consider now the probability of future everteken from past events,
and we suppose that, having observed a result composey rfraber of simple
events, we wish to determine the probability thattare result composed of the
same events.

If we designate by the possibility of the simple eseblyy the probability
corresponding to the observed result, and by that ofutbee resulty and
being functions of: ; if we name next P the probabdityhe future result, taken
from the observed result, it is easy to conclude framXXXIV

[yzdz

-~ Jyda”

the integrals of the numerator and of the denominamgltaken fromx = 0 to
r=1.

This formula contains the law according to which thet gaents influence on
the probability of future events; we examine thisufice in some particular
cases. For this, we suppose that an urn contains iattyiraff white and black
balls, and that, after having drawn from it a whit#, bee seek the probability of
bringing forth a similar ball in the following drawing.we namez the ratio of
the white balls of the urn to the total number ofshal is clear that: will be the
probability, as much of the observed event as of uhad event; we will have
therefore

_fodx_
N fxdx N

2
37
that is that there are odds of two against one thawiNering forth in the
second drawing a ball similar to that of the first draw

By supposing always that we have brought forth a whiteidbahe first
drawing, if we seek the probability of bringing forth hexblack balls,x will be
the probability of the observed result, aid- z)" that effthure result; we
will have therefore then

[z(1—x)"dz 2

P= [z dz :(n+1)(n+2)'

If the white and black balls were equal in number inuihe we would have
P= QL this value of P is less than the preceding whenequsl to or greater
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than4 ; whence there results that, although the fieswitig renders probable that
the white balls are in greater number than the blacluever the probability of
bringing forth four black balls in the following four dreags is more
considerable than if we would suppose the number of blaksdmual to that of
the white balls. This result, which seems paradoxiegds to this that the
probability of bringing forthn black balls is equal taethrobability of bringing
forth one of them, multiplied by the probability thaving brought forth from it
a first we will bring forth from it a second, multigli€urther by the probability
that having brought forth two from it we will bring tbrfrom it a third, and thus
in sequence; and it is clear that these partial prafedibiways proceed by
increasing and end by being reduced to unity when istéfin

XLII.

We suppose the observed result composed of a great numisgnpié
events; lelz be the value of , which rendgrs a maxinY this maximumg’
the value ofr which rendergz a maximumi; Y arld Z thaichvly andz
becomes then; we will have very nearly, by No. VI,

3
/ydx = Y2\/%,
/_d"’_Y

é
2
/yz dx = ey

dJ’2

&

the expression of P of the preceding number becomesfaher

(Y)

ﬁ

_B(Y
xX

N

)

M\c.v

2

&

This expression will be very close if the observesliiteis quite composite.

If this result were composed of an infinity of simplesets, the possibility of
these events would be, by No. XXXVII, equal to that alhrenders the
observed result most probable; we can therefore witbewnsible error calculate
the probability of a future less composite result, by sajpgothe possibility of
the simple events equal to that which renders the pilitp@a a very composite
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event a maximum; but this supposition would cease to betekthe future
result were itself very composite. Let us see at \pbatt we can make use of it.

The observed result being composed of a very great nwhbenple events,
we suppose that the future result is much less composgéegduation which
gives the value af’ corresponding to the maximumzof  is

dy dz
ydr  zdx
% IS a very great quantity of ord(;i;r , and, since the futeselt is very little

composite with respect to the observed reg&lﬁ(, wibhfee lesser order which
we will suppose equal tg}j ; thug, being the value: of whkatisfies the
d

equation0 = yT?x , the difference between and  will be of otderand we

can suppose
d =a+ap.
This supposition gives

\dY P dPY

Y =Y °r LA
tO T Ty g T

but we havel™ = 0 , whence it is easy to conclude that  f asder equal or

nA ,n n .
less thany ; the term35"— 4 will be consequently of the ordé*~2).

Thus the convergence of the expression in series stiyposes\ > 1 |, and in

this case Y is reduced to nearly Y.
If we name Z that which becomes when we make a , Ibevassured
in the same manner that Z is reduced to Z.

Finally we will prove, by a similar reasoning, thfgcg;—z/) is reduced to very
nearly Z";TZ ; by substituting these values into the expyassi P, we will have

P=2Z

that is that we can in this case determine the pildipatf the future result, by
supposinger equal to the value which renders the observaltl messt probable;
but it is necessary for this that the future resulsi@ciently little composite in
order that the exponents of the factorszof are adrder less than the square
root of the exponents of the factorsyof ; if thil@, it exposes the preceding
supposition to some sensible errors.
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If the future result is a function of the observed resulill be a function of
y, which we will represent by(y) ; the value of whichdersyz a maximum
iS in this case the same as that which corresporedsnéximum ofy ; we will

have thuse’ = a , and, if we designai%ﬂ &yy) , the expressidh wil
give, by observing thaft = 0,

o(Y)
/ #)
Let ¢(y) = y", so that the future event is times the repetitid the
observed event, we will have

P=

Yn
/N 1

This probability, determined under the supposition thatptiesibility of the
simple events is equal to that which renders the obderesult the most
probable, is equal to™Y ; we see thence that the smalls which result from
this supposition are accumulated by reason of the sinaplegswhich enter into
the future result and become very sensible when tivesgseare in great number.

P—

XLIII.

Since 1745, when we have begun to distinguish at Parisirthe bf boys
from those of girls, we have constantly observed t@tumber of the first was
superior to that of the second, that which can giveeglaacesearch how much it
is probable that this superiority will be maintainedha space of a century.

Let p be the observed number of births of boys atsRathat of the girls2n
the annual number of births; the possibility of thehb of the boys. The
binomial (z + 1 — z)?" gives by its expansion

2020 —1) 4,

2n 2n—1
2 1-—
x4 2™ (1 —x) + 19

(1—xz)*+---,

and the sum of the first terms will be the probabtiitat the number of boys
will carry it away, each year, over that of thegjilWe name: this sum!  will
be the probability that this superiority will be maimed during the number of
consecutive years. Hence, if P designates the true lpligbthat this will take
place, we will have, by No. XLI,
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_ [aPdz 2(1 — x)*
[ardx (1 —x)1’

the integrals of the numerator and of the denominamglttaken fromx = 0 to
r =1.
If we namea the value ok  which corresponds to the imam of

2P2i(1 — z)?, and if we designate by ZZ, Z  that which%z, 2 become

dr o da? dz da?

when we change int@ , we will have, by No. VI,

/xpzi dz(1—z)7 = ap+1(1 — a)qHZi1 /2T
\/p(l —a)? + qa® +ia?(1 — a)? £ 242

z being the sum of the first  terms of the function

l—z 2n(2n—1)/1-2\"
T 1.2 T

22" 1+ 2n

we have, by No. XXI,

f utdu
- (1+u)2n+1
- W’
(1+u)2n+1
the integral of the numerator being taken frors 1;—“" ute oo d dmat of
the denominator being taken fram=0 dc=0c0 . ket % , this vallie

will become

_ [sMds(1— )"t
o7 [srds(1 — s)n=1’

the integral of the numerator being taken frem 0 ste x  d #oat of the
denominator being taken fromm=0 to=1 ;thence it is eagsonclude
dz 2"(1 — )" ! d*z dz n—(2n—1)x

zdr [srdz(1 — s)n—1’ zdx?  zdr z(l—z)

the integral being taken from=0 to=2x . Bychanging umtave,will have

the values of ZZZ, £Z, : all the difficulty is reduced therefeo determining: .
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Its value is given by the equation

D q . dZ
0=~ — ,
a 1—a+Zde

whence we deduce, by substituting in the placﬁjgf iteedneg value

P ian+1(1 _ a)n
a= )
pt+aq  (p+aq)fsds(l— st

the integral being taken from= 0 to=a ; this is the equadifter which it is
necessary to determine . For this, we will obsehat,tu being greater than

ﬁ, it surpasses sensibly the valuesof , which corresptmdise maximum of

s"(1 — s)""1; thus,n being a great number, we can suppose, in thedprgce
equation, that the integral is taken frem=0 stee1 , thaiclwigives, by No.
VI,

n n—1 nn+% (n B 1)717% V 27 ﬁ
s"ds(1—s)""" = - = )
(27’L _ 1)2n+§ 2271\/5
The equation which determines  will become thus, veayly,
p ian+1(1 o a)n22n\/ﬁ
a = .
p+q (p+q)/m
In order to solve it, we will observe that differsry little fromﬁ , SO that, if

we suppose = ﬁ +u w being quite small, and we will have, in & qlose
manner,

y 2n y4 ntl q n
ivm2 (5) (G5) s
M= e b
(p+q)\/

Now, if we divide by26 the sum of the births observeéatis from 1745 to
1770, we will have, very nearly9000 for the annual numiddsirdhs; we will
suppose thus = 9500, i = 100; we have besides

p=251527, q = 241945.

The preceding equation will give therefore
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1= 0.000157929 ¢~ 7381441

whence we deduce

p = 0.00014222
and, consequently,

a = 0.5098509.

The radical

Az’ — Zd*Z

\/p(l —a)? +qa® +ia*(1 — a)? 2R

becomes, by substituting, in the placelgf  , its v@@a%’w, and, in the

a

place of £ | its value(fcf(‘{)f;)p orfﬁ‘%, given by the equation of the
maximum,

\/p(l —a)? +qa’+ pu(p+q) [M +©2n—1)a — n} = 369.419;

moreover we have, very nearly,
p 4 2 2
ap(l—a)q=( b > ( 1 > e
pP+q p+q

_ ()

e = 0.980229;

and

we will have therefore

p q
/@%m%ﬂl—xvzoom&3w9 %( P >( a >qu
p+aq) \p+q

We have next by No. VI, by taking the integral frere= 0 o 2t=1,

+l q+l 2 p q
/ﬁwﬂl—@q:%;%7%ﬁ§:00mﬂuﬁhmw(Zj) (‘7>,
p+q)rtets

P+q P+q

whence we deduce
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P =0.9319382'%,

so that there is no more but the question of having Z.
We have

_ [sMda(1— )"t

/ =
[srdz(1 — s)n—1’

the integral of the numerator being taken frem 0 stoa d toat of the
denominator being taken froem=0 $0=1 ;itis easy to amhelfrom it that,
if we makel — s = s’ , we will have

[ ds' (1 —8)"

Z=1-—
fs’”’lds(l — )’

the integral of the numerator being taken frdm=-0 s'te= 1 —a  af tf the
denominator being taken froh=0 =1 . We will have thustegnearly,
by No. VI,

_Jdt et
ﬁ )

the integral relative t& being taken fram=  Titee o0, Thhegiven by the
equation

Z=1

T2 = (7’1, — 1)|Ogﬁ

these logarithms being hyperbolic. We can give toekimession of T this quite
close form

+ nlo !
nlog—
92a,

T = (n— 1)|ng2+ 9 4 ploght? et ap—a)
q

2p q

and we will deduce from it

T? = 3.66793.

If we make use of formulat( ) of No. XXXVII, we will ka
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.
/dt et = 62—T(1 — 0.136317 4 0.055747 — 0.037996 + 0.036256 — -- ).

This series is quite convergent, but it has the advambhg®ing alternatively a
sum greater and lesser than the truth, according asevgtagped at a number of
terms even or odd; by adding therefore to the sum dirgtdour terms the half
of the fifth, the error will be less than this hatid, consequently, belogg of the
entire sum; we will have thus

/ dte " = io 899562
2T ’

that which gives
Z =0.9966174
and, consequently,
P = 0.664;

there is therefore, very nearly, odds of two agaim& that, in the space of a
century, the births of boys will carry away eachrysaParis over those of girls.

XLIV.

The preceding researches suffice to show the advantdgeé® @nalysis
exhibited at the beginning of this Memoir, in the pafrthe theory of chances,
where the question is to carry up from observed evemttheir respective
possibilities and to determine the probability of futevents. This analysis is not
less useful in the solution of the problems where vek sbe probability of a
result formed of a great number of simple events, othvtine possibilities are
known: in order to give an example, we will suppose tlapropose to have the
probability that all the tickets in a lottery compos#d. tickets, and of which
there is extracted from it one at each drawing, dll @ extracted after the
number; of drawings.

| have given, in Volume VI of théémoires des Savants étranges the
solution of this problem, whatever be the numberaketis which we bring forth
at each drawing, and there results from this thathenceise where there exit at

1 Oeuvres de Laplace, t. VIII, p.17. Mémoire sur les suiéearro-récurrentes et sur leurs
usages dans la théorie des hasards.
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each drawing only a single ticket, if we nagpe  the podibathat all the tickets
will be extracted after the number of drawings, wé halze
Ansi

Yi=— i

the characteristi®\  being that of the finite differes, ancs being necessary to
suppose null in the final result. This expression, quieplsi in appearance,
would lead to some impractical calculations if and wemy large numbers; it
would be much more difficult yet to conclude from it thamberi , to which

corresponds a given value ¢f ; but we can easily deterthis number by the
formulas of No. XXVII.

Formula (/' ) of this section gives, very nearly,
i i+1 -1 92
C(y) e ) 150 — 120" 1
prgi = o) e - ) (1+_ )

\/7:(7:+1) __nie? 1673 + 1—22
a? (ea—1)2

a et —1’

1+ 1

a, [, I', 1" being given by the following equations
1+1
J— —_ + —
a a 2 a 3 a 4
e . 7_n e on e . n e
4a>  24er—1 24 (e“—l) 2(6“—1) 4(6“—1) '

1+ 1 ne’
p— S p—
n n e’ ’
2a? 2¢—1 2\er—1)"
, 1+1 n et n e’ > n e’ ’
I'=— + - -5 + 5 :
3a? 6er—1 2\e*—1 3\er—1
3
If we suppose =0 and' oforder @or ,these equations wiirbe
i+ 1

0=

ea

[ =

l// —

— 1—e@
o= oo,
P O e o S RN o )
o 2q2 - 3a3  4at’

the preceding formula will give therefore, in this case,
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il . .
AN S B (Hﬁ)wz’e"“”’(l —e )t

n' _ itl-na
1 n

; 7:+%_ o
i+ 1 -

and if we make™* = z, z being supposed a very small fraction dﬂrd;;r, we
will have

Now we have

(1 _ efa)nfi _ e(ifn)z (1 + i ; n22>;
we have next
i+1—na=(G+1)z.

We will have therefore, very nearly,

Amg B i—2n+1 i—n
- :e"2(1+ ot — z2>=y7:-

In order to determine , we will observe that the equati= “1(1 — 2)
gives, for the first value aof |,

a=—;
n

by designating therefore: ly , we will have, for atfwalue otf: ,
zZ=(q,

this value substituted into the expressiomof givesiHersecond value of this
guantity,

by substituting it into the equation= ¢~ , we will have, fioe second value of
Z,
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whence it is easy to conclude

1 1+n
=M1 4 —qg— 2.
yi=e (+2nq 5 Q>

This value ofy; will be very close ify, and being véasge numbers; is of
order% ; and this is that which will always take pladeewy; will not be a very
small fraction, because then™?  will not be a verylsmamber, that which
supposeg of order

Lety;, = % and we seek the numher of drawings to whichgitogability
corresponds. We will have, in order to determine &,fdllowing two equations

i +z’+n , log2
179297 9 9 = 7
i = —nlogq,

these logarithms being hyperbolic.
Letn = 10000, we have

log hyperb2 = 0.6931472;

the first of the two preceding equations gives, for tingt fvalue ofq , by
neglecting the terms ;5 ¢ a@nﬂ‘fa

g = 0.00006931472.

This value being of ordeﬁ , we see that this is hbesciase of using the
preceding expression g9f . The second equation gives

1 = 95768.5.

This value can differ yet by some units from the tri, by correcting the
value ofq by its mean, we will have

g = 0.00006932250,

that which will give, for the second valueiof |,
i = 95767.41;
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whence it follows that there are odds a little lésstone against one that all the
tickets will exit after95767 drawings, and that there adel®a little more than
one against one that they will exit aftéi768  drawings.
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