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| have given, it is around thirty years, in themoires de I'Académie des
Sciencek the theory of generating functions and that of the apmation of
formulas which are functions of large numbers. The fras for object the
relations of the coefficients of the powers of an wedeined variable in the
development of a function of this variable to the fiorcitself. From the simple
consideration of these relations there results, waith extreme facility, the
interpolation of the series, their transformatiantggration of equations in the
ordinary and partial differences, the analogy of the psvaed the differences,
and generally the transport of the exponents of the poteethe characteristics
which express the manner of being of the variabldse Theory of the
approximations by formulas functions of very great nushberbased on the
expression of the variables given by some equatiotisinifferences, by means
of definite integrals which we integrate by some \@gvergent approximations;
and there is this of the quite remarkable, namely thatquantity under the
integral sign is the generating function of the variagipressed by the definite
integral, so that the theories of the generating fanstiand of the
approximations by formulas functions of very great nussan be considered as
the two branches of the same calculus, which | degdgmnathe name afalculus
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of the generating functionsThis which Arbogagt has named Method of
separation of the ladder of operatioisscontained in the first part of the calculus
of generating functions, which gives simultaneously theafetration and the
metaphysical truth of this method. This which Kr&mpd athers have named
numerical facultiesand this which Euler has namethexplicable functions, is
connected to the second part, with this advantagettibae faculties and these
inexplicable functions, put under the form of definiteegrials, present then some
clear ideas, and are susceptible to all the operatiohsatysis.

The calculus of generating functions extends to the iteljn small
differences; because, if we develop all the terms adcaration in the differences
with respect to the powers of the difference supposed enditate, but
infinitely small, and if we ignore the infinitely sitga of an order superior
relatively to those of an inferior order, we willgaan equation in the infinitely
small differences, of which the integral is that bé tequation in the finite
differences, in which we ignore likewise the infintedmall with respect to the
finite quantities.

The quantities which we ignore in these passages frenfinlte to the
infinitely small seem to deprive from the infinitesihCalculus the rigor of the
geometric results; but, in order to render rigor totisuffices to consider the
guantities which we conserve in the development of qurat@gon in the finite
differences and of its integral, with respect to the gmwof the indeterminate
difference, as having all for factor the smallest powfewhich we compare the
coefficients among them. This comparison being rigorahs, differential
Calculus, which is evidently only this same comparid@as all the rigor of the
other algebraic operations. But the consideration ef itifinitely small of
different orders, the facility to identify thera, priori , Hye sole inspection of
the magnitudes, and the omission of the infinitely bofaed order superior to the
one which we conserve, in measure as they presentséhees, extremely
simplify the calculus, and are one of the principal achged of the infinitesimal
Analysis, which besides, by realizing the infiniteiyall and attributing to them of
very small values, gives, by a first approximation, diffierences and the sums of
the quantities.

The passage from the finite to the infinitely smadlshthe advantage of
clarifying many points of the infinitesimal Analysishich have been the object of

2 Translator's note Louis Arbogaste (1759-1803). Professor of mathematicdsacé His
chief work isCalcul des Dérivations 1800.

3 Translator's note Christian Kramp (1760-1826) of Strassburg. He is now knfown
introducingn! for factoriah .



great disputes among the geometers. This is thus thaheilvMiémoires de
I'Académie des Sciencdsr the year 1779 , | have shown that the arbitrary
functions which the integration of the partial diffei@hequations introduces
could be discontinuous, and | have determined the conditmnshich this
discontinuity must be subject. The transcendent resusalysis are, as all the
abstractions of understanding, some general signs ofhwl@ccan determine the
true extent only by going up again by metaphysical Aralisithe elementary
ideas which have led to it, that which presents afteat difficulties; because the
human spirit tests it yet less to go by having onlseay to itself.

It appears that Fermat, the true inventor of the @iffeal Calculus, has
considered this calculus as a derivation of the oneindt fdifferences, by
neglecting the infinitely small of a superior order wigspect to those of an
inferior order: this is at least that which he hase@ his methode maximis
and in that of the tangents, which he has extendduetoranscendent curves. We
see still by his beautiful solution of the problem efraction of light, by
supposing that it arrive from a point to another in shertest time, and by
imagining that it moves in diverse transparent mediurtis evfferent speeds, we
see, | say, that he knew to extend his calculus tarthgonal functions, by
getting rid of the irrationalities by raising radicatsgowers. Newton has, since,
rendered this calculus more analytic in Method of Fluxions , and he has
simplified it and generalized the processes by the ilveiwoif his theorem of the
binomial; finally, nearly at the same time, Leilaznttas enriched the differential
Calculus by a very fortunate notation, and which is asthftom itself to the
extension that the differential Calculus has receiwethb consideration of the
partial differentials. The language of Analysis, mostgmrof all, being by itself a
powerful instrument of discovery, its notations, whhayt are necessities and
fortunately imagined, are the germs of new calculi. Timessimple idea which
Descartes had to indicate the powers of quantities, sepied by some letters,
by writing towards the height of these letters the renmbwhich express the
degree of these powers, has given birth to the expah@aticulus; and Leibnitz
has been led, by his notation, to the singular anaddégpowers and differences.
The calculus of generating functions, which gives the omggn of this analogy,
offers so many examples of this transport of the egptsnof the powers to the
characteristics, that it can again be consideredeasxponential calculus of the
characteristics.
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The calculus of generating functions is the foundatioma ¢fieory which |
myself propose to publish soon on the probabilities. qurestions related to the
events due to chance are restored most often witltyfdoi some equations in
the differences: the first branch of this calculus ighes the most general and
most simple solutions. But, when the events which evesider are in very great
number, the formulas to which we are led are composedsof great multitude
of terms and of factors, that their numerical caleamtabecomes impractical. It is
then indispensable to have a method which transfohmset formulas into
convergent series. This is that which the secondchra the calculus of the
generating functions makes with so much more advantagéheasmethod
becomes more necessary. By this means, we can detemith facility the limits
of the probability of the results and of the causedicated by the events
considered in great number, and the laws according tohwthis probability
approaches its limits, in measure as the events ateladl This research, the
most delicate of the theory of chances, merits ttenaon of geometers by the
analysis that it requires, and that of the philosopheysshowing how the
regularity ends by establishing in the same things wampear to us delivered
entirely by chance, and by unfolding to us the hidden,cbustant, causes on
which this regularity depends.

The consideration of the definite integrals by whidte tquantities are
represented in the theory of the approximation by faamdlinctions of very
great numbers has led me to the values of many defibdigrals as | have given
in the Mémoires de I'Académie des Sciendasthe year 1782 , and which offer
this of the remarkable, namely that they depend allthegeon these two
transcendents: the ratio of the circumference todtheneter and the number of
which the hyperbolic logarithm is unity. | have ob&glrthese values by a singular
analogy, founded on the passages from the real to tlginang, passages which
can be considered as means of discovery, of whicHir8teapplications have
appeared, if | do not deceive myself, in Mémoires  cited andhave led to
the values of diverse definite integrals depending on sindosines. But these
means, as the one of induction, although employed witth mpuecaution and
reserve, leave always to desire some direct demonsisadf their results. Mr.
Poisson just gave many in tBailletin de la Société philomathique of the month
of March of this year 1811. | propose myself here to dimelctly all these values,
and those of definite integrals, more general still ahich seems to me might
be interesting to geometers.

5 Oeuvres de LaplageT. X. “Mémoire sur les approximations des formules qui sont
fontions de tres grands nombres.”



The research of these values in not at all a simpieegaf Analysis: it is of
great utility in the theory of probabilities. | makeréen application of it to three
problems of this kind, which it would be very difficult tesolve by other
methods. The second of these problems is remarkalil@sirthat its solution
offers the first example of the use of the calculushm infinitely small partial
differences, in the questions of probabilities. Thedtiproblem is related to the
mean which it is necessary to choose among the segiien by diverse
observations: this is one of the most useful oftel analysis of chances and, for
this reason, | treat it with extent; | dare to badiehat my analysis interests the
geometers.

When we wish to correct by the assembly of a greatber of observations
many elements already known nearly, we start in tilewiing manner. Each
observation being a function of the elements, we gubesinto this function their
approximate values, augmented respectively by small ¢mmsawhich it is the
guestion to know. By developing next the function intaeserwith respect to
these corrections, and neglecting their squares andptieeitcts, we equate the
series to observation, this which gives a first egmatf condition among the
correction of the elements. A second observationdoes a similar equation of
condition, and thus of the rest. If the observatioasewigorous, it would suffice
to employ as many as there are elements; but, séergrors of which they are
susceptibles, we consider a great number of them,yfitmlcompensate these
errors the ones by the others, in the values otdine=ctions which we deduce
from their assembly. But in what manner is it neags$o combine among them
the equations of condition in order to have the mostiggecorrections? It is
here that the analysis of probabilities can be ofeat relief. All the ways to
combine these equations are reduced to multiplying eatttent by a particular
factor and making a sum of all these products: we formdHust final equation
among the corrections of the elements. A second mystefactors gives a
second final equation, and thus in sequence until we lsareay final equations
as elements from which we will determine the coroaexst by resolving these
equations. Now it is clear that it is necessary tosk the systems of factors, so
that the mean error to fear oore  or tess on each ehens a minimum. |
intend bymean error the sum of the products of each error byrabability. By
determining the factors by this condition, the analysads to this remarkable
result, namely that, if we prepare each equation of tondn a way that its
second member is zero, the sum of the squares of itenfiembers is a
minimum, by making vary successively each correctidusTthis method, which
Messrs. Legendre and Gauss have proposed, and which, hentprésent,



presented only the advantage to furnish, without any ggophe final equations
necessary to correct the elements, gives at the s$mmeethe most precise
corrections.

l.
On the definite integrals.
We consider the definite integral
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e being the number of which the hyperbolic logarithmumsty. By reducing
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by making nextx = s , we have
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If we make- =t , the second member of this equation becomes

k
al= (1 + ty/ —1)1*“’.

Let A be an angle of which is the tangent, we willsha
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consequently
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this which gives, by the known theorem,
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the tangent is not only the tangentAf , but yet diahe angle increased by
any multiple of the semi-circumference; but, the fir#mber of this equation
must be reduced to unity when is null, it is clear thatmust take ford the
smallest positive angles of whi¢h is the tangent.

Now this equation gives, by restorifig in the place of ,
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we have therefore
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By comparing separately the real and the imaginary qiestive have these two
equations
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If ais null, Z will be infinity, and the smallest angté which it is the tangent will
be 7, = being the semi-circumference of which the radiusnity; we have
therefore
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In the case of = 3 , we have, by making=t
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This last member ig/7;  therefore we have- /7 ; if we suppeser =1,

we will have
dx cosx \/7 / dx sin sm
O

Euler has attained to all these equations in Book IWi®Calcul intégral,
published in 1794, by the consideration of the passage fnenrdal to the
imaginary.



We consider presently the integrﬁ]”dx cosrze @ . If we name this
integraly , we will have
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The integral of this equation is
r2
y=De w,

B being an arbitrary constant; in order to determinevet will observe that, if we
maker nullcosrz becomes unity, and we have

& 2,.2
v:/ dre "
0

this last integral is, as we know, equallg); therefore
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we have therefore
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Thence we deduce
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the + sign having place i is even, and the  sign if odd; we will have



similarly, by differentiating with respect to
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By integrating one time with respectto the expression
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We consider next the double integral
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By integrating it first with respect tp , it becomes
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We integrate it now with respect 1o ; we have, bydrexeding article,
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r being supposed positive, the quanti(ﬁ%)

21/2+r) 2

Ve / Taye (%
0

has a minimum which

corresponds tg = \/§ , this which gives  for this minimunt therefore
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y must extend fromqy =0 tag =oc z must extend fream= —c0  zte-
This value ofy gives
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By taking the integrals from= —o© to= oo , we have
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we have therefore
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By differentiating with respect to , we have
/OO xdxsinrx T
0

1422 2’

this which gives

/°° dr(cosrr +x sivz)
0 1+ 2 2’

by makingr = 1 , we will have the theorem which | have giiretheMémoires
de I'Académie des Sciencgsar 1782, page 59 .

6 Oeuvres de LaplageT. X. p. 264. Mémoire sur les approximations des formules qui
sont fontions de trés grands nombres.” Section XXI.
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If we makerz = ¢ , we will have
/OO dxcosrr /oordt cos
o L1422 Jy 242’

/OO dtcost  me™"
0 T2tz 2r

hence

Let r> = ¢, we will have by differentiating — 1  times with pest tog the
preceding equation, and restoring for its vaiue

/OO drcosrr (_1)Hqifé m di-1 67\/5.
o (I4+a2)  123..(i—1)2dg ! /g’
we could integrate therefore generally, from nulttafinity, the differential

(A+ Bz? + Cx* + ---Hz* %) dz cosrx
(14 22)i ’

because, by putting any term, suchFag” , under thefifdm- 22 — 1) nd , a
by developing it according to the powerslof x> , we will resithe preceding

differential to a sequence of differentials of the fofft235=, which will be

integrable by that which precedes; we will have tlogeefas function of the
integral of the preceding differential. We could likewisastead ofcosrz ,
substitute in it a whole and positive power of this mesbecause this power is
decomposed into cosine of the angle and of its multidés. nameR the
function of » of which there is question, we will ha\®y; differentiating with
respect to- this integral,
> . A+ Bx? +Cz* + - -Hx*? dR
/ rdxsinre
0

A+ =T

By integrating with respect to , after having multipligddle, we will have

00 . A B 2 C 4 - H 2i—2 r
/ dx sinrxz r oo +. x :/Rdr.
0 (1 +z2) 0

We can, by means of passages from the real to tlggniang, easily conclude

from the value of the integral[;®%%  the value of the inbégr
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Jo X dx cosrz, M andN being some rational and entire functions®ofuchs
that the denominataN is of a higher degree than , asdhd real factor im
of the first degree. In this case, the fracti?én isodqoosable into fractions of
the form +ﬁ2 s, A ands Dbeing reals or imaginaries. Now we hhyanaking

Bx =o' andr_r’.

4 /OO dxrcosrr / dx’ cos’z’
o 1+322 By 1427
by giving therefore generally to this last integral Yadue which it has in the case

of 2/ real and which, by that which precedes, is equgletﬁ', we will have

A/oo drxcosrr Arm _
0

=l

1+ 32 28°

5 is the square root of; , and this root is equally ; the integral
[ % dx cosrz never becoming infinite in the case evenrof ityfinand
moreoverCOSm changing not at all, in changing the sign dfis,clear that we
must choose the one of the two rodts  anfl , of witiehreal part is

positive. We find thus, for example,
/OO drcosrr cos—"— + Sln—
0 1 + $4 2\/7 \/’ \/’

V.
Application of the preceding analysis to the probabilities.

We apply the preceding analysis to the theory of prabesil For this, we
consider two players A and B, of whom the skills are bgunal playing together
in a way that B has originally tokens; that, at eizth which he loses, he gives
one of his tokens to player A, and that, at each wiath he wins, he receives
one of them from player A, who is supposed to have famténnumber. The
game continues until player A has won all the tokensfiBo This put;- being a
great number, we demand how many trials we can wageagaiest one, or two
against one, or three against two, etc., that playesillAhave won the game.

We are going to establish first that the game ends.tlisr lety, be the
probability that it will end. After the first triathis probability is eithew, ; or
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yr+1, according as player A wins or loses this trial; \eeehtherefore

1 1

Yr = 5Yr1 + o Yr-1-

The integral of this equation in the differences is
Y, = a+br,

a andb being some arbitrary constants. | observetfiedtthe constarit must be
null, otherwisey, increases indefinitely, this whiclinoot be, because it can
never overtake unity. Moreovey. is when=-0 , because, tBehaving no
more tokens, the game is ended; therefore

Yy = 1.

We seek now the probability that the game will endrafteat trialz . By
namingy, , this probability, we will have

1 1

Yrx = 53/%1,3;71 + Eyrq,xq-

It is necessary to integrate this equation in theefipartial differences by
fuffiling the following conditions: 1° thay, , is null winer is less than ; 2° that
it is equal to unity when- is null. These two conditidsesng fulfiled, the
preceding equation in the differences gives all the vaifigs ., whatever be:
andx . Presently, the following expressionypf satisfieese conditions and
the equation in the partial differences, whence ibwedl that it expresses the true
value ofy, , ,

L2 /3 d¢ sinre (cosp)’ 2+
Yo =1 — — .
0

7r sing

x Is equal tor + 2i ; in effect, it can be only or this n@mncreased by an
even number, because the number of games played must béoegoa surpass
it by an even number, since A cannot win the gamessarile wins the number
of tokens of B, plus those which he has lost, andriesessary on account of it
two games for each token, one for the loss and ther &ah the win. | will give
not at all the analysis which has led me to the pliageexpression: | will be
content to show that it satisfies the equation inghdial differences and the
conditions prescribed above. First, by substituting tib ithe equation in the
partial differences,we have
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/gd¢sinr¢(cos¢)“1 B / d¢ ( cop)”
0 B 0

1
sing sing [2 Sinr+1)¢ + 3 sitr —1)¢

equation evident. Moreover, if we make null, the precpdixpression of,
becomes unity. Finally, if we make negative, it dueed to zero. In effect, we
have

sinr¢ oVl _ gmrov/-1

SiNg ooVl _ g—0v/—1
— rDOVEL L =300V =1 L = (r=8)0V/ =T L (=11

Moreover,(cos¢) 2! is equal to
(e¢\/_—e ¢\/_)r 2i+1

or— 2141

By developing this function and multiplying this developmeanthe one ofihre

In
each term of the first development will give, in theguct, a term |ndepsén¢dent
of ¢; the sum of all these terms will be therefé%w r uaity, and by
multiplying this sum by%fO d¢ , the product will be unity. Thdet terms of the
product of the two preceding developments will be of cesui@s ,4¢,... , and
the integral of their products lalp  will be null. We hakerefore

Yrx = 07
wheni is negative.

We suppose now that and are great numbers. The maxirhuhe o
function

¢(Cos¢)r+2i+1

sing

corresponds top =0 , this which givds  for this maximume Thanction
decreases next with a very great rapidity, and in thervial where it has a
sensible value, we can suppose

15



logsing = logy + log1 — lch) = logp — %qﬁ

log(cosp) ™t = (r +2i + 1) lodl — 1¢2 + ic/)“)

7°—l—2z+1 7°+2z+1
- ¢ - ¢7

this which gives, by neglecting the sixth powerg)of d as fourth powers which
are not multiplied by + 2i + 1,

(cosg)r+2it! r+2i+3 , r+2i+3
log——— = —-logp - ——¢p* — ————=¢".
g sing 99 2 ¢ 12 ¢
By making therefore
s TH2i+3
[0 9 y
we will have
(Cosgp)+2i+1 11— %_2¢4 g
sing o
consequently,
. _ : . a? 4
3 d¢ S|n7°¢ (CO%)T+2%+1 5 d¢(1 - % ¢ ) ) 7a2¢2
. = sinrge
0 sing 0 ¢
This last integral can be taken fraim=0 @0 infinitgchuse it must be taken
from ¢ =0 to ¢ = im; now,a® being a large number,;”?  becomes

excessively small when we make= ;7 , so that we can supipnsl, seeing
the extreme rapidity with which this exponential disit@s wheny increases.
Now we have

q [edo(1-%0")
dr Jy ¢

00 2
sinrg e % = / do (1 - %¢4>e“2¢2 co¢;
0

we have besides, by article I,
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/ dpcosrpe @ =
0

> T dt e 3 /m 2 2 4
/ ¢! dpcosrge ™ = yrdt g 3V (1 I >;
0

2a drt " 8a3

whence we deduce, by supposﬁg =12,

00 P r—+21 T _t2
/0 dé sinre (cosp)+2+1 :ﬁ[/o dtetZ_teat (1—3#)];

sing
thus the probability thatt ~ will win the game in a numbe- 27 of trials is

Te T 2

2 ! £ 2
1-— - 1- 27
\/%/Odte sz 1737

T? being equal tql%,
If we seek the number of trials in which we can wagee against one that
this will take place, we make this probability equa%tdhis which gives

T VT Te ™ 2
dtet = Y— 1— 272y,
/O ¢ 7 TR U3

We namél” the value of which corresponds to the equation

/tdt e = ﬁ
0

4

and we supposé =7" +q ¢, being of the orgger . The inte[gTr,alt et will
be augmented very nearly WT’2 , this which gives

_77? TleiTﬂ 2 12
ge = — 5 (1=3T7);
we will have
"7 2
T =T" + itk gT’Q).

Having thus7? to the quantities nearly of ordaér , we Wwive, to the
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guantities nearly of ordea% , by virtue of the equation

7“2

22_ ; g__
a“=r+2i+- =

3 2T
the following
X 7“2 7 2 2
r+2i = 572 _8+§T .

In order to determine the value &f’ , we will observat therel” is smaller
than3 ; thus the transcendent and integral equation

/dtet2 = ﬁ

4
can be transformed into the following:

13 11,5 1 1.,
T — 7% —-7 - — 27 =
37 T 125 12370

=[S

By resolving this equation, we find

T = 0.2102497.
Thus, by supposing = 100 , we will have
r—+ 2 = 23780.14;

it is therefore then disadvantage to wager one agamesttttat A will win the
game in 23780 trials; but there is advantage to wager thaillven it in 23781
trials.

V.

We consider two urns A and B, each containing the sam@ern of balls;
and we suppose that, in the total nuniber  of ballsether as many of them
white as of black. We imagine that we draw at the same a ball from each
urn, and that next we put into one urn the ball extchétem the other. We
suppose that we repeat this operation any number tbyesgitating at each
time the urns in order to well mix the balls; and weksthe probability that after
this number- of operations there willbe white ballarn A.
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Let 2, be this probabilityp®” is the number of possitdenbinations in the
r operations, because, at each operation, the ballshat can be combined with
each of then balls of urn B, this which produeés  coatiins;n*z,, is
therefore the number of combinations in which thexe ber white balls in urn
A after these operations. Now it can happen thafithe1)st operation makes a
white ball exit from urn A, and makes a white ballntee it: the number of the
cases in which this can happen is the produefof, , bguh®err of white
balls in urn A, and by the number— =z  of white balls whigust be then in urn
B, since the total number of white balls in the twas isn ; in all these cases,
there remainc  white balls in urn A; the produét — z)n* 2, igef@re one
of the parts ofi "2z, .1 .

It can happen yet that the + 1)t  operation makes a blackekiflland
reenter into urn A, this which conserves in this wrmvhite balls; thus, — «
being after the'™™ operation the number of black ballgmA, andx being that
of the same balls in urn B, we see, by the precedirgsoreng, that
(n — z)zn* 2, , is again a part of* "2z, .4

If there arex — 1 white balls in urn A after th& operatiand if the
following operation makes a black ball exit and makeshiewball reenter, there
will be x white balls in urn A at thé- + 1)t operation. Timember of cases in
which this can take place is the produch%ifzx,l,r by the numbex + 1 of
black balls in urn A, after thé" operation, and the remb- = + 1 white balls
in urn B after the same operatiqm; — = + 1)*n*" 2,1,  is thereforeaypart
of n27’+22mﬁr+1 .

Finally, if there arer +1 white balls in urn A aftereti" operation, and if
the following operation makes a white ball exit and msakélack ball reenter it,
there will be again, after this last operatien, wluglls in the urn. The number
of cases in which this can happen is the produetaf,,;,  théyumber + 1
of white balls in urn A, and by the number+ 1 of blackisban urn B
(z + 1)*n* 2,41, is therefore yet a part @f 2z, , 4

By reuniting all these parts and by equating their sumvto’z, .., we will
have the equation in the finite partial differences

z4+1)° 2z T z—1\°
Zror+l = T Zr4l,r + ; (1 - 5)/2:(:,7’ +(1- n Zr—1,r-

Although this equation is differential of second ordeihwéspect to the variable
x, its integral contains only one arbitrary functiorhieh depends on the
probability of the diverse values of in the inititdt® of the urns. In effect, it is
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clear that if we know the values of,  corresponding ltthalvalues of: , from

z =0 toz = n, the preceding equation gives all the values, of z, », ..., by
observing that, the negative valuesrof being impossible is null when: is
negative.

Whenz is a very great number, this equation is tram&drinto an equation
in the infinitely small partial differences that wetain thus; we have then, very
nearly,

Zrlye = Rz ax’ 5 o2 )
0z  10%2:,

Zp—10 = 2z O 5 o2 )
024y

Zrr+l Zxr +

or
Let
n+ [1y/n
xzi\[, r=nr, Zpr = U,

the preceding equation in the partial differences willobes, by neglecting the
terms of order;,

In order to integrate this equation, which, as we @magsured by the method
which | have given for this object, in tiMémoires de I'Académie des Sciences
of the year 1773 , it is integrable, in finite terms)yoby means of definite
integrals, we make

U= /¢dte”t;

¢ being a function of and of , we will have

7 Oeuvres de LaplaceT. VIII. “Recherches sur l'integration des équatidifferentielles
aux différences finie, & sur leur usage dan la théorie dsarlds.”
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oU 0*U
— —pt . —ut _ —ut 42 .
241 o 2e Mt 2/6 (pdt +tdo), o /e t“ ¢ dt;

the equation in the partial differencediin  becomes thus

_ 00 _ ~ ¢
ut _ ut ut 20
/e 577 dt = 2e "'tp + /e dt (t 10) 2t—8t>.

By equating among them the terms affected with fthe  signforming to the
method which | have given in thigémoires de I'Académie des Science®f
1782, we will have the equation in the partial differences

99 _ 99
g~ O 2y

and the term out of th¢  sign, equal to zero, will giee the equation in the
limits of the integral,

0=the .

The integral of the preceding equation in the partialrdiffees is

1(-47) being an arbitrary function of; ; we have therefore

627"
palg? t
U = /dt@ pitgt @D(W)

t=2u+2sv/—1;

the preceding equation will take this form

2 2 - \V/ _1
(A) U=¢* /ds e’ F(%).

Let

8 Qeurvres de LaplageT. X. “Mémoire sur les approximations des formules qui sont
fontions de tres grands nombres.”
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It is easy to see that the equation to the limitdhef integral, given above,
requires that the limits of the integral relative sde taken froms = —co to
s = co. By taking the radicah/—1 with the- sign, we wil have 6 an
expression of this form

U :6’”2/d8682n<8+u2/ _1>7
e2r

the arbitrary functiodl(s) can be other than the fumcki¢s). The sum of these
two expressions o/  will be the entire valueldf ; ibus easy to be assured
that the integrals, being taken from= —co  d4e= o0, the addibibthis new
expression ofU adds nothing to the generality of thet fin which it is
contained.

We develop now the second member of equation (A), acwpra the
powers ofﬁ , and we consider one of the terms of thisldpment, such as

H® 1 .
B [asersts = /10
e LT
this term becomes, after the integrations,

1.35...(2i—1) ~H®De i s i(i—1),. o ii—-1)GE—-2)
: . 1— (2 W= gyt - D= 2) g .
2i VT T2+ 552 123450 W+

We consider next a term of the development of the egfe ofU , such as

L/ —1e .
LNVt /ds e (s — py/—1)%1,

e(di+2)r
this term becomes, after the integrations,

1.3.5... (2 + D) LOpe | /7 i(i—1) (i —1)(i — 2)

—— 1o g =) gy
iUt [ 1232 19325 ~ 1934567

We will have therefore thus the general expressionthef probability U ,
developed into a series ordered according to the powe;% 04 series which
becomes very convergent, when is very considerdhbis.expression must be
such that/Udz o [Udu+/n is equal to unity, the integrals beingreed to
all the values of whiclx and are susceptibles, th&b isay fromz null to
x =n and fromy = —/n tou = ,/n ; because it is certain that the urn muwst

22
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not contain white balls. By taking the integyfaé*/LZdu witlihese limits, and
generally in the limits+ n- , we have the same resultetty nearly as by taking
it from = —o0 to u = oo ; the difference is here only of oro‘% and, seeing

the extreme rapidity with whictr”  diminishes in measase increases, we see
that this difference is entirely insensible when aigreat number. This put, we
consider in the integr%lfUdu\/ﬁ the term

1.35...(2i — 1) W/ L(Qu)2+i(i_1)(2u)4—"']-

.U d
e ‘ “[ 1.2 1.2.3.4

By extending the integral from= —cc 0= oo , this term becomes

1.3.5...(2i — 1)3 w\[[ Z,_l_i(i—l)_i(i—l)(i—2)+“};

2iedir’ 1.2 1.2.3

the last factol — i + % — ... isequalt@— 1) ;itis therefore nutcept

in the case of =0 , where it is reduced to unity. It éaclthat the terms of the
expression o/ which contain some odd powerg of gimellaresult in the
integral £ [U dpy/n , extended from = —co  tp =00 ; because these terms

have for factoe*" , and we have generally in thesedimi

/ d,u Iu/27+1 — 0;

there is therefore only the first term of the expi@s of U, a term that we
represent by7e ", which can give a result in the inte§yfdl_Udu \/n, this
result is%H nﬁ ; we have therefore

%Hn\/:r =1,

consequently

2
_—n\/;

The general expression &f  has thus the following form
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20 [ QU(L—2) QL —p?+ 4u)

U - 1 ..
\/ N T 647” + 647,/ +
+ 2r! + 6r' + 1017 + .. ,
e eor elor
QW,Q®,. .., L LM . being some indeterminate constants which depend

on the initial value ot/ .
We suppose thalT becom& whén is ddll, being a giveatidn of
u. We have generally these two theorems

0= L(i)/u2q+1 d,LL (]7:/ eflﬂ’

i 71,2
wheng is less than J; arid  being the functiong of whigh %Z: and

i) - T « . .
7\/%;@12)# are multiplied in the expression 6f . By that whichcedes, the

QQ(UUE*NZ .
term =5 — o is equal to

HOG/=1)2 _ ., ) :
AU (V=17 e /dses (u+8\/—71)27’;

647?7"’

it is necessary therefore to demonstrate that we hav
0 0 5 9 g o
0:/ / pldsdpe™ 7% (n+ sy —1)*.
—0OQ0J —0O0
By integrating first respect to , this term becomes
qz / / P dpds e (o 53/~ 1)
—0OQ0J —0O0
R 2¢—1 —p?—s? 2i—1
—I—z/ / p T dpdse ™ T (w4 s/ —1)7
—0OQ0J —0O0

By continuing to integrate thus by parts, we arrivedime terms of the form
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K/ / dpdse™ = (u+ s\/-1)%,

¢ being not zero; and, by that which precedes, this iemall. We will prove in
the same manner that we have

0= LY / N P dp Ul e

oo

Thence it follows that we have generally

0= / Ui Uy dpe™,

oo

0= / Ul UL dpe ™,

oo

i andi’ being some different numbers; because, if, fanpleai’ is greater than
i, all the powers of: i/, will be less thafi ; eachiref terms ot/  will give
therefore, by the preceding theorems, a result null he tntegral
[ UiUsdp e+ . The same reason holds for the intedr&l U/ U, dyu e

But these integrals are not null whér=14 ; we will obthiem, in this case,
in this manner. We have, by that which precedes,

_ 2i(\/—71)2iffooods e*SZ(M + 8\/f1)Q¢
B 135...(2i— 1)\ /7 :

The term which has for facte  in this expression is

Qi(\/fl)Qium

1.35...(2i— 1)

Ui

now we can consider only this term in the first dmct; of the integral
ffoooUY;Uidu e~’: because the inferior powersof in this factor givesult null
in the integral; we have therefore

0 2272 00 00 ) y '
U Updpe ™ = / / ZdpdseF V-1,
/oo iane 1232 — D)2 /m ) o)l e (n+sv-1)

We have, by integrating with respectito , from= —co  ute- 0o ,
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/QL/ PP dpds e (n+ sy/ 1)

o0
201 [ [ 2i—2 —p?—s? 2i
= p’ " “dudse (u+sv—-1)

—0OQ0J —0O0

2i %[ 9 —p—s? 2i—1

+ B p’ dudse (u+sv—=1)""".
—0OQ0J —0O0

The first term of the second member of this equatoomull by that which

precedes; this member is reduced therefore to its seleomd we find in the
same manner that we have

o0 o0
/ / Iu27,71 duds e W s (,U'i‘ s /_1)27,71
—0OQ0J —0O0
201 [ [ 2i—2 —p?—s? 2i—2
= p’ " “dpdse (u+sv—-1)
—0OQ0J —0O0
and thus in sequence; we have therefore

o poo 1.2.3...2i
]/ j/ i dpds e (o s/~ 1)H = =TT
—o0J —00

92i

consequently

> 2.4.6...2i\/7
U Updpe ™ = :
_/oo Tiane 1.35...(2i - 1)

We will find in the same manner

/‘OOU'/ U’ dlue*/ﬁ :1 2462Zﬁ .
o 21.3.5... (2 + 1)’

we have evidently

oo

in the case wheré antl are not different, becausprdaictU; U, contains
only some odd powers of .
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This put, the general expressionldf  gives, for it&@influe, what we have
designated by

94" 2
X = eﬁ[ 14+QWA =202 4+ LOp + LOp1 — 212) 4 ...

3

If we multiply this equation by/;dy , and if we take the greds frompy = —
to u = oo, we will have, by virtue of the preceding theorems,

/ XUidp = \/%

whence we deduce

. 1.3 (2i—-1)
Q(7): v f/ XUd,LL,

2.4.6...21

O [ UUdpe ™

we will find in the same manner

, o 135...(2i+1)\/n
L = / XU/d
2.4.6...2i Hs

We will have therefore thus the successive values QF, Q@ ...,
L LM by means of the definite integrals, wh&n  or théainitalue ofU/
will be given.

In the case wher& is equalf%efm{z, the general exprestidriakes

a very simple form. The arbitrary functidr(s"eg%) of formyy) is of the
(=)

form ke=" . In order to determine the constaits &nd , Vleohserve
that, by supposing

we will have

by making next
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1+ 4

m<_M> .

and observing that the integral relativesto  necdgdming taken from = —oo
to s = + oo, the integral relative t& must be taken withia same limits, we
will have

k

U= 7\/7?

V1+pF

By comparing this expression to the initial valué/ofwhjch is
2 _pp

\/mre ’

and observing that is the initial value®f , we Wilve

U =

2=
14+ 4’
whence we deduce
1— 42 142
g= 2 g = 32t

We must have next

ky/m 2
V1+8  y/nr’

that which gives
2

k =
vV /nm’
a value that we obtain still by the condition that
1 o0
5/ Udu\/ﬁ = 1;

we will have therefore for the expressionof |, whateber’
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nm(l+ ')

We find, in effect, that this value 6f , substituteaithe equation in the partial
differentials inU , satisfies it3’  diminishes withowasing when’ increases, the
value ofU varies without ceasing and becomes in it kmmens’ is infinity,

2
\/nm

In order to give an application of these formulas, wagime in an urn C a
very great numberm  of white balls and a like numberladibballs. These balls
have been mixed, we suppose that we draw from the, urdls wiach we put
into urn A. We suppose next that we put into urn B as mdmie balls as there
are black balls in urn A, and as many black balls asetlare white balls in the
same urn. It is clear that the number of cases inhwie will haver white balls,
and consequently, —z  black balls in urn A, is equal to thelymb of the
number of combinations ofi  white balls of urn C, takeloy =, by the number
of combinations ofn black balls of the same urn, takenx by n — z. This
product is equal to

e

U =

m(m—1)(m—-2)---(m—xz+1) m(m—1)(m—-2)---(m—n+z+1)
1.23...x 1.2.3...(n — x)

or to

(1.2.3...m)?
1.23...2.1.23...(m—x).1.23...(n —x).1.2.3...(m —n+x)’

The number of all the possible cases is the numbeombinations oRm balls
takenn byn ; this number is

1.2.3...2m _
1.2.3...n.1.23...(2m —n)’

by dividing therefore the preceding fraction by this owe, will have for the
probability ofz or for the initial value df

(1.2.3...m)%.1.2.3...n.1.2.3... (2m — n)
1.23...2.1.23...(m —x).1.23...(n — x).1.2.3...(m —n+ x).1.2.3...2m~
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Now, if we observe that we have very nearly, wh&na very great number,

1.2.3...5 = s"tie 75/ 2T,

we will find after all the reductions, by making

n-l—u\/ﬁ

2

xr =

and neglecting the quantities of ore}ler

by making therefore

we will have
21
e
\/ N
If the numbern is infinity, thei¥ = § , and the initiallve of U is

V2 e ot

mm

22

U =

U =

ﬁ

Its value, after any number of drawings, is

2 P U
U= e e,

mr(l + e%r)

The case ofn  infinity returns to the one in which Armill be replenished, by
projectingn times a coin which would bring indifferentigadsor tails and by
putting into urn A a white ball each time thegads  wouldvarand a black ball
each time thatails would arrive; because it is clear that probability of
drawing a white or black ball from urn Cis as thabohging forthheads or

tails. By taking the integraf Udz of [Udu./n from=-a to=a ,we
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will have the probability that the number of whitdida urn A will be contained
within the limits + a/n.

VI.
On the mean which it is necessary to choose among the results of abesrvat

When we wish to correct an element already known vergrly, by the
entirety of a great number of observations, we foomes equations of condition
in the following manner. Let be the correction b€ telement angd the
observation; the analytic expression of this willado&inction of the element. By
substituting into it, in the place of the elementapproximated value, the more
the correctionz ; by reducing into series with respect tand neglecting the
square ofz , this function will take the form + pz , to whiske equate the
observed quantitg , this which gives

B =m+ pz;

z will be therefore thus determined, if the observati@s rigorous; but, as it is
susceptible of error, by namirag this error, we hayarously

B+e=m+pz
or, by makings — m = ¢ , we have
€ = pz — .

Each observation furnishes a similar equation of cmmdithat we can represent
for the ¢ + 1 ¥ by this

e = pi)y — D),
By reuniting all these equations, we have
Sl — ng(i) _ §¢(i) ’

the sign S corresponds to all the values of , fiem0 i stos — 1, s being the
total number of observations. By supposing null the suntheferrors, this
equation gives

5¢(7¢)
z= ="

Sp0)

this is that which we name ordinantyean result of the obsdions.
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| have given in the preceding Volufhe the law of the pdibaof errors of
this result; but, instead of supposing null the sum of the® we can suppose
null any linear function of these errors which we vapresent thus

m ge+qDeD 4 g@e® 4 D )
q, ¢V, ¢, ... being some positive or negative numbers which we suppitse
be entire. By substituting into the functiom ( ), in thiace ofe 1), ... , their

values given by the equations of condition, it becomes
2Spql) — 500,

By equating therefore to zero the functiom ( ), we have

this which gives for the expression of the function ( )
Z/Sp(i) q(i) :

and we determine the law of probability of the ertbof the result, when the
observations are in great number. For this, we congheeproduct

s (2)er =T s (L) e o=V s gp (D)o e,

a [0 a

the sign S extending here from the extreme negativee\@iz to its extreme
positive vaIue.lIf(f) is the probability of an ertor  itle@bservationy being
supposed, thus as , formed of an infinity of parts takenriday. It is clear that
the coefficient of any exponentielff’\/*_1 in this productl Wwé the probability
that the sum of the errors of each observation, pfialti respectively by, ¢V,
..., that is to say the functiom( ), will be equalto ;rbyltiplying therefore the
preceding product szﬁ , the term independentzof , in this pr@duct,

9 See,Oeuvres de LaplaceT. XII, p. 322. “Mémoire sur les approximationsfdasules
qui sont fonctions de trés grands nombres et sur leur appiicaux probabilités.” Section VI.
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will express this probability. If we suppose, as we makere, the probability of
the errors of each observation the same for thersrreither positives or

negatives, we can, in the sun & )e®=V~1 | reunite the two mediperms,

the one byeqﬂ“w\/*_1 and the other bqu\/*_l , then this sum takesothe
2S¥ (£)cosgzw. It is likewise of the other similar sums. Thertciliows that

the probability that the functionm( ) will be equalites the term independent of
w in the function

elmV L 28\11( )COquw X 291!( ) cogVaw x -
X 28\11( )COSq
By changing—! intd in it, we will have the probabilityat the functionrq ) will
be equal to-/ ; by reuniting these two expressions, theitelependent ofs in
the product
2c0Slw X ZS\D(f) Cogrw X 2SIJ(§) cogVaw x -
[0
X 28\11( )COSq

is the probability that the functiom( ) will be eithe- [ or —I; this probability is
therefore

g/decoslw X 2S\If(§) Cogrm X ZSlf(f) cogVaw x -
™Jo a
X 28\11( )COSq

We have, by reducing the cosines to series,

28\11( )COquw_ SI!(E) — —q a wQSIf\IJ( )

a

If we makeZ =z’ , and if we observe that, the variationz dfeing unity, we
havedz’ = 1 , we will have

s\v(g) - a/dx'\I!(x').

We namek the integral/ dz'W(z') , taken fram null to its exeeralue; we
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name similarlyc’ the integrglz’® do’ ¥ (z')  extended within the séimies, and
thus in sequence; we will have

28\11( )COquw—ak:(l—%qaw + - >

its logarithm is
k’/ 2
- ? g2 — -+ logak.

ak or 2afda'¥(z') being equal t@ B(%) |, it expresses the probabilityttheat
error of each observation will be contained witlhalimits, this which is certain;
we have thereforek = 1, this which reduces the precedingithbiato

k’IQQ 2 _2
a —_ e e .
i w

Thence it is easy to conclude that the logarithm eftoduct

28\11( )COquw X 291!( ) cogMaow x -+ x 2 SI!(%) cog* Varw
is equal to

__Sq aw_ )

the sign S extending here from=0 ie=s—1 . When the obsensare in
very great number, we can conserve only the firsh @frthe series; because it is
easy to see that the sum of the squares or of the,cubegq, ¢, ... being of
orders, each of the terms of the series has foofactjuantity of this order; but,
if we suppose thata?* is always of order less than , tirersecond term
of the series being of orden*z* , it will be very snaadd will become null in
the case ofs infinity; we can therefore neglectaAgis of the first term the
second, and for stronger reason the following. Nowefpass again from the
logarithms to the numbers, we will have

/ 2
28\1}( )COquw X 291!( ) cogMaow x - = e S ;

the probability that the functiom( ) will be equal to! and—I is therefore, by
integrating froneo nulltav = 7,
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2 T *k*',a2w28q<i’>2
— | adwcoSlwe *
aT Jo

If we makeaw =t , this integral becomes

aTt
L
aT Jo a
The integral relative tav must be taken fremn  nullcto= 7, the integral
relative tot must be taken from nullte= awr  or to irfmic being supposed
of an infinite number of units. In truth, we are aedvto the preceding integral,
by supposingsa*® owt* of an order smaller thafs  ; but, whéns of |

. / i)2 .
order /s, the exponential+"%""  becomes so excessively shaliwe can,

without fear of any sensible error, extend the integrahe beyond to infinity.
This put, this integral becomes, by article II,

a\[ /IZ’
By making thereforé = ar , and observing that, the variatidnbeing unity, we
haveadr = 1, we will have

dre 251(
vl

for the probability that the functiom( ) will be caimied within the limits+ ar.
We determine presently the mean value of the errdean by adopting for
mean result of the observations the correction

k12
6 " akta2sg0)?

which results, as we have seen, from the equalithefunction (n ) to zeroz
being supposed the correction of this result, the funétijproecomes’ 89 ¢
By making this quantity equal t@- , we will have
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-7 N7 2 (i), (i))2
0] 1 Qo (1) (4) k(s gy
dre _ dz'Sp'q ¢ s

2. /Er 5 90 /7y /K 507

the coefficientdz’ in the second member of this equasiaherefore the ordinate
of the curve of probabilities of the error's  whicpresent the abscissas of this
curve, which we can extend to the infinity on eaate 9f the ordinate which
corresponds ta’ null. This put, all error, either posijtior negative, must be
considered as a disadvantage or a real loss to any gamwe;by the known
principles of the Calculus of probabilities, we evalutis disadvantage by
taking the sum of the products of each disadvantage byob=mlpiity; the mean
value of the error to fear is therefore the sum ef pnoducts of each error,
setting aside the sign, by its probability; consequénidyequal to the integral

X1 dx'Sp() g1 ksplig0))2
0 ZAZSDTaT SEAGR

20,/ BT Sq(0? ’

the mean error to fear is therefore

[ k! Sql)?

The values op, p'”, ... are given by the equations of conditiaih;the values
of ¢, ¢\, ... are arbitraries and must be determined by the dondibat the
preceding expression is a minimum. This condition givgsmaking onlyq®
vary,

This equation holds whatever be ; and, as the variatiermakes not at all to
i)2 . . .
change the fractiogi%, by namingit , we will have

(s=1) (s=1)

q:,upa q _/*Lp ) ctty q :/*Lp ’

and we can, whatever e p('), ..., take such that the numbefS, ...
are whole numbers, as the preceding analysis requires. fobhmula (B) gives,
for the mean error to fear,
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k‘ﬂ' 2
)
(D) \V 5 —sp

it is, in all the assumptions which we can make onviiees ofg, ¢V, ... , the
smallest mean error possible. The mean result afltkervations becomes then

Sp(i) g
z = Sp(i)z) .
And if we suppose the values @fg(’), ... , equaldtol , the mean &rro
fear will be the smallest when the sign will be deieed in a way that
pWq® is positive, this which reverts to supposihg= ¢ =¢ = -, and to

prepare the equations of condition, so that the caaffiofz in each of them is
positive: this is that which we make in the ordinastimod. Then the mean result
IS

5¢(7¢)

Spli)’

z =

and the mean error to fear is

2a\/§ .

i k7r7
spli) [bx

but this error surpasses the preceding (D), since tlaisdhe smallest possible.
We can convince ourselves of it besides in this manves have

Vs 1

~ > -
Sp(7) Sp(1)2

In effect, 2pp!) is less thap@ + p(V’,  sin¢g)) — p)>  is a positive qugntit
we can therefore in the second member of the pregewquality, substitute for
2ppV), p@ 4+ p)* — f. f being a positive quantity. By making some similar
substitutions for all the similar products, this secoremiver will be equal to
s(p? + pW” + .- 4+ pls=1?) less a positive quantity.
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The result

Sp ()
2= Sp<77)2 ,

to which corresponds the minimum error to fear, isdhe that the method of
least squares gives from the errors, because the sinesefsquares being

(pz = 0)* + (02 = ¢) + oo+ (V2 — 0TV,

the condition of the minimum of this function, by makin vary, gives for this
variable the preceding expression; this method must fthierée employed in
preference, whatever be the law of facility of esyaa law on which the rati§
depends. Although this law is nearly always unknown, hewese can suppose
% > 6. In effect, if we suppose that the limits of the esrof each observation
are +a, then’ being , the value of  will extend fromozer unity so that
we will obtain the integrals

1
2/ dz' U(x')
0
and
! 2
/x' dz' U(x'),
0
thatk andk’ represent; it is necessary thereforedw shat then
1 1 5
2/ dz' U(x') > 6/ ' dx’ U ().
0 0

For this, it suffices to prove that we have

/ /

x'Q/ | dz' U (") > 3/ | o da’ O (x).
0 0

In effect, if we differentiate this inequality, we lhlave

2x'/ da' U(z') > 22" U(z')
0

or
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/037 dz' U(z") > =/ U(z").

Differentiating again this inequality, we will have

,d¥(a!)
0>z R
now this inequality is correct, if we suppose that thebability U(z’) of the
errorz of each observation is so much smaller agitlar is greater, this which
it is natural to admit; the differential @f(x’) is thugyative, and, consequently,
less than zero.
Thence it follows that the function (D) is less than

2a
/67 Sp”

The half of this function is the mean error to femmore, by adopting the result
given by the method of least squares; this half, takéntive — sign, is the mean
error to fear to less. We can therefore appreciagncth the degree of
approximation of this result, by taking far the gap &f thean result which
makes to reject an observation. In entire ignoramaghich one is most often of
the law of the errors, we can equally take all thodechv satisfy the two

conditions to give the same probability for the equaitpesand negative errors,
and to render the errors so much less probables asatbeyreater. Then it is
necessary to choose the mean law among all these Ewd which | have
determined in théémoires de I'Académie des Sciencegear 1778, page 58
This law given, for the probability of the errat z

2a gx’
we find then
k
=18,
this which gives—=24— for the mean error to fear.
g 34/ 27 Spli)?

10 Oeuvres de Laplagd. IX, p. 412. “Mémoire sur les probabilités.” Sect.

39



If we make

k
2at %

NEO

we will have by this which precedes, in the methotbast squares of the errors,
whereq) = pp®,

/
z =

2 2
ﬁ/dte

for the probability that the error of the mean resuilt be contained within the

limits
kJ
+2at\ /¥
R

S

In the ordinary method wherg) =1 , the preceding integral esgers the
probability that the error of the mean result given this method will be
contained within the limits

k./
+ 2at\/; \/5
Sp(i) ’

The value oft being supposed the same for the resultediMo methods, the
probability that the error will be contained withimetcorresponding limits will be
the same; but these limits are more narrowed in itee rhethod than in the
second. If we suppose that these limits are the satagively to the results of
the two methods, the value of will be greater, andsequently the probability
that the error of the mean result will not exceedsehémits will be more
considerable in the first method than in the secohds,t under this new
relationship, the method of least squares merits tHerpree.

VII.
We suppose now that a similar element is given: 1° eyntban result of

observations of a first kind and that it is, by thebservations, equal t4 ; 2° by
the mean result of observations of a second kind atdttis equal tod + ¢ ;
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3° by the mean result of’  observations of a third kind that it is equal to
A + ¢/, and thus of the rest. If we representby- x the tremeht, the error
of the result of the observations willbe: ; by suppgsherefores equal to

\/E VS
k,/

2

if we make use of the least squares of the errorsderdo determine the mean

result, or to
/E Sp®
k' 2a\/§

if we employ the ordinary method, the probability otarror will be, by the
preceding article, by supposing a great number,

B
VT
The error of the result of the observatiehs  wilgbe x, and by designating by

', for these observations, that which we have nathéat the observations ,
the probability of this error will be

B -
VT

Similarly, the error of the result of the observasa” will beq’ — s, and, by
naming for thems” that which we have namgd for theeokationss , the
probability of this error will be

N
and thus in sequence. The product of all these probabiliiiebe the probability

that —z, ¢ —x,¢ —x,... wil be the errors of the mean results of the
observations, s', s”,...; this probability is therefore equal to

o)

% \ﬂf 67 R A R DR
T T T

By multiplying it bydx and taking the integral from= —co f0=o0c0 ewill
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have the probability that the mean results of theenasionss’, s”,... will
surpass respectively ¢', ...  the mean result of the obsengatio

If we take the integral within some determined limitge will have the
probability that, the preceding condition being fulfilléloe error of the first result
will be contained within these limits; by dividing thisobability by that of the
condition itself, we will have the probability thdtet error of the first result will
be contained within the given limits, when it is e@rtthat the condition holds
effectively; this probability is therefore

[da e=Fa*=B"(a=0*=6" (a—q)*~
[ dax e=F*=5%(@=a)=B"(2=q')*~-

the integral of the numerator being taken within theegilimits and that of the
denominator being taken from= —oco  10= oo
We have

B + 07— )’ + 0" (@ — ¢ +
= (B + 87 +8" )t —2(8q+ 87 )+ 50+ 5+
Let

_ B%q+ 8"+
x_62+ﬁ/2+5//2+_,_

the preceding probability will become

+t;

[ dt e~ (F+8745" 4t
[dt e=(B+B7+87+--)2

the integral of the numerator being taken within somerglimits and that of the
denominator being taken froin= —co  te=oco.  This last integral is

NG
\/52+5/2+5//2+...

Y

by making therefore

tlzt\/62+ﬁ/2+5”2+“'7

the preceding probability becomes
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A gt
ﬁ/dte .

The most probable value of is that which corresponds null, whence it

follows that the most probable value ©of is that Whiorresponds te =0 ;
thus the correction of the first result which givehwthe most probability the set
of all the observations s',s”,... is

B%q+B"q + -
62 +ﬁ/2 +5”2 + L
and we will find, by the preceding article, that the megror to fear is
1
V(B + 87+ 87+ )
of which the half is the error to fear to more, émel other half, taken with the
sign, is the error to fear to less.

The correction which we just gave is that which resd@rminimum the
function

Y

(B2)* + 18" (z = ) + [8" (@ — )" + -5

now the greatest ordinate of the curve of probabiltiethe errors of the first
result is, by that which precede% ; that of the cofvile probabilities of the

errors of the second result 1:% , and thus in sequence.mMEan that it is

necessary to choose among the diverse results isateetee one which renders
a minimum the sum of the squares of the error of eastltrmultiplied by the

greatest ordinate of the curve of its probability. Tinsan is the first resuld
more its correction, or

AB+(A+q)B” + (A+¢)8" + -
52+5/2+5//2+... ’
thus the law of the minimum of the squares of the srimcomes necessary

when we must take a mean among some results each gigegrbat number of
observations.
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VIII.

The analysis exposed in article VI can be extendedhéocorrection of any
number of elements by observations. It leads alwayihis result: namely that
the method of least squares of the errors of the wdisans is that which gives
on the correction of the elements the smallest reean to fear.

When we wish to correct one or many elements alrdawbyvn, to quite
nearly, by the assembly of a great number of obdenstwe form some
equations of condition in a manner analogous to thendweh we have given in
article VI, relatively to a single element.

We consider two elements, and name the correctitheofirst and:’ that
of the second. Le be the observation; its anadytression will be a function
of the two elements: by substituting into it their apjor@ate values, increased
respectively by the corrections amfl , by reducing it rieto series and
neglecting the product and the squaresz of and , this fanatibtake the
form A + pz + g2/, and by equating to it the observed quaritity , Wiehewe

B=A+pz+q7.

A second observation will give a similar equation, amdwil have, by resolving
these two equations, the valueszof ahd . These valilesevexact if the
observations were rigorous; but, as they are susceptblerror, we consider a
great number of them. By combining next the equatiorodlition which each
of them furnish, in a way to reduce them to two, wkainlithe corrections of the
elements with so much more exactitude as we employ pfegervations and as
they are better combined. The research on the rdeantageous combination is
one of the most useful in the theory of the probasliand merits at the same
time the attention of the geometers and of the obsgrv

If in the preceding equation of condition we make- A =« , andef
namee the error of the first observation, we val/é

e=pz+qz —a.

The ¢ + 1! observation will give a similar equation, whigh will represent by
this one

€O = p 5 4 g0, _ o)

€') being the error of this observation and being thebmurof observations,
such that can be extended from 0 ite s — 1.
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Presently, all the ways to combine together thesetieqsaare reduced to
multiply them respectively by some constants and to dokintnext. By
multiplying them first respectively by:, m(), m?:--  and adding them,wile
have the final equation

(1) () — (1) (D) o o (1) (1) _ (i) (1)
Sm'e 23S\ p' 4+ 2 Sn'q ;' al.

By multiplying again the same equations respectively.by!), ... and adding
these products, we will have a second final equation

(1) () — (1) (1) 4 o (1) (i) _ (i) (D)
Sn'e 2S5 p\ 4+ 2 &g "o\,

the sign S extending in these two equations to all dees ofi , from =0 to
1=s5—1.

If we suppose null the two functionsn8'c()  and’&® | sums whigh w
will designate respectively byn) arfd) , the two precedimg 8quations will
give the correctiong and  of the two elements. Besehcorrections are
susceptibles of errors, relative to that of whichgbhpposition that we just made
is susceptible itself. We imagine therefore that tletions(m) andn) , instead
of being nulls, are respectively aid ; and we name wuattie corresponding
errors of the corrections and  determined by thathvprecedes, the two
final equations will become

] = usm(i)p(i) + u'Sm(i)q(i),
I = usn(i)p(i) + u'gn(i)q(f?)_

It is necessary now to determine the factatsn(V, ... n, nV, ... , abtte
mean error to fear is a minimum. For this, we comdide product

/ aqb(%)e(mmnw’)mﬁ / a¢(§)e<m<l>w+n<l>w'>mﬁ . / aé(f)e(m“”wm(”)w’)x\/_l :
_a \a _a \a

—a \a

x being any error of an observationg anda being thiesliof this error,
¢(f) being the probability of this error, and the probgbitif a positive error
being supposed the same as that of the corresponding eegatw; finallye
being the number of which the hyperbolic logarithm istyuriThe preceding
function becomes, by reuniting the two exponentialtive tox and to-z
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o(E / o W W) x -
2/0 ¢(a)cos(mxw+nxw)><2/o ¢(a) cosm'Vzw +n'HVaxw') x
N (s-1) (1),
><2/O ¢(a)cos(m rzw+nVrw'),
x being supposed, thus as , divided into an infinity of peten for unity.

Now, it is clear that the term independent of the egpgtals, in the product of
the preceding function by '=V-1-'='V=1 is the probability that $hen of the

errors of each observation, multiplied respectively shym™), ..., or the
function (m) will be equal td at the same time asfthetion (1), sum of the
errors of each observation, multiplied respectively. by, ..., will be equal to

I'; this probability is therefore, by supposimg, m®),...,n, n, ...
whole numbers,

1 /ﬂ— /dedw/elwﬁl,w,\/_l

472
X [2/a¢(§)cos(mxw+nxw') X ee X 2/
0 0

7 being the semi-circumference of which the radius /uni
By reducing the cosines to series, and making

1
=1, = da’,

, Some

(1)

a

¢(§) co$mVaw 4+ n V)|,
a

a a
1 1 1
K = 2/ dr'¢(z"), K" :/ ' de’ ¢(z'), K™ :/ ' da' ¢('), -,
0 0 0
we have

2/Oa¢(§)cos(mxw + nzrw')

K”CLQ( N /)2 N Kiv
mwo nw 12KCL

:&K[l— 4(mw+nw/)4+:|7

aK or2a[dx’ ¢(x') expresses the probability that the error of edigervation
will be contained within its limits, this which isedain; we have therefore
aK = 1. By taking therefore the logarithm of the second memiie the
preceding equation, we will have
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K" KK"—6K"
— —a*(mw +nd)? + a*(mw + nd’)* — -+
K 12K2

Thence it is easy to conclude that the logarithm eftfoduct of the factors

2/ ¢(£)Cos(mxw+nxw'), 2/ ¢(§) co$mVrw + nWaw'),
0 0 a

a

is, the sign S is relating to all the values of
- ?aQ (@S + 2w’ Snn) + &* S
KKiv — 6K//2

i)t )%, (i
e a4(w43m() —|—4ww/3m() n() +)+

By passing again from the logarithms to the numberswillehave, for the
product itself,

A (wrsm®' 4 ) 4o K@ s 2w SnOn e 5107

. KKiv — 6K//2
12K2

By substituting therefore, in place of this product, thafue into the integral
function (1), it becomes
1+ a*(@'Sm’ + ) 4 -

1 Vs Vs
— dw dow’
4w2/ﬂ/ﬂw “ 122

> eflwv —1-l'z"y/ flf%aZ(wZSm(”Z+2ww’ Snnl) 472 SL“')Z) .

KKiv — 6K//2

s being the number of observations which we supposegveat; we make

/ /
atwy/s =1, aw /s =1,

1 /
47T2a28//dtdt 12K? 52

/71T K 2sm®? | ot su@Dali) | 125,0)
e W s K LI -

this integral becomes
KK"™ —6K" [t'Sm(®)'
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2 4

Sm°, sn" Snn .. are evidently some quantities of order ; by
neglecting therefore the terms of order , vis-a-visuoty, the preceding
integral is reduced to

1 ”f wp ;w<fzsm<> 211/ Sn(0)n(?) +/L’SML’)
2 dtdt'e v " A
(2) 47r2a28/ /
The integral relative tav being taken fromm= —n  d0=x , theegral

relative tot must be taken from= —ar/s te= +amy/s ;and, inthese t
cases, the exponential under the sign is insensiblbetse two limits, either
becauses is a great number, or because is here supposied dio an
infinity of parts taken for unity; we can thereforéedahe integral relative to

fromt = —oco tot = oo, and it is likewise of the integral relatiseet’ . This put,

if we make

g gy SO K5V
B Sm/()* 2K” sn<'>‘“

o _ g EVs (1SmOnl) — 1St /—1

2K"a  Sm()’n ( (p))2 7

if we make next
E =SmWn® — (gnin®)2,
the preceding double integral becomes

1" g 2 sm D2 R 2
o by (PSn* 21 S0 n() 47 $n(0” dt” dt” eprse itk
Ar?a?s

The integrals relative t¢’ anf  must be taken as tiwbgsh are relative to
andt’ between the limits positive and negative infijtieow we have within
these limits, by the known theorems,

oodt -6 _ ﬁ;
/oo ‘ g

the function (2) is reduced therefore thus to

3) K - hap @S2t Sul0nld 417 5n0)

4K”CL2\/7
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It is necessary now, in order to have the probaliliat the values df and 6f
will be contained within the given limits, to multipliris quantity byl di’ and to
integrate it next within these limits; we name there = this quantity, the
probability of which there is question will e[ z dldl’ ; but,drder to have the
probability that the errore.  and  of the correctiofighe elements will be
contained within some given limits, it is necessargubstitute into this integral,
in place ofl and’ , their valuesin ant . If we diff¢ise these values by
supposing’ constant, we have

dl = duSmVp" + du’ Snq",
0 = duSnp?) + du’ SV¢",
this which gives, by making

I = Sm®p® S0 — G0 Gl gli)

Id
U= ggm’

If we differentiate next the expression/of by supposimgnstant, we have
dl' = du' Sn' ¢V,
we will have therefore
dldl' = Idudu';
thus, by supposing
F = Sn(i)“’(sn(i) P2 —28n0p) g p) gy 4 &(i)“’( 87 p)?
G = Spli)’ Sn@p@ gpdgld 4 G’ g0 pi) gl
— S D (sp®p® gng® 4 gpp )¢,
H = Sn”)Z(Sn”)q(”)Q —2Spp) g g gl 4 gl(fi)"’( 8¢,

the function (3), multiplied bylidl’ and next affected witke tintegral sign,
becomes

K I dudu _kE?ocw )
(4) e IK"aE .
AK"T \JE a?

We integrate first this function with respectito  amall the extent of its limits.
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The value o%’ is finite in these limits; but, ashe exponential it is multiplied by
¢ andZ | and these quantities being of order , becduse Haame of order
s3, while E is of order? , this exponential becomes isi#e to these limits, and
we can extend the integral froh= —co 46 =00 . By making

B+ )
a/E

and taking the integral relative to from= —occ  #e= o0, the fiorc(4) is
reduced to

/ K du I KIu?
T uK"a?H

e
//,7.(. a /
because

FH - G?

= I
E

Now, if we imagine a curve of whicla is the abscasd of which the ordinate
[S
K -5
// \/76 4K

this curve, which we can extend to infinity on eawe ©f the ordinate which
corresponds ta null, will be the curve of the probadsliof the errors,  of the
correction of the first element. This put, every grether positive or negative,
must be considered as a disadvantage or a real losy igaare; now, by the
known principles of the Calculus of probabilities, weleate this disadvantage
by taking the sum of the products of each error by itbadsitity; the mean value
of the error to fear, to more or to less, on th& lement, is therefore

I\Iu
//
:I:\/ o7 / wdue ik
Tav/ H

the + sign indicating the mean error to fear to mond,the — sign indicating
the error to fear to less. This error becomes thus
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K" a\/ﬁ

+
Kr 1

By changingH inta?” , we will have

K" aﬁ

Kr 1

+

for the mean error to fear on the second element.
We determine presently the factors”?  amd , so thateisr is a
minimum. By makingn” to vary alone, we have

VH "800 — p0 5100
I I
¢S S g® _ p@) g4 G0 (0
gD Sm ) Sy g0 4 0 ( G0gli)y2
H

dlog

+ dm

It is easy to see that this differential disappeavgeifsuppose in the coefficients
of dm()

m@ = up® = g

1 being an arbitrary coefficient independent; of , ananeans of which we can
renderm, m(¥ ... some whole numbers, as the preceding anagsises. The

preceding supposition renders therefore null the diffeﬂeoti# taken with
respect tom( . We will see in the same manner thateriders null the
differential of the same quantity, taken with respecttt thus this supposition
renders a minimum the mean error to fear on the cioreof the first element,
and we will see in the same manner that it rendengienum the mean error to
fear on the correction of the second element. Untex $upposition, the
corrections of the two elements are

j (i (
SIS — (g
o S0 500 — §f0g) $0a®
T S g — (g
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These corrections are those which the method df $epmres gives of the errors
of the observations, or the condition of the mininafrthe function

S(p(i)z + q(i)z/ _ a(i))Q’

where it follows that this method has place generallyatever be the number of
elements to determine; because it is clear that theeding analysis can be
extended to any number of elements. The mean erfeatmn the first element
becomes then

. \ 1s V/Sa™”
TS — (Sq0)

and on the second element it becomes

+ Vi VS
TS — (Sq0)
We see thus that the first element will be moreess lwell determined, that the
second, according ag@” , will be smaller or greater $péh .

If the first » equations of condition contajn  not &t and if the lasts — r
containp not at all, theny8¢? is null and the firsttbé two preceding

formulas becomes
K//
a\/ Kr
+ —
\/ Sp(7)2

The sign S is relating to all the valuesiof , from 0 iter — 1, this is the
formula relative to a single element determined by aatgmumberr of
observations; it agrees with that which we have faoratticle VI.

In all these formulas, the fact@r,/% is unknown. We @ fora the

gap of the mean result, which would make to reject arergason. If we
suppose)(£) equal to a constant, we have

K" 1
K6

this is the greatest value that we can suppose toattﬁaoin%" , as we have seen
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in the article cited; but the following remark remowdisincertainty on the factor
of which there is question. | have recognized, andllpndve in a Work® that |
am going to publish soon on the probabilities, thatstira of the squares of the
errors of a great number of observations can be supp@sg nearly equal to
251": now we have this sum by substituting, into each equaticcondition,
the corrections of the elements, determined by thaodeof least squares of the
errors of the observations; because, if we ndfe t whigh remains after these
substitutions into thei ¢- 1 ) equation of condition, this swuithbe very nearly

Sel)’; by equating it therefore ®sa2 %", we will have

[K" ]Sl
a\| —— = .
K 2s

For a single element, the mean error becomes theréfas

(@ -
a .
2sm /Sp(i)Z

Thence results this general rule in order to have #enrerror to fear, whatever
be the number of elements. We represent generallgghations of condition by
the following

€O = p0 54 g0y 4 0 Ly ),

2,2, 2", 2", ... being the corrections of these elements.
When there are two elements, we will have the negsor to fear on the first
element, by changing in the functican ( )

(Sp¥q)?
Sq()’
We will have thus an expression which we will desigrgté’ ).

When there will be three elements, we will have éh®r to fear on the first
element, by changing in the expressiah ( )

Sp(i)Z into 37(7)2 —

11 Translator's note This refers, of course, to therhéorie Analytique des Probabilités
published in 1812.
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Sr(@)
(1) (9) )2
G G _ (S
Sq into & T
and
o syl gy0)
(@) (1) (@) (i) _
Sp'q into $'q T .

We will form thus an expression which we will desigriayea” ).
When there are four elements, we will have the neesor to fear on the first
element, by changing in the expressigh ( )

() 4(i))2
O @ (SpEY)
Sp into S o
o o (1) 4(0) S ()40
Spigl) into g0 — P St(S)q .

By continuing thus, we will have the mean error tor fea the first element,
whatever be the number of elements. By changing iexpeession of this error
that which is relative to the first element, int@at which is relative to the second
and reciprocally, we will have the mean error to f@arthat element, and thus of
the rest.
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