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| intend to treat in this memoir two important pointsthe analysis of

chances which do not seem yet to have been sufiiceéeeply studied: the first
has for object the manner of calculating the prolglolf events composed of
simple events of which one does not know the respegtaeabilities; the object
of the second is the influence of past events on tbbability of future events,
and the law following which, by its expansion, showshes causes which have
produced them. These two objects, which have much anélegyeen them,
depend upon a very delicate metaphysic, and the solutithe giroblems which
are relative to them require some new artifices alyars; they form a new
branch of the theory of probabilities, of which trsage is indispensable when we
wish to apply this theory to civil life. | give, rete to the first, a general method
to determine the probability of any event, when wevwknonly the law of
possibility of the simple events, and, in the caseratbis law is unknown, |
determine that of which we must make usage. The consale@ the second
object leads me to speak of births: as this mattengsof the most interesting in
which we are able to apply the calculus of probabiliiesanage so to treat with
all care owing to its importance, by determining whst in this case, the
influence of the observed events on those which nalkst place, and how, by its
multiplying, they uncover for us the true ratio of thegloilities of the births of a
boy and of a girl. By generalizing next these researcharrive at a method to
determine, not only the possibilities of simple evebig yet the probability of
any future event, when the observed event is very canthowhatever be
moreover its nature. | give, on this occasion, thetem of some interesting
problems in the natural history of man, such as tleeadthe more or less ease of



the births of boys relatively to that of the ginfs different climates: it is here
chiefly that it is necessary to have a rigorous nettte distinguish, among the
observed phenomenon, those which are able to depenHaone; from those
which depend on the particular causes, and in order tondeéemwith what
probability these last indicate the existence of éheauses. The principal
difficulty that we encounter in these researches depenthe integration of
certain differential functions which have for fact@sme quantities raised to
some very great powers, and of which it is necessarhalve the integrals
approximated by some convergent series: | dare flatgselfrthat the analysis of
which | am to avail myself for this object may mehe attention of geometers.
Finally I end this memoir with some reflections irhigh | present that the
calculus of probabilities has seemed to furnish me ilation on the mean that
we must choose among the results of many observations.

In the analysis of chance, we intend to know the prbtyaof composite
events, following any law, of simple events of whitle possibilities are given;
these are able to be determined in these three Wagspriori, when, by the like
nature of the events, we see that they are posgibgiven ratio; it is in the
same way that, in the gamelwfads anails |, if the piecewlatast into the
air is homogeneous and if its two faces are entiiglitas, we judgeheads and
tails equally possible; 2& posteriori , by repeating a great number oftime
experience which can bring about the event of whiehneths question, and by
examining how many times it has happened; 3° finalithbyconsideration of the
grounds which can resolve for us to say on the existefdhis event; if, for
example, the respective skills of two players A and &wknown, as we have
no reason to suppose A stronger than B, we concludeitfithiatt the probability
of A to win a game i% . The first of these ways gitres absolute probability of
the events; the second makes it known very nearlyweawill show in the
following, and the third gives only their possibilitylatve to the state of our
knowledge.

Each event being determined by virtue of the general tvihis universe, it
is probable only relatively to us, and, for this remsthe distinction of its
absolute possibility and of its relative possibilityys®em imaginary; but we must
observe that, among the circumstances which competes iproduction of the
events, there are some variables at each instactt, & the movement that the
hand imprints on the dice, and it is the reunion ofgl@xumstances which we



namechance: it is of others which are constant, suclhasbility of the players,
the inclination of the dice to fall on one of th&ices rather than on the others,
etc.; these form thabsolute possibility of the events, and knowledgderht
more or less extensive forms thesfative possibility ; alone, theyalosuffice
to produce them; it is more necessary that they beedoito the variable
circumstances of which | speak; they serve thus onugment the probability
of the events, without determining necessarily thastence.

The researches that we have made until now on thigssnaf chances
suppose the knowledge of the absolute possibility of tleatsy and, with the
exception of some remarks that | have given in thaivebk VI and VII of the
Mémoires des Savants étrangedo not know that one has considered the case
where we have only their relative possibility. Thése contains a great number
of interesting questions, and the greater part of thelgsbon the games
correspond to them; we can therefore believe thgedmeters had not paid
particular attention, it comes from this that theyeheegarded it as susceptible to
the same methods as the ones where we know the a@&bgassibility of the
events; however, the essential difference of thessilplities cannot fail to
influence on the results of the calculation, such weatwill be exposed often to
some considerable errors in employing them in the saamener: it is this of
which it is easy to convince oneself by the follogvexample.

We suppose that two players A and B, of which the respeskills are
unknown, play at any game, and we propose to determin@abability that A
will win the first n games.

If the question were only of a single game, it is cilHat A or B must
necessarily win it, these two events are equally feban such a way that the
probability of the first is. ; whence, by followingetfordinary rule of the analysis
of chances, we conclude that the probability of A wwigrthe firstn games ig: .
This consequence will be exact if the probabiﬁty avbased on an absolute
equality between the possibilities of the two everitsvloich there is question;
but there is equality only relatively to the ignoramdech we have of the skills of
two players, and this equality does not prevent thabtieeis able to be much
stronger than the other. We suppose consequentlylﬂ%t presemts the
probability of the strongest player to win a game, %\gﬁthat of the weakest; by
namingP the probability that A will win the first gas) we will have

1 1
P:2—n(1+04)n or P:2—n(1—06)n,



according as A will be the strongest or the weakests, @3 we have no reason
to suppose the one rather than the other, it is ttedy in order to have a true
value of P, we must take the mean of the sum of the pgregeding values,
which gives

P (14+a)"+(1—a)"].

- 2n+1
By expanding this expression, we have

1 nn—1) , nn—-1)(n—-2)(n—23)
p 't 1.2.3.4

pP= ot o]

This value ofP being greater thga , when is greatn tinity, we see
that the inequality which can exist between the sifihe two players favors the
one who wager$ againgt —1  that A will win the firsst mgs, provided that
we ignore on which side is found the greatest skil. Thiwark, that | have
already made elsewhere, is, if | do not delude myseff;, wseful in the analysis
of chances, not only in that it indicates the nateds have regard to the
unknown inequality of the skills of the players, but stillthat we can often
determine if this inequality is favorable or contrdoy the one who wagers
according to the ordinary calculus of probabilities.

We consider again two players A and B, each with a gnenber of casts,
and playing together in a way that, at each trial othe who loses gives a token
to his adversary; we suppose that the game must end bely tlvere remain no
more tokens to one of the players, and we determinbisicase, their respective
probabilities to win this game.

For this, we name generally the skill of A~ p  thelskilB andy, the
probability of A winning the game, when he has tokdénsan happen at the
following trial that he wins a token from B, and instltase his probability is
changed toy,.; ; it can happen that he gives a token to Bhweduces his
probability toy,._; : now the probability of the first tdfese two events g , and
that of the second ig —p ; we wil have therefore thlipiagion in finite
differences

Yy = PYor1 + (1 — D)Yu1.



In order to integrate it, laf, = Ca®, we will have
a=pa’+1-p;

the two roots of this equation are= 1 and= % ; hence) ifnd @
represent two arbitrary constants, the complete esipresfy, will be

1_ x
yx:C+Cl(—p> .
p

In order to determine these two constants, we widkoke: 1° thaty being null,
we havey, = 0 , and that; being equal to the total numberkeins of A and
of B, we havey, =1 ; letr be this numben, the numbeokéns of A at the
beginning of the game, and consequently m that of the sobEB, we will
have

0=C+C,

1_ n
1:C+C’(—p> ,
p

whence we deduce

hence,
- ()
o p
p

We will have the probabilityy,, of A to win the gamey bhanging in this
expression: ten , that which gives

()

SR =
p



and, by changing: inte —m p intb—p , and reciprocally, wi lveive the
probability of B to win the game, and we will fiid— y,,  ftiis probability; it
is this of which it is easy to assure ourselves mageby considering that, A or
B must necessarily win the game, the sum of their filities must be equal to
unity.

Now, if we suppose the skills of two players equal, andisequently,
p= %, the preceding expression g becor@es , Which shoviingobut, by
differentiating the numerator and the denominator @ élpression with respect
to p, we find that in this casg, = 2 , such that the prdibiebiof the two
players A and B are in ratio of the number of theketts: their respective
wagers must therefore be in the same ratio. We erapmesently the change
that any inequality between their skills must causéaeir {ot.

Let 122 be the greatest adg>  the least ; we will changeessively, in the
expression ofy, p t64% and2 ; we will have thus two valwbich wil
take place according as A will be the strongest or tlakest; the true
expression ofy,, will be therefore equal to the halitted sum of these two
values; whence we deduce
LHa+a)""+ A=) "[(I+ )" = (1 —)"]

Ym =9 1+a)—(1—a)r ’

we can put this expression under this form

11 m (L4 0)" " 4 (1= a)"=2"]

b =5 51— a) 1+a)—(1—a)r

In the case oft = 0 , we just saw that = * ; so that, then,

2ym [(A+e)"?" + (=) n—2m

(1- (1+a)"—(1—a)r - oon

now, if we supposen less thgn , it is clear that, augngen, the fraction

(H(“l):;fg1:3;:72'" diminishes, at the same time the factor— a2)”™  ; we will

have therefore, under the assumption.of being greaterzero,

WL+ 4 (1= )] n—2m
1+a)—(1—-a)y n

(1 —042) _2h7

h being necessarily positive. Hence,



Ym = m + h;
n
whence it follows that the inequality of the skillsAdfnd of B is favorable to the
one of the two players who has the least numberkeains
« being the same, i and increase in conserving ahlay same ratio, it
is clear that

m (L4 0)" " 4 (1= a)"=2"]
1+a)—(1—-a)y

(1-a)

will become smaller, and that we can so make rand gitwav this quantity
must be smaller than any given size; thereforegifttto players agree to double,
to triple, etc. their tokens, their lot, which, iretbase where the skills are equal,
will not change for them, will become very differeghtthere is any inequality
between their skills; the probability of the one wias the least number of tokens
will increase more and more, up to the point of diffgiimfinitesimally little from

%, and consequently from the probability of his adversary

V.

In general, if, in any problem relative to the twoypls A and B, we
represent by$® the skill of the strongest, and¥y  dhtte weakest, the lot
P of player A supposed the strongest will be expressed fanaion of o,
which, reduced to a series, will have the followingrfor

P:a+a1a+a2a2+a3a3+---

By changingae to—« , we will have, for the expressionpfin the case where
the player A is the weakest,

P:a—a1a+a2a2—a3a3+---

We will have therefore the true value Bf by taking ittman of the sum of the
two preceding series, that which gives

P=a+aa?®+aa* +---

Whena is very small, we can be satisfied with th&t fiwo terms of this series,
and we have clearly



P:a+a2a2;

we will know therefore then, by the signaf HAf gieater or lesser than in the
case where the skills are equal; it will be greates 16 positive, and lesser if it is
negative.

From this there remains in the valuef only thenepowers otx , there
results that the case af=0 indicates always a maximuannoinimum for this
value; but it is possible that it be susceptible to nraayima or minima, and it is
this which will take place if the differential d? ,kien with respect tex  and
equated to zero, gives far one or many positive vatgrgained between the
limits in which« is able to bounded; in this case, wie seek if the assumption
of a = 0 gives the greatest of all these maxima, or tastlef all these minima; if
this is, we may be assured that theffot  of A isart more advantageous than
when the skills are equal; but, if it is not, it wik impossible to pronounce on
this object, at least to know the law of possibiifythe respective skills.

V.

It is easy to extend the preceding remarks to any nuwmbefayers; we
suppose, for example, players A, B, C,.D, and that wpgs®to determine
the probabilityP that the players A, B, C,  will wihe firstn games. It is
clear that, if their skills were equal, the probabilitgt each of the players to win

a game or, what comes to the same, their respedtivevdl be % so that the

sought probability” will be(%)" ; but, if there exists angquality among the
skills of the players, by namingt®  the greatelst tleorsé in order of
magnitude, /=" the third, and so on, we will have first

at+ad +a"+---=0,

because the sum of all these skills must be equal ta unity

If we name nexs, s', s”,... the different sums that we can foyradding a
numberr of the preceding skills, we will have as manyesponding values of
P, which will be P = s", P =", P=5"",...; the number of these values is

equal to that of the combinationsiof quantities, takbyr, and, consequently,
equal to%; we will have therefore the true valug’of dividing by

this number the sum of the preceding values, that whies gi



1.2.3...r
pP= "
GG —2) —rrn® T8 T

nn

_|_)

It is easy to see that each skill is found repeatedh&n dums+ s +
s" 4+ " 4+ ... as many times as we can comhine 1 quantitiest  r by ;

whence it follows that this sum is independentvof’, o, - - - andkto
(i—1)(G—2)--(i—r+1)
1.2.3...(r—1) '

Now we will prove easily that, in this case, the sum

nn

s+
is the least possible when" =" =3"" =... | that which supposes
a=ad =d"=-..=0; therefore the value aP is the least when thesskill

the players are equal, so that the inequality of thk#ls favor the one who
wagers that the first games will be won bythe plye B, C,.. .

It is clear that we can make some analogous remarkiseogames in which
one makes use of polyhedra, such as the game of diceisbesgith whatever
care that we had formed these polyhedra, there is etezedmecessarily among
their different faces some inequalities which reswalirirthe heterogeneity of the
matter which one uses and from the inevitable faultgheir construction. In
general, these remarks have place for all events athwtihe possibility is
unknown and can be varied within certain limits; andinithe following we
consider particularly the events of the game betweery iplayers of whom the
skills are unknown, it is only to render more cleau$o by fixing the ideas on a
determined object.

VI.

It is infinitely less probable that the skills of tyatayers A and B be perfectly
equal; but, at the same time as we do not know on waih is found the
greatest or the least skill, we do not know equally thetijyaof their difference;
thus, all that we can conclude from the preceding theemhat the lot of such
and such player is more favorable than according tootbmary Calculus of
probabilities, without that we are in a state togasbly how much it is increased.



Now, if we would know the limit and the law of posstlilof the values o&
nothing would be more easy than to solve this problkactly; because, if we
nameq this limit and if we represent Bya)  the probgbdif «, we see first
that, « having necessarily to fall between a@nd ,ftimetion ¢)(a) must be
such that we have

[daviar =1,

the integral being taken from =0 t@=¢g . We will multiply tetore by
darp(a) the probabilities determined by that which precedes, lay integrating
these products from =0 ta=¢q , we wil have the sought prdtiesi we
will find in this manner, for the value @t in argcll,

P [ ar+a-ay)

2n+1

If, for example,y)(«) is equal to a constdnt , so thatledl values otx are
equally possible, the equatigriay(a) =1  will give- % , and we willdha

1 n n+1

P= i hgamld+a™ +1-a™
The quantityn is a function of the ratio of the absolskills of the two players;
therefore instead of supposing the law of its possibtyediately known, it is
much more natural to deduce it from that which represéetpossibility of the
absolute skill of any player. For this, we compareskils of all the players to
that of a unique player, who we will take for unity ofliskind, by representing
by the abscissaz all these ratios, we imagine, dam® each point of the
abscissa, some ordinatgs proportionally to the suppa8eitei number of all
the players of whom the skill is : we will have thuswave contained between
the limitsh andh’ h being the least skill ahd  the gigasnd it is clear that
the ratio of the ordinatg to the sum of all the catis, or, what comes to the
same, to the entire area of the curve, will expriesgtobability that the skill of
any player isc . This put, in order to conclude fromé o of possibility of the
values ofa , lety = ¢(z), and we name the integfalrp(z) , taken from
x =h tox =h"; let, moreovergz be the skill of the one of the players A
and B who is the weakest, and- v that of the strongegtmplae will have

10



x l1—«

z+u l+a’
that which gives
1+«
T+u= xT.
11—«

Now the probability that the skill of one of the ples/®eingx , that of the other
will be x + u, is equal to the double of the product of the philies ofz and
of z + u, and consequently equal to

20(x)p(z +u)  20(x)p (1)

a? a?

we will have therefore

for the entire probability o , the integral being takeomax = h tox = };—gh’ .
As for the limitg ofa , we will observe that, beitle least skill and’ the
greatest, we have

W 1+g
h  1—g¢q’
whence we conclude
B h —h
T= win

When the functiorp(z) is unknown, it is impossible to knexactly the lot
of the two players A and B, and one is reduced to chgasie most likely
functions. We will now occupy ourselves on this objecthe following; but
before we proceed to exhibit a general method to deterthe respective lot of
any number of players, when we know concerning thelis sinly the law of
their possibility: this matter presents some consideranough difficulties of
analysis, of which the solution is contained in thfthe following problem.

11



VII.

PROBLEM. — Let there bex variable and positive quantities, t, ..., t,1

of which the sum is and of which the law of possibility is known; e@ope to
find the sum of the products of each value that can accept a given fupgtion
t1, ta,...) Of these variables, multiplied by the probability corresponding to this
value.

Solution. — We suppose, for more generality, that the functionghwh
express the possibility of the variablest;, t, ...  are discaotis, and we
represent by; the least value tof ; dft) the possihity, from¢ =g to
t=¢q'; by ¢'(t)+¢(t) its possibility, fromt=¢ tot=¢q" ; by
@' (t)+ ¢'(t) + ¢(t) this possibility, from¢=¢"” tot=¢"” , and thus in
sequence tad =oo. We designate next the same quantitiesveetatithe
variablesty, t,, t3 ... by the same letters, by writing atlihse the numbeis
2,3, ..., so thatqy, ¢, g3, ... express the least valuesofty, t3 ..., , that
¢1(t1) expresses the possibility §f ~ fram= ¢, #e=¢q; , and thusélsg in
this manner of representing the possibilities of thgables, it is clear that the
function ¢(t) has place from=¢ tb= oo , that the functigiit) pace
fromt = ¢’ tot = oo, thus in sequence. In order to recognize ahees oft, ¢;,
ty,... when these functions begin to have place, we williplylt>(¢) by 19, ¢'(t)
by I7: ¢1(t;) byl® ... ; the exponents of the powerd of which ipiylieach
function will indicate then these values; it will soffinext to suppode=1 inthe
last result of the calculation: it is by these vargpde artifices that we owe the
facility with which we are going to resolve the propbgeoblem.

The probability of the function) (t, t1, t5,...) is evidently equal ttee

product of the probabilities of ¢;, ¢, ...  so that, if one subgts fort its value
s — t; — ty — ... which gives the equation
t+t1+t2+"'=8,

the product of the proposed function by its probability vel

12



(’QD(S— tl— tg—...,tl,tg, )
X [1p(s =ty —tg — ... )+ 1¢ (s =t — tg—...) + -]
(A) QX [1"hi(t) + 19 (t) + -]

X [y (ts) + 12 (ts) + -]
[ x--

We will have therefore the sum of all these productsbyl “multiplying the
preceding quantity by¢; , and by integrating it over allvlleies of whicht; is
susceptible; 2° by multiplying this integral by,  and begrating over all the
values of whicht; is susceptible, and thus in sequendeettast variable, | ;
but these successive integrations require some partattdeations.

We consider any term of the quantity ( ), such as

Do ", ; i i
g0 e P(s— t1 — tg — ---)¢(')(8— t — tg — )¢§ )(t1)¢é )(t2)"‘

In multiplying it by dt, it is necessary to integrate oedl the possible values of

t1: now it is clear that the functiapl’) (s — t; — t, —...) has place orhewt
or s — t, — to — ... is equal or greater thatf) ; the greatest valuetthean
accept is therefores — ¢ — ¢, — t; —...  Moreoveq\')(t;) having place

only whent; is equal or greater th@iW , this quantithesléast value that
can accept; it is necessary therefore to take thegrak in question from

t, = qY") tot; =s— ¢ — ty —t;3 — ... or, what comes to the same, from

ty —qy) =0tot; — ¢ =5 — ¢ — qy) —ty — ...
We will find in the same manner that, by multiplyingsthew integral byit, ,

(7://

it will be necessary to integrate fram= g, =0 to

bh—g =s—q"—q" g —t5— ...

By continuing to operate thus, we will arrive at a fiorcof

(i) (i) (i")

s=q"—q —q —..

in which there will remain none of the variables,, ¢,,... This function must
be rejected ifs — ¢? — ¢!") — ... is negative; because it is clear thathis

case, the system of functions®(¢), ¢\ (), o\ (Ls), ... cannot be
employed; in reality, the least values ©f ¢, ... being, l® ature of these

13



functions, equal tOzY,), qém, ... the greatest value that can adsept

qff/) — ¢ — .., hence, the greatest value af— ¢/ is— ¢ —

g — i — ... Now the functionp” (¢) is not able to be employed when
q"") is positive.

Instead of rejecting the function in question, it is eqoauppose then all the
terms of this functios — ¢ — ¢\') — ... constantly equal to zero; beeaby

considering, for example, only the three variables,, t,, ldet integral
relative todt, must be taken from—qg’ =0 to

ty— gt =5 — ¢ — ") — i,

it is clear that this integral will be null all thiene that we will assume

(i) @) _ 0 _ .

S—=q 7 — 4 — 4

There results from what we just said a very simple awetto solve the
problem proposed.

Let us substitute: 1° in place of¢+ v  dit) ¢, +u @¢t),¢" +u in
¢”(t), R 2°1in place Oftl, g1 + up |n¢1(t1) gi + uq mﬁ/l(tl), R 3°%1in
place ofty, go +us INpo(t2) ... , and thus in sequence, the quantities

Fo(t) +19¢'(t) + -,
1(t) + 11 (1) + -+,

Y

which represent the probabilities ofty, ..., will be changd first, into a
function of » ; the second, into a function of, .... We wd#tsignate these
functions byll(u), IT; (uq), o (ug) ..

Let us change next, in(t, ¢, to,...) t, to+u t;, kQ+wu; .., , we wil
have a function ofi, uy, us,... that we will representbyu, u,, us,...) ;this
put, we will take the integral

/dulf‘(s —Up — Uy — ey Uy, U, o )II(s — ug — ug — )T (ug ) o (ug) ...
fromu; =0tou; =s—uy —uz — -+
We will multiply this first integral bylu, , and we wilhiegrate fromu; = 0

to uy = s — uz — ---; we will multiply this second integral bju; , and wél w
integrate fromuz =0 tai3 = s — uy — --- . By continuing thus, we will arrae

14



a function ofs alone, which we will designate Hys) , &imd function will be
the sum demanded of all the values o, ¢, t2,...) , multiplied by their
respective probabilities; but, for this, it is necegsa take care to change, in any

term multiplied by +a i 1 by B by B byl L. to
diminish s of the exponent df and, consequently, toewiit place ofs s —
g — ¢\ — i — ..., to make this last quantity equal to zero every timeé tha
it will be negative; finally, to suppose= 1

If T'(w, uy, ug,...), I(w), II; (uqy), s (us), ... are some rational and entire
functions of the variables, u,, us,... , of exponentials, of siaad cosines, all
these successive integrations will be possible, bedaissén the nature of these
guantities to reproduce by the integrations only the quesbf the same kind; in
the other cases, these integrations would not be pmsbibt the preceding
method reduces the problem then to the quadrature of curves.

VIII.

The case of the rational and entire functions oerse simplifications which
are not unuseful to exhibit. For this, letu!, v}, ...  be any prodicthe
variables w, uy, us,... ; if, after having substituted fou its value
s —up —ug — -+, We multiply it bydu, , it is easy to assure ourselves the
integral

-/

/dul(s—ul — g — ) ulud

taken fromu; =0 tou; =s—uy —--- IS

1.2.3...4.1.2.3...7 e
1.234...(i+74 + 1)(3_U2 —ug — )

7:// .

Ug =5

by multiplying this integral bydu, and by integrating it fnou, =0 to
uy = s —uz — ---, we will have similarly

1.2.3...3.1.2.3...7.1.2.3...4" i
1.2.3.4...(i + i + 1" +2) (s —ug—--)

and thus in sequence; therefore, if we suppose

15



I(u) = A+ Bu+ Cu® + -,
Iy (uy) = Ay + Biuy + C’lu% + -
Iy (ug) = As + Bous + C’gu% + e

and if we designate bifu'u{u;  any term of
F(u, Ur, U,y ... ),
the part corresponding fd(s)  will be

(1.2.3...4.1.2.3...¢.1.2.3...i". . Hg"HiH+"+ 1

x[A+ (i+1)Bs+ (i +1)(i +2)Cs* + -]

(8) } XA+ (@ + )Bis+ (I + )i +2)Crs” + -]
x [Ag 4 (i" + 1)Bys + (i + 1)(i" +2)Cos* + -]

L X

provided that, in the development of this quantity, ing@latany one power of
s, we write ;55— .

We will have next the corresponding part of the ergum of the values of
W(t, t1, ta,...), multiplied by their respective probabilities by chaggemy term,
such asH A\l#s¢ , intdd \(s — )¢ , and by substituting idio , in placé dhe,
part of the exponent  which is relativetto ; in platé,, the part relative to, ,
and thus the rest.

If, in formula (B), we supposé/ =1 arl=i=4d=¢"=---,  we will
have the sum of the values of unity, multiplied by thespective probabilities:
now it is clear that this sum, being nothing but the sfi@l the combinations in
which the equation

t+t1+t2+"'=8

has place, multiplied by their probabilities, expressesequently the possibility
of this equation itself. If, in the preceding hypothesis, suppose moreover that
the law of possibility is the same for the first righlest, ¢, ..., t,_; , and that

for the lasth — r it is again the same, but other thamHe first, we will have
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A=Ay = =A,

B=B==B,
Ar — Ar+1 _ = Anfla

Br — Br+1 _ = anla

and formula (B) will be changed into this

{ §" 1 x (A+ Bs+2Cs* +--)""

(C) 2 r
x (A, + B,s+2C.s" +---)";

this formula will serve to determine the probabilinat the sum of the errors of
any number of observations of which the law of fgcils known will be
contained in the given limits, this which can be usefuhany circumstances, and
particularly when the question is to predict the resultaoy number of
observations. As this problem is besides the mogtlsito which we can apply
the preceding method, it is quite proper to clarify it, anahis view, we are
going to consider the following examples.

IX.

We suppose:. — 1 observations of which the errors aretaldatend from
— h to + g and that, by naming the error of the first fatsility is expressed
by a + bz + c2?; we suppose next that this facility is the samettie errors:;,
29, ..., Zn_o Of the other observations, and we seek the prolyathilit the sum
of the errors of these observations will be comcibetween the limitp and
p+e.

If we make

Z:t—h, letl—h, ceey angztn,g—h,

it is clear thatt, t,, t5, ... will be positive and may be extenfteth zero to
h + g; moreover, we will have

sz stz =t4t ity b, o — (n—1)h.

Therefore, the greatest value of the sumz; +---+ 2,1 being, by
assumption, equal tp+ e , and the least being equal to , ¢lagegt value of
t+ti+to+--+t, o will be (n—1)h+p+e, and the least wil be

17



(n — 1)h + p; by making thus
(n—l)h—i—p—i—e:s and t+ti+to+--+tpo0=8—1,-1,

t,—1 will always be positive and may be extended from zere. This put, if we
apply to this case the formulas of the two precedinglestiwe will have

q=0, ¢ =f+gy;

besides, the law of facility of errar  beingt bz + c2?, we witinclude from
it the law of facility oft , by changing to— h ; let

a =a—bh+ch® b =0b-2h,
we will have
a +b't+ ct?

for this facility: this will be therefore the funoti ¢(¢); but, since, from
t=h+gtot= o0, the facility of the values af is null by hyposige we will
have

¢'(t) + ¢(t) =0,
that which gives
¢'(t) = —(a' + bt +ct?);
therefore, if we make

a" =a +b(h+g)=clh+g)?,
b =b" +2c(h +g),

the quantity that we have namddu ) in article VII wél lere
a +bu+cu® = 1" +b'u+ cu?),
and we will have
H1(U1), HQ(UQ), T anQ(uan),

by changing, in this quantity, successively o us, ..., u, 5.
As for the variable,, | , we will observe that the pbisi of the equation

2+ 4+ o+ 22 =4

18



being, whatever bg , equal to the product of the possbibfz ,z ,... ,z, o
the possibility of the equation

t-l‘tl +t2+"'+tn,2=8—tn,1

will be equal to the product of the possibilitiestof,, ..., ¢, » ; bus same
possibility is evidently equal to the product of the polgsés of ¢, ¢1, ..., ¢, 1.
The law of possibility ot,,_; is therefore constant @ughal to unity, and, since
this variable must extend only frolm =0 #p, =¢ , we will bav

h1=0, q 1=¢ Iualtn1)=1, ¢, 1(tn1)+ dp1(tu—1) =0,
hence
#171(%—1) = -1,
whence it is easy to conclude
1 (up—1) =1 =105
formula (C) of the preceding article will be changed egoently into this
s" a4+ b's + 2cs® — 1"9(a" + "5+ 2¢sH)]" (1 - 19).
Let

a® + oWt Mgt ...
O NG JC P
a® + 0@ 4 cBg ...

(@' +b's+ 2cs?)" !
(@ +b's+2cs*)"2(a” +1"s + 2cs?)
(@ +0's+2cs?)"(a" + Vs + 2¢cs°)?

and this last formula will take the following form
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a1 4 pMgn 4 cDgntl 4 ...
_le(a(l)snfl + b(l)sn + C(1)8n+1 + .. )

_(n o 1)lh+g(a(2)8nfl + b(2)8n + 0(2)8n+1 4+ .. )
+ (n . 1)lh+g+e(a(2) Snfl + b(2) s" + 6(2) Sn+1 4. )

—1)(n—2
(n 1)(27’L )12h+2g(a(3) Snfl 4. )
- (n — 1)(” - 2) 12h+2g+e(a(3)8n71 4+ .. )

1.2

)

we will conclude the sought probability by changing iany term such asi* s¢
A(s—p)°

into $55 ., Which gives, for this probability, the follomg expression
( (1) )
aWV[s" 1 — (s —e)" ]+ %[8" —(s—e)"]
e n+1 n+1
+m[8 —(8—6) ]+
' —n=1{a®[(s—h—g" " —(s—h—g—e)"]

$ b2 s

- (n = 11)(2” —2) {a®[(s — 2k — 2g)""!
—(s=2h—2g9—¢)" '] +-}
[ - )

by observing to reject the terms multiplied (bBy- )¢, inalhi is greater than
s. We can, by means of this formula, resolve a prolleah | have proposed to
myself elsewhere, on the inclination of the orlitshe comets; by assuming all
the inclinations to the ecliptic equally possible, theestion is to determine the
probability that the mean inclination of the orba$ n» — 1 comets will be

contained within the limit¥ an@l  or, what comeshe same, that the sum of
their inclinations will be contained within the li®i(n — 1)0 and(n — 1)’ . By

namingt, t, ..., t,_» these inclinations, as they can be extended fero to
90°, we will have
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f=0 and 9:90°org,

7w expressing the ratio of the semi-circumference tor#loius; moreover, their
possibility in this interval being constant, the fuonta’ + b't + ct? is reduced to
the constant’ , whence it is easy to conclude

Moreover, the value of

T

0=7p1) =p@ — ...

N RS RNC) R

being necessarily containedhen limits 0 andZ

[d'dt = 1, the integral being taken for the entire extent ebéhlimits, whence

we deduced =

probability

(

2n71
1.2.3...(n — )71 <

\

whence we must observe that (n — 1)¢

A T

If we makez =t —h, zy =t — h, ..

2

(n—1)(n—2)

1.2

=, the preceding formula will give thus for the deed

e (- ) e D)

(s—m)" ! = (s —e—m)""]

(n—1)(n—2)(n—3)

1.2.3

X.

(-5

n—1 3 n—1
— | S—€— 27T

and (n —1)(0' — 0).

representing always the errors af—1 observations, we
suppose that the law of facility, as much of the pasigkrorz as of the negative

error —z, leth — z , and let, andnh
moreover, that this law be the same for the ertgrss,..., z,_» of the other
observations, and let us seek the probability thatstim of the errors will be
contained within the limitp and+ e

be the limits of thisoermwe suppose,

be positive and may be extended from zer@/to
t=0tot = h, wil be expressed by ; this same law, fromh t to2h, wil
be2h — ¢ ; it will be null fromt = 2h ta = co. We will have thus ihis case
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q=0, ¢ =h, ¢"=2h,
o(t) =t,
¢'(t) + ¢(t) = 2h — t,
¢"(t) + ¢'(t) + o(t) = 0,

whence we deduce

@' (t) = 2h — 2t,
¢"(t) =t — 2h.
The function that we have designated Ibjt) in article will be therefore

u(1 — I")?, and we will have the functions
H1 (ul), ceey Hn,g(un,g),

by changing in itu successively tq, us, ..., u, 5.
Presently, we have

z2+z21 4+ + Zn,Q=t+t1+"'+tn,2—(n—1)h;

therefore the sum of the errorszy, ... must, by hypothbsisontained within
the limits p andp + e , the sum of the valuestot,, 5 ... will benteined
within the limits(n — 1) + p+ e andn — 1)h + p, so that, if we make

(n—l)h—i—p—i—e:s and t+ti+to+--+tho0=8—1,-1,

t,—1 may be extended from zero to , and we will prove,nathe preceding
example, that its facility must be supposed constant @qual €0 unity within this
interval, and that it must be supposed null frgm = e  t,tq = c© ;nwbe
we will conclude, as in that same example,

Hn,l(un,l) =1-1"
Formula (C) of article VIII will become thus
827172(1 _ lh)2n72(1 _ le)’

and we will have the sought probability by changing ie &xpansion of this
)27172

quantity any term such ag"s*?  intg ?gffz%ﬂ) , that which givestfer
expression of this probability
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(

827172 o (S e 2n—2
1 —(2n — 2) [(3 — h)Qn*Q —(s—h-— 6)27172]

\ J

by taking care to reject the terms multiplied G@y— )%"2
negative.

| must observe here that M. de la Grange has alreadyveel the problem
where we proposed to ourselves to find the probabiliy ttie sum of the errors
of many observations will be contained within somegilimits, when the law of
facility of these errors is expressed by a ratiomal antire function of these
errors, of exponentials, of sines and of cosiseg ( luve V of the Mémoires
de Turin p. 221); his method is very ingenious and worthy of lliisstrious
author; but the preceding has, if | do not delude myselfativantage to be more
direct and more general, in that it reduces the solufothe problem to the
qguadrature of curves, whatever be the law of facilitytled errors of the
observations.

when 1 IS

XI.

We see now the usage that we can make of the precedogytim the
solution of the problems relative to a numher 1 of plagg whom we know
only the possibility of the skills. Let

t, ty, ..., t,_o be the absolute skills of the players;
h, hi, ho, ... the least values of ¢1, ... ;

h', b, hi, ... the greatest values;
if we make

R+ hi+ hh+- =s
and

ttti+-+tyo=5—"1y1,

the variable,,_; can extend from zero to
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W —h+ ) —hy+

the law of its possibility must be supposed constant guo@ldo unity in this
interval, and null upwards t§,_; = oo ; moreover, it is cleat tihe respective
skills of the players will be
t t to
S_tnfl’ S_tnfl’ S_tnfl’

We will seek therefore, by the known methods of thalyais of chances, the
solution of the proposed problem, by starting from tlespective skills, and we
will arrive at a result which will be a function of
t t
h/+h/1+"‘_tn71’ h’+h/1+"‘—tnf1’

By substituting, in place of , its value, this functioiti be the one that we have
designated by)(t, t1, to,...) in the problem of article VII; the questidl be
no more afterwards but to seek by the method of thislgmothe sum of all the
values of which this function is susceptible, multipligdtheir probabilities, and
this sum will be the demanded result: there remains oi@,nas we see, in this
kind of problems, but the inevitable difficulties of taealysis, difficulties which
become much less if we suppose that the law of possibflithe skills is the
same for all the players.

XIlI.

This law can be known only by a long sequence of obtens, and most
often circumstances do not permit making them; we cakemgp for this
ignorance only by the choice of the most likely fumes : the analysis of
chances, which is in itself only the art to estentiie likelihoods, must therefore
guide us in this choice: we examine that which it ecani$h us to shed light on
this object.

We observe first that, if it is difficult to know bybservation the law of
facility of the skills of the players, it is much easto know the limits of them;
for we suppose that we have observed the greatest ingaouahese skills, and
that we have found that the ratio of the skills of g#tengest player to the
weakest isn , by naming  the least skill of the plagerds’ the greatest, we
will have
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h

now, if we namel the mean skill and the excesk’' ofver this skill, we will
have

l+z=h, 1—xz="nh

therefore
1+
= m.
1—=x
whence we deduce
m— 1
€r=———"
m-+1’
hence
2 2
h=—"_ and 0 =-"2"_,
m+ 1 m+1

Now, the law of possibility of the skills being nullymand the limitsh andv’
it is very likely that it increases from these lisniio the middle of the interval
which separates them and that it is the same onsidelof this middle. Here is
therefore a condition to which we must subject the tlancof which we will
make a choice; but this remains yet very indetermiraatd, since, among those
which are able to satisfy the preceding condition, weehno reason to prefer
one of them, it is necessary to take a mean funetinong all these functions:
the question is thus reduced to determine this mean fanctio

For this, let2a be the interval contained betweentte limits andx the
distance from the middle of this interval to any pdaken on either side of this
middle; if we raise at this point an ordinate , whiepresents the probability of
x, we will have a curve contained between the twotdirand, the value of
must necessarily fall in this interval, the arealod curve will be equal to unity,
so that, from the middle to one of the limits, thisaawiill be% ; we can therefore
imagine this quantity, divided into an infinite numberegtial parts distributed
above the different points of the interval ; by tleadition of the problem, this
repartition must be such that it has as much lessesetparts above each point
as it is extended further from the mean; all the caoatlmns in which this exists
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are equally admissible, and we will have the mean ariwhich results from it
for the abscissa: , by taking the sum of all the ordmat relative to each
combination and by dividing it by the number of thesealmoations.

We suppose first the number of the points of the interfiaite and equal to
n, and we name the infinite number of parts whick mecessary to distribute
above these points, by observing the preceding condiggrmoreoverz be the
ordinate relative to the th point;+ z;  the ordinate redato the(n — 1) st
point; z 4+ z; + 2o the ordinate relative to ther —2) nd point, and thus i
sequence, so that the ordinate relative to the firgtt @y to the point in the
middle of the intervala s+ 21 +---+ 2,1 : itis clear that zy, ---, z,_1
will be necessarily positive and that we will have

nz+n—Dz+n—2)z+ - +2,.1 =s.
Let
ns=t, (n—1)z1 =t;, (n—2)z =1y, --,-2p-1 =1y 1,
the preceding equation will become
t+ti+tyg+-+ t, g =s;

the variablest, t1,t5, ... can be extended from zerosto , andottimate
relative to the- th point will be

t t t toer

— b

n n—1 n-—2 r

It is necessary consequently to determine the sum thfeaVariations which can
accept this quantity and to divide it by the number o$e¢heariations: now it is
clear that this problem returns to the one of arNdle that the quantity which
we have nameg (¢, ¢, to,...) Iis here

tl tnfr

t
n n-—1 r

that the quantitieg ang are hére and , and thatthef facility of the
variations oft must be supposed equal to a congtant arsdnie as far, ¢,
.... We will have therefore, in the present case,
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k k kn—r U U Uyp—y
F(u,ul,ug,---)=5+n_11+---+ - +5+n_11+---+ -

H(u) = Hl(ul) = HQ(UQ) = ... = b(l — ls);

but, as it is necessary to distinguish the lintits  andvhich belong to the
variablest, t{, ... ,t,_., in order to assign tQ k,...,k,_,  the values which
suit them, we will represent hy, s, ¢”, s”, ¢, s, ...  these limits. This, put
formula (B) of article VIII will give forY(s)

k k k knfr
i S e S ST
1.2.3... (n—1) 1.2.3...n

X b1 — 1) (¢ = 1)1 = 1)

It is necessary next, in the development of this qtyartb substitute fok the
part of the exponent df which dependscdbn  and’on 4 fothe part of that
exponent which depends efi  afd , etc.; to diminish dethire exponent
of [, and to reject that term every time that thiganent, thus diminished, will be

negative; finally to suppose
O=c=d="=--., s=§d=5"=-.. and t=1.

Y

The preceding quantity reduces thus to this very simpleularm

S I T ———_)
1.23...n\n n—-1 n-—2 r)’

by dividing this quantity by the number of all the conalions, which cannot be a
function ofn , we will have, for the mean ordinateresponding to the th point,

1 1 1
N(——l— +---+—>,
n n-—1 r

N being a function of, .

We suppose now that the numbers =and become infingether th point
corresponds to the abscissa andsthe th point to Seesal: , we will have,
as we know,

1 1

1 n a
_+—+...+—:|Ogn—|og7°: |Og—= |Og—;
n n-—1 r r €
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therefore the mean ordinage  which corresponds taltkeissar isvVlog ¢ ; we
will determineN , by observing that we must hg\&dx log ¢ = 1 thegral
being taken fromxr = 0 ta = a , that which gives

1

N = —,
2a

hence
_i|0 a
y_2a gx'

It is necessary to observe that this equation mustipposed the same, being
positive or negative, which comes back to supposing Herelogarithms of
positive quantities equal to the logarithms of negative tijiem) that is to say,

log = log(—p).
XII.

Such is the equation of which it is necessary to makewl®en we have,
relative to the possibility of the values .of , noatlgivens, except that it is as
much less as those values are greater: now it isMah takes place in a great
number of circumstances. We suppose, for example, tbafubstion concerns
the true instant of a phenomenon observed by manywa@isgeach of them can
easily fix the greatest error of which his obsensis susceptible, either us
or to minus, by taking for this limit the half of the great interval that it can
suppose among two similar observations, without regdtiem as wrong; this
interval is that which we have namd ; it depends erskiil of the observer,
of the goodness of his instruments and on the predisiavhich the observation
of which there is question is susceptible, and it musidsemed likewise for all
the observers, if we have no reason to prefer, urderpbint of view, one
observation to another. Now, it is natural to thihkttthe same errors, to the
plus and to the minus, are equally probable and thatftedity is as much less
as they are greater; if we have nothing other givaatively to their facility, we
revert evidently to the case of the preceding probleis;riecessary therefore to
suppose then the possibility, so many of the positiver er, as of the negative
error —z, equal toﬁlogg ; and it is this law of possibilityrin which it is
necessary to start, in the research of the meanmbdanust choose among the
results of many observations.
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When there is question of the skills of the players, hage (art. XII)
2a = h' — h; the skillt of any player is equal o+ = : the possibitifyt, from
t =htot = h', will be therefore represented by

1 o h' —h
w—n92 o
provided that we make the logarithms of the negative diengqual to the

logarithms of the positive quantities. By applying in tbése the formulas of
article VII, we will have

q=nh, ¢ =n,
1 W —h
— |
o) = = 095
1 K —h
/ — / — I .
P'(t)+o(t)=0 or ¢(t) 10955

we must suppose moreover this law of possibility theesimthe skills of all the

players: we have thus all the givens necessary tsdhgion of the problems

which we are able to propose relatively to any nunddeplayers; and, by

applying to these givens the analysis of article VIg will arrive at the sole

result which agrees with the state of ignorance irclwvlve suppose ourselves
relatively to the facility of the skills of the playge

XIV.

The preceding theory supposes that we have no reasamilbate to one of
the players more skill than to the others, which rigetwhen the game
commences; but, in measure as the games succeed eaclarathas the events
of the game are multiplied, we obtain new light on thespective forces, so that
they will be exactly known if the number of games waite, as we will
demonstrate in the following: the skills of the playarsl, more generally, the
different causes of the events are thus linked to #astence by some laws
which are very important to know well, and, under thigpof view, we can not
doubt that the past events have an influence on thalpfiopof future events.
We examine this influence and the manner in whicimuset take account of it.

For this, we namé’ the event already past; the figueat on which we
propose to calculate the probabily £+ e  an event congpo$e¢he evenit
happening first and the eveat happening next. Suppose wentheteoy the
preceding theory and without regard to the past eventprift@bility of the
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eventE and that of the eveht+ e ;let us ndme thedirdtese probabilities
and v the second, it is clear that this last probgbilitwill be equal to the
probability of the event , multiplied by the sought proliigbP, as, £ having
already taken place, the event will succeed it; wehaile thus?V = v , which
gives
(%
P = v

The preceding method is applied therefore equally in the wéere we have
regard to the past events, and there remains for tlmynaomore compound
calculation.

When the possibility of the events is knowrpriori and leydhme nature
of the causes which produce them, as the possibiliyibg a given face from a
die of which the material is homogeneous and of wHighfaces are perfectly
equal, the probability of the eveBt+ e is determineddigutating separately
the probabilities o and af , and by multiplying thera tine by the other, so
that the value of is equal to the probabilityeof follows thence that the past
events have then no influence on the probabilityubfire events; we can be
assured moreover, by observing that, whatever be \hets already arrived,
their absolute probability remains always the sarhés which renders the
consideration of the past entirely useless when tlssilpity is exactly known;
but it is not thus when it is not; because it is clédwt the past events must
render more or less probable the different values whiglmay assume to them,
in the same proportion to which they themselves areerar less favorable. This
remark leads us naturally to determine the probabilitthefcauses taken of the
events.

XV.

We suppose a given event can be produced only by.the cdusEs
., A=D. letz be the probability that results from them foe existence ot ;
2’ that for the existence of z; that for the exiseen€A”, etc. If we name,
a',a”,... the probabilities that the causes A’, A", ... , being supposed to
exist, will produce the event in question, it is clelattthe probability of a
second event similar to the first will be equal to fm®duct ofa by the
probability zz of the cause of , plus to the product/of tHeyprobabilityz’ of
the cause ofl’ , plus etc.; whence it follows that wiehaive
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N
ar +ad'z' +ad'2" + -

for this probability; we will find, in the same mamne

n2
adr+ad 2 +d2 + -

for the probability of two consecutive events simitathe first;

3
adr+ad 32 +ad"2" + -

for the probability of three consecutive similar egerand thus in sequence. We
will have, by the preceding article, these same praétoedi by seekinga priori
the probabilities of two, of three, of four, etc. seautive events, and by dividing
them by the probability of the first; now the proligbdf one event iss oa’ , or
a”, etc. according to which the cauge or the calise etcoexists; that which
gives

1
—(a+d +ad"+ )
n

for this probability. Similarly, the probabilities o&o, of three, etc. similar events
are

"2

1 1
—@+d*+d”+), —(@+d°+ad”
n n

therefore the probabilities that a first event hg\afready taken place, there will
be following one or two, etc. similar events, are

"2 "3

a?4a*+ad” - d4ad®+ad”?
at+a +a"+-- " at+ad+a +--

By equating these probabilities to the preceding, wehaile

o a2+ad’+d”?+--
ar +axr +axr + = ; .
a+a +a’+ -
3 3
2 vo w2 a’+a” +a"” + -
ar+a " +a " H+---= ; .
a+a +a’+---

we will formn — 1 similar equations, and, by combining theith the equation

r+a +2"+-- =1,
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which results from the assumption that the event eaprbduced only by the

causesd, A, A”,... , we will have in all equations of the firgjrde, which
will serve to determiner, 2/, 2", ... ; now it is clear that wel watisfy it by
making
[0
Catad+a 4
/ a’/

at+a +a"+--

whence it follows that, in order to have the prolighdf the existence of any
cause A" resulting from a given event, it is necessarydtermine the
probabilitya”) that this cause having taken place will predilat event, and to
divide that probability by the sum of the similar proliéds a,a’,a”, ... relative
to all the causes which can produce it.

XVI.

In order to apply this theory and in order to make séysa quite simple
example the influence of past events on the probabiititose which follow, we
consider two players A and B of whom the skills are umkmat is infinitely less
likely that they will be perfectly equal. Let therefog® be the greatest ang®
the least; if we seek the probabil®/ that A willhvthe first two games, we will
have, by article 11,

So that there is advantage to wager 1 against 3 thatithiake place; but, if we
seek the probability that B having already won thé gesme, A will win the two
following, it is clear that the preceding value/of istguonsiderable, because
there is reason to believe that the skill of B is treatest. In reality, if we
consider each skill as a particular cause of the etlentprobability that the skill
of B is HTQ will be, by the preceding article, equal to grm@bability that B
having this skill will win the first game, divided by tlseim of the probabilities
that he will win it by having successively the skilis* and 152 ; whence we
deducel$® for this probability.
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In order to determine, in this case, the valug’of wieobserve that the
event that we have naméd in article X1V is heregaim of the first game by
B, and that the event is the gain of the two follmyvigames by A; the
probability V' of the evenf is therefofé® &2 , accogdas the greatest
or the least skill belongs to B, which gives, by takihg mean of the sum of
these two values/ = L ; similarly, the probability o téventE + e is equal

2
to 1*T‘*(HT“)Q or'[oH—a(l*T‘*)2 , hence

_1—a2

v=—g

therefore

v 1—a?
P=y="4"
there is therefore disadvantage to wager against Athail win the two
games following, so that the inequality of the skillsclhin the first case, favor
that one who wagers consistently with the ordinaric@as of probabilities, to
him is unfavorable in this one here.

We will find in the same manner that, B having alreaay the first game,

the probabilityP that A will win thes following is

1—a"
2n+1

P = [(1+a)" '+ (1—a)" ]

If avis considerably small, we will have very nearly

P:i{ua?[(”_l)(”_z) —1”;

2n 1.2

now, every time that. will surpass , this quantity w# greater than the
probability - that the assumption of equal skills givesemde there results that,
in this case, although it be probable that A is thekest player, however the
probability that he will win the: following games isegter than if we would
assume A and B of equal forces.

XVII.

When we have nothing givea priori  on the possibility of aang it is
necessary to assume all the possibilities, from reranity, equally probable;
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thus, observation can alone instruct us on the rdtibeobirths of boys and of
girls, we must, to consider the thing only in itselfl axcepting of the events, to
assume the law of possibility of the births of a boyf a girl constant from zero
to unity, and to start from this hypothesis into tHeeent problems that we can
propose on this object.

We suppose, for example, that we have observed thagfout ¢ infants,
there is borrp boys angd girls, and that we seek theapildy P that, out of
m + n infants who must be born, there will be  boys andrls;gf we namer
the probability that an infant who must be born Wl a boy, and — =z that it
will be a girl, by designating

1.23...(p+q)
1.2.3...p.1.2.3...q

by A, we will have
Axf(1 —z)!

for the probability that, out gf + ¢ infants, there viié p boys andg girls; this
event is the one which we have namgd in article . X8imilarly, if we
designate by the product

1.2.3...(m+n)
1.2.3...m.1.2.3...n"

we will have
,y)\xpﬂn(l _ x)q+n

for the probability that, out g# + ¢  infants who will bern first, there will be
boys and; girls, and that, outf+ n  infants who willdmen next, there will
be m boys andh girls; this event is the one that we mamedE + ¢ in the
article cited. Now;z being susceptible to all the valvesiz = 0 toz =1, and
all these values being priori  equally probable, it is necgssaprder to have
the true probability ofY , to multiplxz?(1 — x)? bydx a being comst, and
to take the integral [az?(1 — z)%dx (from=0 to=1) ;the valuecof will
be determined by observing that, owing necessariigltbetweer) and , we

have
/adle,
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the integral being taken from=0 to=1 , which gives-1 . Wg kave
similarly

)\’y/x“m(l —x)""dx

for the entire probability of the evelt + ¢ ; thereftine sought probability?
that, out ofm + n infants who must be born, there willbeboys andr girls,
will be, by article XIV,

YA [Pt (1 — z)1d
P =
[xr(1 — z)1dx

the integrals of the numerator and of the denominamglttaken fromx = 0 to
x = 1. This condition gives
1.2.3...¢q

/”Cp“‘“”)qd“ G0+ (gt D)

1.2.3...
/xp+m(1 _ x)9+ndx — (q + n) ,
(p+m+1)(p+m+2)--(p+qg+m+n+1)

that which changes the expressiorPof into this here

(+1(g+2)-(g+n)(p+1)(p+2)---(p+m)
(p+m+2)(p+q+3)-(p+g+m+n+1)

(6) P =

Now we have, as we know,

1 1 1 1

that which gives very nearly, when is large,
1.2.3...u = \/2ru" 2e ",

7 being the ratio of the semi-circumference to theusdinde the number of
which the hyperbolic logarithm is unity; thereforewié suppose ang very
large numbers, we will have
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123...(g4+n) (g+n)rttz

1 2)... — —
(@ Dla+2)-(gtn) =755 gt
(p+m)rtms
P+DP+2)-(p+m)= e i
B (p+q+m+n)p+q+m+n+% o
(p+q+1)-(p+qg+m+n)= (p+ q)PHith c

By substituting these values into the expressio® of d,lgnobserving that we
have very nearly
ptqg+1 _ p+q
ptrqg+m+n+1l ptg+m+n’

it will become

(g +n)™™3 (p + )70 (p + m)Pts
pp+%qq+%(p +q+m+ n)p+q+m+n+%

(@) P =y

If xands are very small numbers with respecpto ang tee have

log(p + p)"™* = (p+s) ['ng * Iog(l * %)]

=(p+s) (% + |09p> = p+ (p+ s)logp;

therefore
(p+ Iu)p+s — pp+sep;
hence, itm andw are very small relativelysto  gnd e,have

(q + n)q+n+% — enqq+n+%
(p+ m)p+m+% — empp+m+%

(p+ q +m+ n)p+q+m+n+% — em+n(p+ q)p+q+%
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whence we deduce

N

q

p
p=y——%
(p+q)mtn

XVIII.

This value ofP is the same as that to which we couldeaby supposing the
possibilities of the births of the boys and girlstie ratio ofp tog ; whence it is
natural to conclude that these possibilities are vegriyn in the same ratio, and
that thus the true possibility of the birth of a beyery nearp%q ; the fact is that,

absolutely speaking, it cannot have a value quite diffebertthe expressioﬁ

and those which are quite adjacent to it are incompanabie probable that the
others, and we can announce thus the preceding conclusion:

If we designate by a very small quantity andiby théabdity that the
possibility of the birth of a boy is contained withihe limits ﬁ — 60 and

ﬁ + 6, the value ofP will differ as much the less from itede or from unity

asp andg will be greater numbers, and we can so ircpeasdg that the
difference fromP to unity is less than any given qugnéis small a8 is besides.

We see thence how the events, in their multiplyindicatte to us in a manner
more and more probable their respective possibility, last the preceding
theorem is true only in the infinite and as the valfig® differs always a little
from unity whenp and; are finite numbers, it is instreg to know this
difference, and for this we are going to give the exmasef P by a very
convergent series that we will see reduces itself ity,uwhenp andq are
infinite, and which will furnish us, in this manner, direct and rigorous
demonstration of the theorem in question.

Let = be the possibility of the birth of a boy ahd- x attf the birth of a
girl; the probability that, out g + ¢ infants, there voé p boys and girls, will

be, as one has seen in the preceding article, equatfd — z)? now,;if we
regardx as a particular case of this ev ;q:gzgi will gegricle XV, the
probability of this cause, provided that the integrathef denominator is taken

fromz = 0 tox = 1; therefore the probability , that will bentained in the
given limits, will be% , provided that the integral oktimumerator is

taken only in the extent of these limits; the quesisathus reduced to determine,
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in this last case, the value ¢t?(1 —x)%dz , when and are geeat
numbers.
Lety = xP(1 — x)?, we will have

dp = —— "/
Y p—(p+q)x

and if we make) = é, qg =", a being an extremely small fractiomesp and
are quite considerable, we will have

ydr = azdy,

z being equal tq% ; thence we will deduce, whatever be

dz  d(zdz) 3d[zd<zdz>]+...}

N\) /ydx—C’—i-ayz{l—ad——l- 1z e

C being an arbitrary constant which depends on the ljig dz, at the origin
of the integral. This series, which is of great usethmese researches, is
demonstrated easily by observing:

1° That
/ydx = /azdy: ayz—a/ydz;

2° That the equation
dy

@7
and that thus

/ydx—a/&dy—ay&—a/yd(Zdz);
dx
3° That

Aed) | [ AGA) , d(eds) | dlad(ede)
/y a/z d a/y .

dx dx y=ay dx? dx3

ydr = azdy dgives y= az

and thus in sequence.
The preceding series ceases to be convergent whennbmidator ofz is
very small on the order @f , and it is this which ké&ce when:  differs from
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ﬁ only by a quantity of this order; it is necessaryéf@e to employ this series

only in the case where this difference is very grett respect tax . But this is
not yet sufficient: each differentiation augmenting b ainit the powers of the
denominators ot and of its differentials, it is cléhat the term of the series
multiplied by o has for denominator that ef , raised he power2i —1 ;
therefore, for the convergence of this series, fiteisessary that  be much less,
not only than the denominator of , but even tharsth&re of this denominator.
It follows thence that the series () will give, byapid approximation, the

integral [ydz taken fromr =0 tor = ﬁ — 60 , provided that be much

smaller tharf? ; and if we observe that we have 0 zard) henw =0, we
will find, for the value of[y dx , in this case,

1+p a+l
/ T e Ch L (r+150) olut (e
/ (1+ p)rretse (1+ p)*0?

This series has the advantage of giving the limits éetbwwhich the value of
[y dx is tightened; in fact, this value is less than tte ferm and greater than
the sum of the first two terms. In order to demonsirate will give toz this
form

- f T p
Qe Top U+ pPl-(1+pa

and we will have

dx pdx

S S S [ G PER

We see in the same way add increasing in measureirageases from

z =0tox = 1 the quantities, 2 an dzjf) are therefore always pesitiv
d(zdz)

14+p?
in this interval, in the same way that the integifajsdz and [y —. » how we
have, by that which precedes,

/ydx:ayz—a/ydx.

Hence [y dz is less thamyz ; similarly
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B dz d(zdz)
/ydx—ayzdx—a/y dr

and, consequentlyly dz is less thagz%  ; therefbyelz sstlemnay >
and greater thamyz(1—«42) . This remark can be useful when, wiitho
seeking the exact value ¢f) dz , we wish to be assuredsifyreater or lesser
than a given quantity.

The series X ) wil give again the integrfy dz , fram= ﬁ +0 to

x =1, and if we consider that, beidg , we hgve 0 ard0 , Waee
easily that the value ofy dx , in this last case, éssame value ofy dz in the
first case, less taken of it, and in which one chafiges — ¢ ; therefore, if we

namek the entire integrdly dx , taken fram=0 ate=1 , we hale, to

the gquantities near the ordet , for this same intetalén fromz = ﬁ —0

to x = ﬁ +46, or, what comes to the same, from= ﬁ -0 to
— p

r= o+ 0.,

1 afput(1441)26?
gt {1 — b |

S (R T
q+1
[1— (14 p)oprt (1 - H—“e)
X " 1
ot (7
1+ (14 )t (1 - HT%)

that which gives

1 alpt(1441)26?
gt {1 — b )

(1 + u)p+q+39k

P=1-

q+1
[1— (14 p)oprt (1 - HT%)
ot (7
1+ (14 )t (1 - HT%)

There is no longer a concern now but to have the \@lde now we have, by
the preceding article,
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_1.23..p.1.23...q

k=
123...(p+q+1)

and, whatever be |

S 1
1.2.3...u = 27Tuu+%e*u (1 4+ — 4+ >’

12u

whence it is easy to conclude, by making i and -,

_ V2maptts {1+a[(1+u)2—13u]+_”}.

(1 pyrrets 12p(1 + p)

We will have therefore, by neglecting the quantitiesralera: |
atp 12+ (U ) (Lt )]
: 12(1 4 11)%60?

q+1
[1— (14 p)opr (1 - HT%)

o+l (7
Fl e (1= 1)

out of which we must observe that the quantity

1+ 1
[1—(1+ o) (1 + —“9)
7]
is at its maximum whefi = 0 ; whence it follows that treatest value of the
factor

q+1
[1— (14 p)oprt (1 - HT%)

q+1
Fl e (1= 1)

is very nearly o2 , and that it is much lesg if béhe least greater than zero.
In the present question, this factor is always extlesmall; in order to show
it, we will put the quantity
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q+1
[1— (14 p)oprt (1 - H—“e)
7]
under this form

e - g (14 )

and we will observe tha} being quite small, we hdyesome convergent
series,

ogl1 — (1+ )] = —(1+ W) — 5 (1+ w6 — (140 — o

1 1 1/1 ? 1/1 ’
|Og(1+ +u9>: +u9__(ﬂ> 92+_(ﬂ> G _ ...
It It 2\ nu 3\

whence, by substituting in placep)fi, and in place &f, we deduce

o1 1Er,)
log[1 — (1 + u)6] (1+ p 9>
QA+p?e® (p-DA+p'e*

2« 32 !

hence

1 ¢ e enawte
[1 — (1 + Iu)e]p (1 + ﬂe) —e ;fl ol 3,,,2+’ -
m

62 being, as we have supposed, much greater ¢han ¢ and hyghebolic
logarithm of unity, being greater than , it is cleaattthe second member of this
equation is very small and decreases very rapidly whencreages; whence it
follows that the quantity

q+1
[1— (14 p)oprtt (1 - HT%)

is likewise very small, that which is equally true loé tquantity
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q+1
[1+ (1 + p)o)"+! (1 - H—“@) ,
7]
in which is changed the preceding by making negative.
We see in this way remaining the same, howeveil gntee besides, the
difference ofP to unity becomes so much lessras dszseaot only because
the factora which multiplies this factor decreases,dnain because the factor

q+1

[1— (14 p)oprt (1 - HT%)
q+1

1+ (14 )t (1 - HT%)

is very small and decreases with a great rapidity; argddlear that we can so
increasep and , and, consequently, decrease , thdiffdnience ofP to unity
is less than any given quantity, which is the theooémvhich we have spoken at
the beginning of this article.

XIX.

One of the principal advantages of the preceding thedoyfisrnish a direct
and general solution of an interesting problem, of wtiehobject is more or less
of facility of the births of boys and of girls in diffent climates. We have
observed that in Paris and in London there are bomstaotly each year more
boys than girls, and, although the difference be not wensiderable, it will be
rather extraordinary that this was due to chance, tasdmuch more natural to
think that, in France and in England, nature favors rbloeebirth of boys than
that of girls. In truth, the births observed during fouffige years in some small
villages of France seem to indicate there a lesséityfdor the birth of boys than
for that of girls; but it is very possible that, outaoémall number of births, such
as four or five hundred, there were more girls than balflsough the facility of
the birth of those is greater; it is necessary tkemsse in this delicate research of
much greater numbers, seeing especially the small diferavhich exists
between the facility of births of boys and of gidsid it is only when we will be
quite assured that the observed number of births inrathyaied place, with a
very great probability, that the births of boys a&®sIpossible there than those of
girls, that it will be permitted to seek the cause @& finenomenon. The method
of the preceding article gives a quite simple method inrotdeobtain this
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probability when we have a sufficient number of birtue are going to apply to
this what has been observed in Paris, and to detehmingorobable it is that the
births of boys in this great city are more possib&ntthose of girls.

For this, we will make use of the births which haaken place from 1745 to
1770, and of which we can see the list in Mémoires  for ther $&71, page
857. By collecting all these births, we find that, ie 8pace of these twenty-six
years, there are born in Pa®§1527 boys antlo45 girls, whish gives
very nearlyig—i for the ratio of the births of boysttmse of girls. This put, the
probability that the possibility of the birth of ayb® equal or less tha%l is, by
the preceding article, equal t—’éﬁ , the integraldx beingrtdleam z = 0
to z = §; moreover this integral, taken fram=0 #o= —— —¢  and divided

144
by k, is, by the same article, equal to
1 + L q+1
1—(1+ 9p+1(1+—9>
9[ (1+ p)o) p
o2 A ) (At it )6
1246(1 + p)36?

+a2...

By supposing thereforg—. — ¢ = 5 and, consequertly; 2(111‘2),

for the expression of the probability that is equdess thar% ,

we have,

2o

(I+wr (1 +p prl 14+ u g+l
() (5
y [1 e 4 3u )t + (- )t
12p(1 4 p) (1 = p)?

+a2...

In this present case,

p = 251527,
g = 241945,
u=2—0,0619047,
p
11
T T 251527

that which gives very near = 24 , so that the series
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[481° + 3p(1 — p)* + (1 — )]
12p(1 4 p) (1 — p)?

is very convergent, and we find, by the calculatiorat tthe second term is

aroundﬁ ; we can thus stick to the first term of it: noes have, by logarithms

from Tables,

2

l-«a +a--

2o
(I4p)m

I—p

log = 2, 4660039,

the number indicating a negative characteristic; we mext, by carrying the
precision to twelve decimals,

logp = 5,400584610947,
logq = 5, 383716651469,
log(p + q) = 5, 693262515480,
log2 = 0,301029995664,

whence we deduce

_|_

P q p+1
|og(—> = 73616, 6879714,

p
q+1
Iog(m> — 74893, 3836139,
q
log 2712 = 148550, 4760803;

hence

2o

1 pil 1 a+l 1+p)m —
Iog(%) (%) %: 2, 0615089,

By passing again from logarithms to numbers, we wilehdor the probability
thatz is equal or less th%n , a fraction of whichrtbmerator is little different
from unity and equal td, 1521, and of which the denominatohé geventh
power of one million; this fraction is even a littteo great, and, as it is of
excessive smallness, we can regard as certain astlagry moral truth, that the
difference observed in Paris between the births g§ lamd those of girls is due
to a greater possibility in the births of boys. We,sa the remainder, that the
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smallness of the preceding fraction comes principalnfthe factor

1+,u p+1 1+’u q+1
(=) ()
that which confirms what we have said in the precedantcle on the
convergence of the value 6f towards unity.

We have observed that, in the interval of the eidgli/years elapsed from
1664 to 1757, there are born, in Lond@87629 boys 958 girlshwhi
gives around% for the ratio of births of boys to tho$@irls; this ratio being
greater than the one @05 1®1  which has place in Pand the number of
births observed in London being very considerable, waldvfind for this city a
greater probability that the births of boys are mpossible than those of girls;
but, when the probabilities differ likewise little froomity, they can be counted
equal and confused with certitude.

XX.

The constancy with which the births of boys in Baave surpassed each year
over those of the girls, from 1745 to 1770, is yet one asdlphenomena that
we cannot attribute to chance. We determine its pililpdly starting from the
previous givens: for this, |&  be the mean numbeirdidof boys and of girls
in the space of one year; we suppose, moreover, thaif this number there are
m boys and, consequentlyg —m  girls: formuta ( ) of articIXwill give,
for the probability” of this event,

1.2.3...2a 1.23...(p+q+1)

123 (p+q+2a+1)1.23...p1.23...q
1.23...(¢+2a—m)1.23...(p+m)
1.2.3...(2a — m) 1.23...m

P =

we will have therefore the probability that the riof boys will not prevail over
those of girls, by taking the sum of all the valuesPofromm =0 tom =a.
Let

1.2.3...(¢+2a —m)1.2.3...(p+m)
1.2.3...(2a —m)1.2.3...m

= Um,

and we seek the finite integral v, ,from=0 1o=a , the abtaristicX
serving to designate the finite integral;, we have blear
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_ (m+1)(qg+2a—m)

therefore

(m+1)(g+2a—m)| (m+1)(qg+2a—m)
T o mprmA )] T @a—m)prmt )T

or

_ (m+1)(q+ 2a —m)
" 2a—p-m(p+q)

Ay,

the characteristidA  being that of finite differencé& suppose generally
Ym = ZmAyma

we will have, by integrating,

Z Ym = YmAm-1 — Z(ymAszlﬁ

now, if we substitute foy,, its valug,Ay,, , we have

Z(ymAszl) - Z(ZmAmelAym)
= ymszlAyme - Z[ymA(szlAszQ]-

Similarly,

> YA En-1 Az —2)]
- ymszlA(Zm72AZm—3 - Z{ymA[melA(Zm,QAszg)]},

and thus in sequence; we will have therefore

B 1= Azpyo + Azm—2A2,-3)
(’Y) Z Ym = C + ymzml{ . A[Zm,QA(Zm,?,AZm,AI)] 4.

C being an arbitrary constant. This series is, iefidifferences, that which is the
series § ) of article XVIII, in the infinitely smalbifferences: in order to

determine in which case it is convergent, we willesls that, if the dimension of
Zm—-1, N p, q, a, andm, isr , that ofAz,_» wil b&r—1 , that of
A(zp_2Azy,_3) wWill be » — 2, and thus for the rest: now the convergesfdie
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series requires that these dimensions decrease, tltdt supposes that is less
than unity. In the question presented, where

~ m(qg+2a+1—m)
2ap+q—m(p+q)’

Zm—1

the dimensions of the numerator and of the denomira®requal t2 , and
consequentlyr =0 ; the series will therefore converge, igeolv that the
denominator is not extremely small, that is tﬁ@t}; fedsf sensibly fronf > now

this takes place, when is equal or less than , bapposed greater than
- (q+2a+1—m) :
We can put the quantngém under this form

G

E+ Fm+ ,
2ap+q—m(p+q)
by making
B —q(p+q) —2aq —p
— . :
(p+9q)
1
F=—"
p+q
o - 2ap+dlalp+q) +2aq +p]
(p+ q)? ’
we will have then
G
N (r+q)

2ap + q — m(p+ q)][2ap + p + 2¢ — m(p + q)]

Now, F' andG being positives, it is clear that,, is alvpysitive as long
as Q’Zj}n is less thalg ; we see moreover that, in tles ga Az, o always
increases, so thak(z,, 1Az, 5) is again a positive quantity; fivere vy,

being equal to

Ym2Zm—1 — Z(ymAmel)a

is less thanH + y,,z,,—1, H being arbitrary. Similarly, (Ay,,zm-1) being
equal to
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ymszlA(zm*Q) - Z[ymA[(szlAszQ)]

is less thanH’ + y,,2,-1Az,_2, H' being a new arbitrary; therefore the
integral® v, is less tha@' + y,,2z,,_1 and greater than

CH+ Ymzm-1(1 — Azp_1).

If we determine, by means of formula ( ), the integral,,, fromm = 0 to
m = a, the constanC' will be null; if we assume next timare are bor20000
infants each year, which gives= 10000 , we will find, by eoynig for p andy
the values of the preceding article relative to Paris,

Za_q = 26,22,

Za_g = 26,09.
Hence,

Az, =0,13;

we will have thus

>y < 26,22y
and

Zym > 26,22y (1-0,13).
By making therefore

> Y = 26,22y,

this value of)_ y,, will surpass only by aboﬁljt the true vatuellows thence
that, if we name” the probability that out20000  infatihere will be as many
boys as of girls, the probability that the number @yswill not surpass that of
the girls will be a little smaller tha@6, 22 P.

We will determine the value d? by formuler( ) of aiXVII; for this, we
will supposemn = n = a , and we will put it under this form

W' p+a)Vraltal  ap-q r*“[l_ alp—q) 1"
(P+a)*™  /palp+q+2a): q(p + q + 2a) q(p + q + 2a)
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We will observe next that

_1.23...2a
7T 123 2
whence we deduce, by article XVII,
22a
7_ \/%7
we have besides
a(p — q) r” [ a(p — q) 1 a®(p—q)? }
log|1+ ——F— | — .-
g[ q(p+q+2a) (@+a) q(p+q+2a) 2¢*(p+q+2a)
_ pta _ _ 2 _ 2
|Og[1_ a(p —q) } :(p-i—a)[ a(p —q) _12a(p q) : ]
q(p+q+2a) q(p+q+2a) 2¢*(p+q+2a)

a being considerably small with respectjio and diftgfitile from ¢, these
series are very convergent, and we can keep to thdwiesterms of them; by
adding therefore these logarithms, we will have

. qt+a . pta
|Og[1 L _alp—4q) } [1 __alp—q) }
q(p+ q + 2a) q(p+ q + 2a)
:aQ(p—q)Q[ 1 _1p2q+q2p+a(p2+q2)]
pa(p+q+2a) 2 pPPp+q+2a)? |
We can assume very neamyp’ + ¢*) = 2apq, which reduces the second
member of the preceding equation ;éM ; this logarithmypsetbolic
P 9 €] Pe(p+q+2a) ' 9 mype '

and, in order to convert by logarithm of the Tabless necessary, as we know,
to multiply by0, 43429448. By applying numbers to these formulas,wikfind
that the tabular logarithm of

a(p — q) r” [1 _alp—q T
q(p+q+ 2a) q(p+q+ 2a)

is 0,0638041; we have then, by carrying the precision to ternaks,
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log2 = 0, 3010299957,
logp = 5, 4005846109,
logq = 5,3837166515,
log(p + ¢) = 5, 6932625156,

which gives

log-2L_ — 3 3622260:

CON

maoreover,

logy/am = 2,2485750,
(p+q)%\/(p+a)(era)
VPa(p+ g+ 2a)?

log =1,991391 :

we will have therefore
log P = 4,1688342,

whence we deduce

1
26,22P = 0,0038678 = 559"
The probability that, in one year, the births of $ayill not be by a greater
number in Paris than those of girls, is therefore ibanﬁ ; how, by supposing
it equal to this fraction, we have, very nearly, thenber of years in which we
can wager one against one that it will not happen, Uitiptying its denominator
259 by the hyperbolic logarithm ¢f , that is by6931472 |, whigives for the
product179 : we can therefore wager with advantage one agaiaghat it will
not happen in the interval of one hundred seventy-reaesy
Relatively to London,

p = 737629

and
q = 698958,

which gives
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Zae1 = 18,3000
and
Az, =0,0694;

so that, if we suppose the probability that the biathisoys will not exceed those
of girls equal tol8,3P , this probability will surpass onlyoab one fifteenth the
truth. We find next

ap—q) 1" ap—q) "
gt —®=0 1" _alb=a) 17
q(p+ q + 2a) q(p+q+2a)
3
og? T V@t aata) g g0 000

J/Pa(p+ g+ 2a):
We have moreover, by carrying the precision to teinuss,

logp = 5, 8678379827,
logg = 5, 8444510800,
log(p + ¢) = 6, 1573319321,

whence we deduce

2 2
log—2L_ — 1, 8518990:
(2™
2

we will have therefore
log P = 6, 6435674,

hence

1
18,3P = 0,000080541 = 56"

The probability that the births of boys in Londonll wot exceed those of girls,
in one determined year, is therefore a little less thi— , so that we can wager
with advantage 1 against 1 that this will not happen @ itiberval of eight
thousand six hundred five years; this phenomenon is, easeg, much less
probable in London than in Paris, which comes fromtthat, in the first of these
cities, the ratio of the births of boys to thoseiols is more considerable.
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XXI.

The preceding theory supposes that we know the numbened that each
simple event has happened; but, although this assumptiendsxto a great
number of interesting problems, however it is stillyoa particular case of this
part of the analysis of chances, which consiste@secending from events to the
causes. We are going to exhibit, in the following &sica general method to
determine the possibilities of simple events, whatéesthe composite event of
which we have observed existence.

We will consider first two players A and B, playing dretconditions as in
article Ill, that is that, A having: tokens at thegipming of each game, B has
n —m of them; that at each trial the one who loses g&e®ken to his
adversary, and that the game must end only when oreiof will have won all
the tokens of the other. We suppose next that they played in this manner a
very great number of games, of whigh had been won agdy by B, and that
we wish to determine their respective skills, or, wéna@bunts to the same, their
probabilities of winning a single trial. It is cledrat the number of trials won or
lost by each player is unknown, since each game caarbposed of a greater or
lesser number of trials: we do not know therefore hieeenumber of times that
each simple event has happened; but it is easy to edxtehis case and to all the
similar others the theory of the preceding articlgspbserving that, ip and
are very great numbers, the probabilities of the tvaygsk A and B to win a
game will be very nearly in the ratio of these nurabaow, these probabilities
being known, we will have easily their respective skl their probabilities to
win a single trial; because, by namilg  the probabdityplayer A to win a
game, and: his skill, we have, by article I,

L ()"

T

x

X

The only useful root in this equation is that whiclpasitive and less than unity;
now it is easy to sea priori  that it can have only onéhem which satisfies
these conditions, since the skill can increase oingimwithout either the
probability X increasing or decreasing; the value: of t wm will deduce from
this equation will enjoy therefore the same degree abatility asX ; now, if we
supposep ang very large, it will be extremely probdiyearticle XVIII, that

X differs very little fromﬁ ; therefore, if we nanae het positive and less than

unity root of the equation
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(@) 0=qz"+p(l—2)"—(p+qg)z" "1 —-x)",

it will be very probable that the skil is very alotoa, so that, ib ang were
infinite, it would be infinitely probable that the @fence ofr and of is less
than any given quantity. This value:of has moreoverattivantage of showing
us the ratio of the trials won to the trials lostgdigyer A; because, if we name
the number of firsts anel  the one of the secondsskiler must be very little
different from -, so that we have, very nearly,

r

Y

r+s
whence we deduce

T . a

s l1—a

We suppose again that A and B have played with the precedmdjtion,
andq games in which A obtained  tokens and’'B- m/ at thentiagi of
each game. We suppose next that, out of these gamess wdnr of
them; this put, in order to determine the skills of ¢hpkayers, we will name
that of A, andv the unknown number of games which hevessout of the first
p: equation @ ) will give in this case

0=(p-vz"+ovl—-x)"—p" ™1 —az)".

The number of games that this player has won out dathe isr — v ; we have
therefore again, by virtue of equatian ( ),

0=(q—r-— v)x", +(r—v)(1- x)", — qx"lfm,(l — x)m/.
By eliminatingv from these two equations, we will ham equation inc , of
which the positive and less than unity root is thaictvit is necessary to choose;
now we will prove, as above, that there can be on& of them of this nature. If
we namer this root;®-  will be very nearly the raifthe number of trials won
to the number of trials lost by player A. We will leavext

— nfmam — (1 B a)m

v
p a”—(1—a)"’

and this will be the ratio of the number of first ganweon by player A to the
total numberp of these games.
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XXII.

Here now is a direct and general method to determingdissibilities of
simple events, whatever be the observed event.

If we designate by and ly— =  the possibilities of twopde events, and
if we seek, by the ordinary rules of the analysist@nces, the probability of the
composite event of which there is concern, we valéh for its expression a
function of z , multiplied by any constant coefficierfityie namey this function
anda the value of , positive and less than unity whisfders it a maximum,
not only will this value be the most probable, bwtilt be again very near to the
true possibilityz : for example, if the observed eventhe birth ofp  boys andg
girls out ofp + ¢ infants, by naming the possibility oethirth of a boy and,
consequently — x that of the birth of a girl, we will av

1.23...(p+q)
1.2.3...p.1.2.3...q

2P (1 —x)?

for the probability of this event; in this cage= z?(1 — z)?  ddts maximum

takes place when = ﬁ ; this value of s therefore, vexgrlg, the true

possibility of the birth of a boy, when and areyvgreat numbers.

We suppose further that we draw three balls from an tichwcontains an
infinite number of white and black balls in an unknowagartion, and let A and
B play to this condition that A will win the game ifioof these three balls there
are more whites than blacks, and that he will logetlitere are more blacks than
whites. We suppose next that, outpef ¢ games, A haspwadrihem and lost
q; this put, if we name: the probability to extract hitev ball, we will have
x?(3 — 2z) for the expression of the probability that A willrwa game, and
(1 — 2)?(1 + 2x) for the probability that he will lose it; the proliap of the
observed event will be therefore

1.23...(p+q)
1.2.3...p.1.2.3...q

(3 — 22)P (1 — 2)*1(1 + 2z)%;

in this case,
y = 2?(3 — 22)P (1 — 2)*(1 + 2x)4,
and its maximum gives

0=p(1—xz)*(1+2z) — q2*(3 — 2z);
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whence it follows that, if we name the positive d&sbs than unity root of this
equation, the ratio of the white balls to the blacksha the urn will be very
nearly equal to*-.

The maximum ofy indicates in an approximate mannertrine value ofr
only as far as the values @f neighboring this maxirasenncomparably greater
than the others; because it is clear that the irtggrdx, taken in a very small
interval on both sides of the maximum, is then venclmnof this same integral
taken fromx =0 toxr =1 : now the ratio of the first of thastegrals to the
second expresses the probability that the value ofconigined in this interval.
The values ofy neighboring the maximum will surpass denably the others,
wheny will have the factors raised to great powermeforderi « being a
very small coefficient and proportionally less as tieserved event is more
composed; if we take, in this case, the ratiolpf yd&a we wil be lead to an
equation of this form

Ay _ 1

ydr  az’

z being a function ofc , which contains more powers ml‘eoi. Thus, every
time that we arrive to a similar equation, the valoés: will decrease with a
great rapidity in extending from the maximum, and the vafue corresponding
to this maximum will be very nearing to the truth.

We see thence that the composite events are n@rager to show the
possibilities of the simple events: for example, A d@hdplay to the same

conditions as in article I, if A wins the game, tgmingz his skill, we will have

% for the probability of this event. Now, if we suppaseandn very great

numbers, the observed event will be composed of a gueatber of trials; but, as
the values ofy corresponding to  greater t%an are livdeydifferent from
unity, this event cannot show in an approximate matimewvalue ofz : all that
we can conclude from it, is that it is extremely ptdbdhat A is stronger than B,
because the values gf corresponding to smallerghae in@mparably less
than the others.

XXIII.
The knowledge of the approximate values of possibilitiesiraple events

which result from a composite event will be very inipetr if we were not in a
state to appreciate how often it is probable thataking for these values those
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which correspond to the maximum®f , we will not beeailesd, either tonore ,

or toless, of a given quantity; for this, it is necessay we have seen in article
XVIII, to determine the ratio of the integrlydz , taken a small interval on
both sides of the maximum, to this same integral tékenz = 0 tox = 1, and

it is this which we have made, in the article citéddr the case where
y=xP(1 —x)%, p andq being very great numbers. We have now genetalize
these researches and extended them to all the valugswbich lead to an
equation of this form

ydr = azdy,

z being a function o which contains no powers of orieler
We take equation\( ) of article XVIII,

dz 2 d(zdz)  sd[zd(2dz)] 4 }

N\) /ydx:C—i—ayz{l—a@—i-a proaiae e

if we name

a the value ofc corresponding to the maximuny of ;
Y andZ the values of and ef corresponding te a — 6,
Y’ and—Z' the values of these same quantities corresponding t@ + 6;

if we observe moreover that, the two simple eventsewsupposed to taken
place, we havey=0 when=0 and wher=1 , the intedradx taken
fromz =0 tox =a — 0 wil be

dz ,d(ZdZ) .
aYZ[l—i—ade—i—a 102 —i—--},
this same integral, taken from=a +60 to=1 , will be

a7’ ,d(Z'dZ")
a0 ¢ ae '

oY'Z' [1 -«

By naming thereford: the integraydz , taken freme=0 ate-1 e, will

have this same integral, taken fram=a — 0 ate=a+6 , by subtigdtom
k the two preceding integrals; by dividing next this rewhairbyk , we will have
the probability thatr will be contained within thaterval. This probability will
be, consequently, equal to
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aY7 A7 | ,d(ZdZ) | dZd(ZdZ)]
1 T {1 ade—l—a 10 +a—d93
Y7’ iz Ld(7'dZ')  Ld[Z'd(Z'dZ)
p {1 Yo T A YT

the question is reduced thus to determiine . We haveettdim article XVIII
where,y = z?(1 — z)? , by means of the beautiful theorem of M.liggiron the
value of the product.2.3...« , whan is a very great number;Hiptocess is
indirect, and it is natural to think that there exiatsnethod to determing
directly, whatever bg , and of which this theorem @orollary: that which | am
going to exhibit has appeared to me to make completeobfgst in the most
general manner.
Since the value of leads, by the assumption, to aniequat this form
ydr = az dy, we have
1 [dzx
Iogy = | />
o z

so thatlogy is very great and of ordgr ; moreover, bémegvalue ofx

corresponding to the maximum ¢f , if we make=-a+6 , and ifname A
the greatest value of or its value when-0 , we willehawy reducing to
series,

alogy = alogA — *(f + f'0+ f'6* +---),

the term multiplied by vanishing, because the equatiena r 6 =00 renders
y a maximum. We will have thus

Y= Ae~ 5 UH0+]8+)

/ydx = A/ef(~f+'f,9+”'),

e being the number of which the hyperbolic logarithmnigy. Let
92(f+f/9+f”92+) :OétQ

and

or, what amounts to the same,

58



log A — logy = 2,
we will have by the method of the reversion of serie
0 =art(h+hVart+hPat® + a2t +..),
hence
do = a2dt(h + 2hMazt + 3hPat? + -+,

which gives
/ydx:a%A/etZ)dt(h—i-Zh Dozt + 3P as? + ) = k.

The integral[ydz must be taken from=0 to=1 ; naw, being mud,
havey = 0 andogy = —oco : thereforg = co . When= a, we héve 0 ,
hencet = 0 ; moreover, wheth  changes sign, changes likesaséhat the
values oft , corresponding to thosexof , fream=0 zte a , redifferent
sign from those which correspond to the values of mfro=a tox = 1; now,

x being1, we havej =0 , that which givé$= oo ; the valueg okterel
consequently from= —co to= co . In this case,we have

/ 2Lt 4t = 0,

becausef?>" e~ is changed inte>""le~*  when is negative, the sum of
these two quantities is null; we have, by a similasos,

/ 2ot dt = 2 / £2ne=t gt

(the second integral being taken fram=0  t{te c0); now thisimpsion

gives
/t2"6t2dt _ 27%27—1/t2n26t2dt;

/ pr2etgy — 23 2_ ) / 2=t a,
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and thus in sequence; therefore

) 1.3.5.7-(2n — 1 )
/tQ"etdt: 3.5.7--(2n )/etdt.

on

We will have therefore

| h? ) R(6)
k=200 A(h+ 130~ + 1.3.50" T +135.70" T + ---)/etZdt.

There is concern therefore only to have the intedial”’ dt from ¢t =0 to
t = oo. For this, we consider the double integral

//e‘g(IWZ)dsdu,

and we take it froms =0 te=oc0 andfrom=0 1t0o=oc ; by integrating
first with respect ta , we will have

2 du
—s(1+u?) _
//6 dsdu /1 +u?’

Now we have, as we know,
/ _du 7
1+u2 2

7 being the ratio of the semi-circumference to theugdherefore

—s(1+u?) _r
//e dsdu 5"

If we take this double integral first with respectitaby,makingu/s =t , it wil
become /e~ 4z | e dt ;letfe"dt = B ( the integral being taken from 0
tot = oo), we will have

//e‘g(IWZ)dsdu = B/es

2

%‘&
o V)

Now, by makings = s'* , we have
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d ,
/6878 —9fe"ds = 2B
s

(the integral being taken frogh=0 =00 ), therefore

//e‘g(IWZ)dsdu =2B% = g,

whence we deducB = 5,/7 , hence

) k:Av@ﬂh+L3aQ)+L&#ig®+1357&¥@—p”)
If we put the equation
logA — logy = t*
under this form
2
o=t /bgfw,
we will have, in order to determine the coefficiehtsh(?), L) | ... of the series

0 =at(h+ hMart+ K@ at® + ),
the general expression

d2n [92n+1(|OgA o |Ogy)fnf%]
1.2.3... (2n+ L)de>

(Z) an+%h(2n) _
provided that we suppos®#  constant and 0 after the diffations. See

on this theMémoires de I'Académidor the year 1777, p. 145. ]
Whenn = 0, we have

a’h = 6(log A — logy)?;

now

1 Oeuvres de Laplacd. IX, p. 329.
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2 2 2
Iogy:IogA—i—Oﬂ—i—e—(dy _ >+---,

ydf 1.2\ ydh? y*dbh?
y, dy, d*y, ..., in the second member of this equation, being thathnthiese
guantities become when we suppése 0 ; this assumption gives
dy
=A d —==0;

we will have therefore

Hence we will have very nearly, when is very small

or, what amounts to the same,

2 T 2
(1) (/ydx> = %

T da?

the integral[y dx being taken from=0 #to=1 , and the quantjtiaed%
of the second member of this equation being those wh&hbecome when we
assumer = a .

XXIV.

By substitutinge + 6 in place of ilogy and by reducing in theesethe
condition of the maximum af makes the first poweé disappear in this series;
but this condition can, as we know, make the first, 4beond and the third
power off disappear or the first, the second, the thkel fourth and the fifth
power, and thus in sequence, provided that the number giawers which
disappear are odd. We see that which the intefyalx bectma, taken
fromz=0toz=1.

We suppose that the first, the second and the third paférdisappear, we
will have foralogy a series of this form
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alogy = alogA — *(f + 0+ f'0° +--);
therefore, if we make
O'(f+ O+ 0+ --) = at?,
we will have
logA — logy = t*
and
0=aitth+ hWait+ h®ar? + h®aitd + hWat* + ),

whence we deduce
/yd:c = a}iA/e#dt(h +2hWait + 302 azt? + ).

We will prove, as in the preceding article, that thegnal relative t@ must be
taken fromt = —oco ta = oo ; now we have in this case

/ £2nle=t' g —
/ et dqt = 2 / £2re=t' dt,

the integral of the second member being taken ftem0 ¢ #oco. If we
suppose next = 2i , we will have

1.5.9...(4i — 3
/ et qt = 45 i=3) / e dt,

and

and, ifn = 2¢ + 1, we will have

3.7.11...(4i —1
/ et qt = 47:( iz 1) / e dt;

by supposing therefore
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/ e'dt = C,

/ et dt = C'
we will have

1 1.5 1.5.9 1.5.9.13
/ ydx:2a4AC(h+Iah(4)+ e a’h® e a3h<12>+--->

+ 201 AC (3h<2> + %ah@ + —3'2'21104%(10) + 73'7;31 15 s8R0 4 )
and it is easy to conclude from it, by analogy, theieslof [ydz in the case
where the condition of the maximum®f causes a great@ber of powers of
to vanish.

All is reduced therefore to determine the valuesCof  a@hdwe will
observer first thatC' being knowt;  will be likewidecause, if we take the
double integral[ [e s+ dsdu , froms =0 tes=oc0 and from=0 to
u = oo, we will have, by integrating first with respect¢o

4 du ™
—s(14u )d du = / — )
//e v I+ut  2V/2

If we make nexu\4/§ =t , we will have

s ds 1 ds
—s(14u*) — —s —t — -5
//e dsdu /e \4/5/6 dt C’/e \4/5

Lets = s *, and we will have

d ,
e L g e e = 4C";
s

therefore

,s(l+u4)d du — 4CC/ _ s
e sau )
// 21/2

which gives
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o T

8C+\/2
As for the value ot” , it has not yet been possilolespite of many attempts, to
restore it to the arcs of a circle or to logarithrbst | have found that it

depended on the rectification of the elastic rectangteecor, what amounts to
the same, on the mtegrﬁld—f taken from= 0  zte- 1 ; If weglede by

7' the value of this mtegral we fidd
7 =1,31102877714605987

This put, we consider the double integrfé "1 +*")dsdu , taken fsom0 to
s = 0o; by makingu/s =t , it will become

*32£ 4 *32£
/e NE e " dt or C’/e Nz

Lets = s>, and we will have

/e‘g2d—\/{ = 2/e'gl4ds = 2C,
s

//682(1+u4)d8 du = 2072,

We suppose nowy/ 1 +u* = 5", and we will have

2 4 du "2 1 du
—s?(14ut) _ -5 _ = - .
//e dsdu—/\/1+u4/e _2\/7;/\/1+u4’

hence

by naming thereforéy the integrﬁ\/I% , taken fram=0  ute- oo, we
will have

207 = %E\/%
which gives

2 Seethe treatise of M. Stirling,De sommatione et interpolatione seriemns8.
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C:%,/E\/%.

1 4 H
If we make—z = s*, we will have

/ du B / ds

V1 + ut (1—sh)t’

the integral relative te being taken fream=1 ste= 0 |, s@tth
/ du g / ds y

V14 ut (1—st)1

the integral relative te  being taken fram=0  ste- 1
We consider presently the double integfgﬂ(ldl’%, tdken from0

722724)4

B B L T
toxr=1 and fromz=0 toz=1 ; by makmm =2 , it will be changed
into this here

/\/%/(1 —diﬂl)i

these integrals being taken fram = 0 and=0 ato=1 and 1 , that
which gives

dz’

[T [
V1i—22 2 (1—a'%)4
we will have therefore
// dr dz B @
(1—22—2%)i 2

z _ ! 1
If we make nex\/t?%4 =7, we will have

3 It is necessary without doubt to understand that thégmal must be extended to all the
positive values of and af verifying the inequality

1—22-2">0,

so that, for a given value of z varies frain (fo— 22)i z ;ncreasing still tol , the
differential element would become imaginayote of the editor. )
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// drdz _/ dx / dz .
(1—22—24)i Vi—azt) 1—2%)1

now we have

/ dx o
V1—azt 2v/2

Moreover, if we suppose— z/* = t*,  we will have

dz dt
R A ey
(1 —2'7)1 1—t

the integral relative t& being taken fram-1 tte 0  ; thiegral is evidently

equal to—=’ : therefore
dz' ,
/7(1 - z’Q)% =27,

// drdz B i _@
(1—22—291 2 2

which gives

hence

whence we deduce

ico

1 s

C==y\/rv2r and O' = ———.
z o
XXV.

In order to apply the preceding theory to some examples, |
y =a"(1—x)

by makingp = 1 and, = £ , we will have, in the case of the mani ofy ,
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hence (art. XXIII)

T+ )

and

alogA = ulog(ﬁ) + Iog(ﬁ);

we have besides
alogy = logz + plog(1 — z),
and, if we make

1
r=——+40,
1+ p

we will have
alog A = plo (L—9>+|o (LJF@)-
94 = ulog| - A\ ;

therefore

logA — logy = ilog[l + (14 p)d) — g Iog(l - HTM9>

Q)P (4w, A+p)PA—p?) 5, A+ p)' (14 4°)
— 6 + 0’ +
201 3ap? dayp?

ot 4 ...

whence we will deduce, by virtue of the formuta ( ) aicde XXIII,
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Formula €) of article XXIII will give therefore

4ty 2 _
b V2o {1+a[(1+u) 13/1]_‘_“‘}’

(1 pyrrets 12p(1 + p)

which is consistent to that which we have found ticker X VIII.

If =1, or, what comes to the same,pf=¢q , we wil detEenmore
simply in the following manner the coefficients oétberies it , which expresses
the value of ; for this, we will observe that, isthase,

1
logA — logy = - log(1 — 46%) = #2,

which gives
1—46% = et
and
20 = (1 - e@”")%.
Let

1
(1 - e*‘”")) C =20l lat® + 1Pt + 1" 4 ),

by taking the logarithmic differentials of the two mesrd of this equation and
cross multiplying them, we will have
at?e (I +lat® + "ot + ) = (1+3lat® + 50" + ) (1 — e,

Y

now we will have
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3t6

o2ttt o

—at? 2
=1 - ..
e at” + 19 + — 123 + -
If we substitute this value into the preceding equationwillehave among the
coefficients, I, 1", 1", ... the following equations
t
20+ —=0
- 1.2 ’
U 21
4" - — =0,

12 123

and generally

2i1) — (2i ey 2 A
0= 2i" — (21 — 3) ® +(Z—6)123
0 1(i=3) o 1(i—4)
BT R T vy

by continuing this series until we arrive at the dofit /. We will determine
therefore easily’,!”,I”,... when this coefficient will be kngwnow, if we
neglect the powers of superior to unity, we have

(1 — 670[752)5 = a%t;
thereforel = % ; formulaq ) will give next, by observingthn this casel = % ,

aT l/ 21//
=V (1+1.3a5+1.3.50‘ +>

20 22

We have generally
1.2.3...p.1.2.3...q
k= [2P(1—x)dx = :
/ ( ) 1.23...(p+q+1)
the assumption gf = ¢ gives
1.2.3...2p 1

(1.23...p2 (2p+ Dk

now the first member of this equation is the middlemtesf the binomial
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(1 + 1)%7; we will have the value of this term by a very cergent series, when

is a very great number. If we compare the manner iohwhke have arrived there
with those which MM. Stirling and Euler have employdw first in his workDe
transformatione et interpolatione serieryand the second in his Institutions de
Calcul différentiel we will find, if I do not delude myself, that, indepentgof

its generality, it has the advantage of being more tlire¢hat the processes of
the two illustrious authors suppose that we know in advémeexpression, in
factors, of the ratio of the semi-circumference he tadius, an expression that
Wallis has given; the one of M. Euler is, moreovesdal on the value in series of
the productl.2.3...p , whep is a great number; this value ivgmt easy to
determine by our method. For this, let

— P
y=xe

we will have, by integrating from =0 to = oo,

/xpexdx = p/xplemdx,

whence it is easy to conclude
/xpexdx =1.23...p.

The maximum ofy takes place when=p , that which gipes? r tlis
maximum; let therefore = L and= 1 +6 , we will have

o

logy — logpPe ™ = élog(l + ab) — 0;

therefore
/y dx = ppep/eilog(lmg)ed@.
If we make
log(1 + af) — af = —at?;
we will have
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let

we will find

and we will find

do = % (h+20at+30"at* + ),
therefore
/y dr = p“%ep/dt(h + 20 art 4 3h" at® + ---)e’“".
The integral inz must be taken fraom=0 1t0o= oc; now, beind, nueé

havef = —% , and consequently, = oo; *  being equakto , we havec
hencet? = co ; we must therefore take the integral relativét tfromt = —oo
tot = oo, whence we deduce, by article XXIlI,

1 h! thv
/yd:c = pf”zep\/?r(h + 1.30‘2 + 1.3.50‘22 + >

hence

1 1
123p:pp+2€p\/2ﬂ'(1+—04+>

12

We could apply this method to many other examples, amtéht extend
and to perfect the theory of series; but this digressiould separate us too far
from our object.
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XXVI.

The preceding method gives a quite simple solution to aresting problem,
which it is perhaps very difficult to resolve by otlmethods: we have seen (art.
XIX) that the ratio of the births of boys to thosggirls is sensibly greater in
London than in Paris; this difference seems to indidat London a greater
facility for the birth of boys: the question is to eehine how much this is
probable.

For this, let

u be the probability of the birth of a boy in Paris;

p be the number of births of boys observed in this cit

q be the one of girls;

u — x be the possibility of the birth of a boy in London;
p’ be the number of births of boys that we have oleskrv
q' be that of girls.

We will have, for the probability of this double event
Hu"(1—w)(u — )’ (1 —u + z)?,

H being a constant coefficient; therefore, if we nafhéhe probability that the
birth of a boy is less possible in London than infave will have
p_ [[ur(1 —u)i(u — z)? (1 —u + x)dz du

[ fur(1 —w)i(u — )7 (1 —u+ x)/dr du’

the integral of the numerator being taken frara 0 ute x famch © = 0
to x = 1. That of the denominator must be taken over alpibssible values af
andu ; now, if we make — z = s , this denominator will become

/ / uP(1—u)is? (1 — s)? duds,

the double integral being taken fram=0  4o=1 and from(0 stoel
we will have thus
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_ [JuP(1 = u)i(u—2) (1 —u+2z)drdu

v [T (1 — w)isr (1= 5)7ds du

We determine first the integral of the numerator.
By namingy the quantity

uP(1 —u)(u — :U)p/(l —u+ ac)q/,

we will have very nearly, by formula.( ) of articlexyl,

by substituting for: , in the second member of this equoatis value inc
rendersy a maximum; letf  be this value, we have

dy (b q 4 q
— =yl = - + _
ou v 1—-u wu—z 1—u+=zx

I IV R B q’]
w2 0w w—22 (A-—uta)?

“Oy(p_ @ P 4
ou\u 1l—u wu—z 1l—u+z)/)

and

, Which

If we substituteX in place of , we have, by the cooditdof the maximum

% = 0, hence
U

I I I N A
w2 Y| X2 T 1-X2  X-22 (1-X+a2)

whence we deduce

V/2my

/ydu: - - ,
VE+

=% + T T i

X being determined by the equation
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P q P q
t 0= = — -
() X 1—X+X—x 1-X+=z

or

0=X1-X)[(p+p)1-X)—-(¢+q)X]
) +2{(p +¢)X(1 - X)+ (1 -2X)[¢X — p(1 - X)]}
+2%[¢X — p(1 — X)).

Let, for abridgment,

p q 4 q
R= L .
\/X2 T xr Tt X T a—xt07
the question is reduced to determining the integfalr [L2 |, from0 to
= 1. In place of this integral, we can consider this gfer [ 44X, « being

regarded as function of ; but it is necessary to taleldbt integral from the
value of X which takes place when=0  to that which takasepivherx =1 ;
now, by making: = 0 , equatiort’( ) becomes

0=({p+p)1-X)-(¢+d)X,
hence

__ pt7
p+p+a+q’

By makingz = 1, this equation gives = 1 ; we must therefore thkertegral

ydz — _ oty —
JExdX, fromX = 7P toX =1.

We suppose%jf( =1y : the condition of the maximumyf  gives the

equation

now,y being equal t&”(1 — X)4(X — z)” (1 — X —z)?, we have
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dy P q P q q P
A - dX - dx:
y (X - X X—2 1-x+)" " Ux1s x-2)™

this equation is reduced, by virtue of equation ( ), todhs

dy  qdx p'dx __(1) q )dm
y 1-X+2 X—z \X 1-X/7
Now, p andg being very great numbers, it is clear %ﬁeﬁ incomparably greater

L de : .

than % , and that thus we can neglect the second of thesdifferentials
RdX

with respect to the first; we will have thereforery nearly, in the case of the

maximum ofy/,

p q
0=%———
X 1-X
hence
x=-"r
p+q
. . p+p’ / . .
This value ofX is less tham , whpw, IS, as we suppobkere,

greater thar}ﬁ—q ; the two limits in which it is necegga take the integrgfy/dz

are, consequently, beyond the valueXof  which rengersmaxémum; thus we
must, to determine this integral, make usage of thess@rjeof article XVIII.
We have, very nearly,

dy d

moreover, by differentiating the equation

/ !/

o P __4 o q
X 1-X X-2 1-X+4a2’
we find
dv _ R*
dx (X]i,;r:)2 + (17)?;3;)2 ’
therefore
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— = ; ; dX.
Vo &t o X(1-X)
Let
1 1 , U , vV
b= q=—, p = q = —3;
Q Q Q Q

the quantity which we have named in article XVIIIIwi therefore

X(1=X) [(XZJ:V + (17)12;1;)2]

Y

(3 + ol + oy + e |1 - L+ )X

X being the principal variable of whiah is a functidnye observe next thafy
being equal to unity, we hayeé= 0 , the serigs ( ) of thelacited will give

/y'dx = —ay'z{l — a% + an(zdz) — a3d[2d<2dz)] + },

dX dx? ax3

by substituting, after the differentiation in the setanember of this equation
2V for X and by makin@ =0 init

p+p +q+¢
oY P i
If we supposeX = 6L ¢ wil be equal O T~ e and we will
have

X(1-X) [(ng;)‘z + (17)12;1;)2]

(1+ u)e[% +oxy o t (HV(/H)“’]

Z = —

now, # being very small, the successive differences grfow principally by the
differentiation of the factof# which is found in thendeninator, so that, if we
suppose

X(l—X)[( 2t X+;r:) ]
(1+p) [% tasr e t+ (17)12/%)2]

we will have, very nearly,

F =

Y
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dz F

dxX
d(zdz)  3F?

axz g

hence

, ay' F aF  3a’F?
)

vy andF' being that which these quantities become whesupgoser =0 and

_ _pty i i
X = P that which gives

/43 /13
g (P (g 4 g
(14 u)(p+p +q+ g
It is easy to see by the analysis of article X\}that [y dz is less thaﬁ% ,

greater that” (1 — 2€')  and less th%%%i( of | o p ) , so that we have

in this manner the limits in which the valuequdx nwrowed.
We seek now the value of the double integral

//up(l —u)?s? (1 — s)?ds du.

Formula {« ) of article XXIII gives, very nearly,

p _uq - - up+1(1_u)q+1
/“ (L wtdu = Vom et

by substituting foru the value which rendesfq1 — u)? a maximoow this
value s ; we have therefore

+2 ‘J+2
/um )y = ﬁpp_q

(p+ )t

By changingp t@/ ang tg , we will have
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/p’+%q/q’+%

[#a=sds = o -

P+ q/)p’+q’+% ?
hence
prigrtipt gt

(p+ @) (pf + ¢ )P Hi+e

//up(l —u)1s? (1 — s)?dsdu = 2
If we suppose this quantity equalko , we will have fersbught probability”

ay’F\/27r( aF  3a’F? >

P =

o T T

there is no longer concern but to determine the nuataridues of the different
terms of this expression, by starting from the precgdivens. These givens are

p= 251527, p = 737629,
g = 241945, ¢ = 698958;

whence it is easy to conclude

log F = 2,9767121,
logd = 3, 4457598,
loga = 6,5994154

and, consequently,

F
05—2 — 0, 048374,

302 F2
0‘94 — 0,007020.

We have next, by carrying the precision to a dozemuss)

logp = 5,400584610947,
logq = 5,383716651469,
log(p + ¢) = 5, 693262515480,

whence we deduce
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~

p
log > = 73617,6047065,

p
q
—> = 74894, 9259319.

=R+
K

T NN
S
_|_
S

log

We have similarly

logyp’ = 5, 867837982735,
logq’ = 5,844451080009,
log(p' + ¢') = 5, 157331932083,

whence we deduce

/

p
log( -2 — 213540, 8676364,
P+dq

~

_|_

/

q
IOg( > = 218691, 4253961.
/ !
P +q

~

S

We find again

log(p+p') = 5,995264741371,
log(q + q') = 5, 973544853243,
log(p+p' +q+q') = 6,285570585161,

whence we deduce

/ p+p
Iog( ptp > — 287158, 2327801,
p+ptq+d

/ q+q
Iog( ptp > — 293586, 0527612.
p+tp+qg+d

We have finally

log(1 + 1) = 0, 2926796,
log 27 = 0, 7981799,

hence
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FN2r
log % — 580751, 4993272,

logk = 580745,0942543,

that which gives

= 0,0000025414;

o Fr/2m
0k

therefore
P =0, 0000025414(1 —0,048374 + 0,007020 — ---).

If we take the first three terms of the series, vilthave

— 1 .
410458’

this value ofP is a little too great; but, since takimgt only the first two terms
of the series we would have a value too small, iag/é¢o conclude from it that
the preceding can differ from the truth by tHe parto¥alue, so that it is a
strong approximation: there is therefore odds of morn tfour hundred
thousand against one that the births of boys are facile in London than in
Paris. Thus we can regard as a very probable thingttbaists, in the first of
these two cities, a cause more than in the secondhvdcilitates the births of
boys, and which depends either on the climate or omtwishment of the
mothers.

XXVII.

It is easy to extend the theory of the preceding agtith the case of three or
of a greater number of simple events.

Let us name, in fact; the possibility of the firshgle event,x’ that of the
second and, consequently,— z — that of the third; in seelbgygthe
ordinary methods, the probability of the observed evest will have for its
value a function of, 2/ antl— xz — 2’ , multiplied by any constant.;Lbe this
function, for which the observed event can indicatenirapproximate manner the
possibilities of the simple events, it is necessas/we have observed in art.

d.

dy
XXII, that andd-?”’ are some very great functionsrof oaferi, « being a

< 32
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coefficient proportionally lesser as the observed ei®more composite; this
put, if we integrate/ydx’, from’ =0 te’'=1-—=z , we will have for resal

function of z, that the method of art. XXIII will givey a highly convergent
series. Letu be the value af to  which rendgrs a&iman, = being

supposed constant, and if we represent’by  this maximemwilhave, by the
article cited, for[ydx’ , an expression of this form

h// thv
/ydx':Y om(h—l—l.3a2 +1.35% —|—--->,

22

Y, h, A", k", ... being some function of . The value of which rendbes t
second member of this equation a maximum will be ve¥grrio the true
possibility of the first event; let  be this valueg will have for the expression of
the probability? that: will be contained in the ligiit — # anda + 60

[Y dz (h + 1390 413590 4 )

 [Ydr(h+1.3% £ 13598 ..

the integral of the numerator being taken frem a — 0 xtea+6  d, that
of the denominator being taken fram=0 to=1 ; now we ddiermine
easily these integrals by the method of art. XXIII.

The value ¢ is determined by equating to zero the different
Y(h + 1.3 4 ...), which gives

_dy  dh1.3%00 4.

0 + 7 ;
Y h+1.39% 4.

%is, by assumption, a very great quantity of the orger neglecting
therefore, vis-a-vis of it, the quantity

dh 4+ 1.392% ...
h+ 139 4 ...

we will have, in order to determine , the equation

%

0=z

Now we have
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Y 9y n dy ox’
dr Oz  Oz' Oz’
by substituting into the second member of this equaitioplace ofz’ , its value

in z; but this value renders null the quant%y ; we wallza therefore the two
equations

dy dy
or 0 and or’

It follows thence that. is, in the quantities nearmtdera , the value af
which renderg; a maximum, by making vary at the sameti andx’ ; we can
therefore take, without sensible error, the valuero€orresponding to this
maximum, for the possibility of the first simple eveand it is clear that we can
make some analogous remarks on the possibilities obther simple events.

We suppose, for example, that there is in an urn amtynéf white balls, reds
and blacks, in an unknown proportion, and that out of tieberp + ¢ + r
drawings we can bring forth  white ballg, red ballsl anblack balls; by
namingx the facility to bring forth a white badf, athof bringing forth a red ball
and, consequently, — x —z’  that of bringing forth a black lved, will have,
for the probability of an observed event,

=0.

1.23...(p+q+7)
1.23...p.1.2.3...q.1.2.3. .1

2?21 — oz —2').

In this particular case,

y =221 -z — 2,

1.2.3...4.1.2.3...r
d [ P(1 — q+r+1,
/y o 1.2.3...(q+r+1)x( )

the value ofzx which renderfydz  a maximum-ist this foarctis

consequently the most probable valuecof . Whedm rand grasg numbers,
it is reduced to very nearly to this ogff;; ; which cgpands to the maximum

of y.
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XXVIII.

Until now we have assumed the law of possibility o imple events
constant from zero to unity, and this assumption isyashave observed in
article XVII, the sole one which we must adopt, whes ave no other given
relatively to these possibilities; but, if their lamere exactly known, we could
again apply the preceding researches. For this, we amglider only two simple
events, and we call the possibility of the first dnd = the possibility of the
second; we will calculate the probability of the olserevent, by starting from
these possibilities, and we will have for its exp@ss function ofr , that we
will designate by, ; if we represent nextdy the figcof the possibility ofr  of
the first eventy  being function ef , and by theligoof the possibilityl — «

of the second event, we will have, by article Xfé% or the probability that

the observed event is due to the possibilities Trdr e jnfiegral of the
denominator being taken from=0 to=1 ; therefore, if wen@a’ the
probability that the value of is contained within tireen limits, we will have

_ Jusydax

P =
Jusydz’

provided that the integral of the numerator is taken enliiin the extent of
these limits. We see thus that this case returrsoetwhich we have considered
in the preceding articles, and that the valué¢’of \ildetermined easily by the
method of these articles.

The value ofr which renderssy  a maximum will be vepselto the truth,
if the observed event is very composite and if we halie= azdy, « being a
very small coefficient; now we have, by equating tmzée differential ofusdy

0= d(us) N @’
us y
hence
0= ad(us) N 1
us z

We will have therefore, by neglecting the quantitiesooder o, 0 = % ,
whence it follows that the value of which rendgrsmaximum is very close to
the truth, whatever be moreover the law of facditd the possibilities of the two
simple events.
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XXIX.

After having determined the possibilities of the simplents which result
from a composite event proper to making them known, ifemeain to consider
the influence of this event on the probability of &myre event, and the manner
in which we must calculate this probability. If we ream and1—x the
possibilities of two simple events, the facility.gfands’ that of — z , we will
calculate the probabilities, so much the observed e®of the future event, by
starting from these possibilities, and we will havertesult two functions af , of
which we will represent the first by and the secoynd fthis put, if we namé”
the sought probability of the future event, we will hawgarticles X1V and XV,

_ [ss'uydx
-~ [ss'ydx’

the integrals of the numerator and of the denominamgltaken fromx = 0 to
x = 1. When the observed event will be very composite,nis¢hod of article
XXIII will give these integrals by a very rapid approxima, that which
indicates the extent of this method and its utilitjhese matters.

If we have nothing given on the law of possibilitytbé two simple events,
which is the most ordinary case, we must suppose (&) % and s’ equal to
unity, which gives

_ Juydz,
-~ Jyda

now we have, very nearly, by article XXIlI,

2
2my?
(/ydx) - dz‘ﬁ{y

T da?

2 3 73
2mu"y
(/uy dx) = _dZ(’LL/y’)

dx?

P

Y and% being that which the quantities become when waititl in them for

x the value which rendegs a maximum, andy , 12/d beatignthichu, y
and £% become when we substitute in themufor  the vahiehwenders.y a

dx?
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maximum; we will have therefore

) u/3 y/S %
_ x
(Oé) P - y3 a2 (u’y’)

We suppose that the future event of which we calculatgrtbbability is very
little composite, by equating to zero the differential.g, we will have

d d
o= W du
ydr udx
but we have, by assumption,
dy 1 1,
— ===,
ydr «az «

by making% = 2/; the preceding equation will become thus

du
0=a—— +72.
audx + z
Let a be the value of which renders a maximum, andemuently:’ null;
the value ofr which rendersy a maximum can therefereepresented by
a + ah, h being any coefficient, and we will have
dy o?h?d?>y o’h3 d3y

/
- s
V=Yt e g T123des T

Y, j—g, %, ... being that which these quantities become when we make in
them; we have next

dy 1

Sz

dz o’

@ — i 12 + ld_zl

a2 I\ 2? adr )’

Py (1 s 3 A 1d

drs I\ o3 o?” dr  adx?)’

The assumption of = a gives=0 , and, consequently,
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dy
Oéh@ = 0,
a’h? d*y  ah? dY
12 dz2 127 dz’
ah3 d*y  o?hd d?Y
1.2.3 dx2 1.2.3 da?’

Y

we will have therefore, by neglecting the terms mudtgoby« ,
y=yv.
We have moreover
d*(u'y) ,ﬂ 2du’ dy' d?/

dx? —ude + dx dx—l_yde;

now it is clear, by that which precedes, t%& IS ngrelater thar@% and than
', so that we can suppose, very nearly
dQ(u/y/) - /de/
dz? da?’

and we will prove, as we just did fgt t%% can be suppesjual tofl%i :
hence

Paly)
dz?2 dx?’

The formula & ) will become therefore

2
P* =/7;

Y

but, if we name» that which becomes when we makea it, we will have,
by neglecting the quantities of orderv’,= v ; therefore

P =
whence it follows that we can calculate the prolghift of the future event by
employing forz the value which renders a maximum.

This theorem would cease to be exact if the futuretamaquestion was itself
quite composite, because thﬁ;}g would be very great, anéitheeofz , which
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gives the equation

du
0=a—— + 2/
audx + 2,
could no longer be represented by ah; we could no longer mereo

suppose% equal to’% . If we represent, in general;, By h otbie r

of the equation
d
0= a—u + z,
n being an exponent less than unity, we will have

d 2nh2d2
y'=y+a”hd—y+a i R
X

1.2 dz?
and we will find
dy
"h—= =10
iz ’
a2nh2 d2y - a?nfth dzl

12 dz2 12 Zaz’

)
hence

. +a2n71h2 d_z’+
Y=9V7 "5 Y

This value ofy’ reduces itself ip , in the casexof initefly small, only when

2n — 1 Is positive, that which supposes> %, and it is easy tdilsaegise that

it is only in this supposition thafz(“—;y/) reduces itselff‘éé;y the preceding
dx T

theorem can therefore have place only in the cageefh is greater than unity.

Let 2 = A X being a function of , the equation
«
adu
0=""r 42
uwdr Tz
will become
0=a"""A+ 7,
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which gives forr an expression of this form
r=a+a" 'k

now the truth of the preceding theorem requires thatavet — 1 > % , and ,
consequently,1 — n' < —% ; therefore, so that this theorem dsbsis is
necessary that the future event be little enough comepesiatively to the

observed event, in order th%)Q be a functiom of , gemgll relatively to

Ay
ydzr*

If the future event is exactly the same as the obseevent, so that =y
the valuex ofc , which rendgr a maximum, will rendenilarly vy a maximum,
so that we will have/ =y and =v . We will have next

d*(u'y d? 2dy?
o) S
dx dx dx

but the substitution of for givé =0, hence

d2 I,/ d2
(u'y') _ oy Y.
dx? dax?
Formula ¢ ) will become therefore
o
2 )
v being that whichu oy becomes when we make a ihéndce results this

sufficiently remarkable theorem:

The probability of a future event, similar to the one that we have @ukass
to that same probability, determined by employing for the possibiliti¢seof
simple events those which result from the observed everts, s/ 2s

If we have observed, for example, that oupef ¢ infatitsre are borp
boys and; girls, and if we seek the probabilty , thataf p + ¢ infants who
should be born there willhe boys and girls, we e

p_ 1.2.3...(p+q) pPq? .
1.2.3...p.123...q \/2(p + q)rte’

this is what results similarly from formulas( ) ofiake XVII.
In general, if we seek the probabiliy  that the obseérevent will be
followed by a number.  of similar events, we will have- y", and we will find
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Vn

/N 1’

v being that whichy becomes, when we substitutecforit time valuea which
rendersy a maximum, and this equation takes place equdllging fractional.
We will be exposed therefore then to some considesabtes, by employing, in
the calculation of the probability of future events possibilities of the simple
events which result from the observed event: intgealiis clear that the small
error which we can commit, by making usage of these ilpligs, is
accumulated by reason of the number of simple eventhwehiter into the future
event, and must occasion a sensible error when tleeinavery great number.
Besides, whatever be this event, we can determinprdimbility of it by means
of formula ), which is always valid, quite nearly, wihne observed event is
very composite.

P =

XXX.

One of the most useful problems of this part of amalg§ichances, which
consists to reascend from the events to the causek hdwve produced them, is
the one of the determination of the mean which iteésessary to choose among
the results of several observations. | have giveBpiok VI of theMémoires des
Savants étrangetsthe principles on which it seems to me that theti&ol of
this problem must be founded; three illustrious geomeltdessrs.. de la Grange,
Daniel Bernoulli and Euler, have since exercised theesen this object: the
first in Book V of theMémoires de la Societé royale de Turand the two
others in the first part of th®lémoires de Pétersbourg for the year 1777; but
their principles were different from those to whiclhdve availed myself, this
consideration engaged me to resume here this matteo gmdgent my results in
a way to leave no doubt on their exactitude.

We suppose, in order to fix the ideas, that the questioh & phenomenon
which has been noticed by many observers at somerddiff instants; each
observation has been able to be deviated more ofrtessthe truth and to fix
thus the instant of the phenomenon earlier or ldizn &t has happened. We will
suppose, that which is very natural, that the fadliiéthe same errors, either to
plus, or to minus, are equal among themselves, and weesijnate by (z) the
facility so much for the positive errar  as for thegative error-x , relatively to

4 Quevres de Laplacd. VIII, p. 27.
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the first observer; by’ (z), ¢"(x), ... these same facilities fer $econd, third,
. observers. By naming next first the observationctvhixes earliest the
phenomenon, the second, third observations, etc. fleeedt observations in the

order of their distances to that one, we will ngme’, p”, ... hesé distances;
by supposing therefore  the error of the first obs@wmatthe errors of the
following observations willbe — z, p’ — z, p” — x,... and the probabilityath

all these observations will have among them the oéspedistance, p', p”,
... will be

()¢’ (p— )" (p' — x),...;

now the probabilities of the different valueszof among them, by article XV,
as the probabilities that, these values taking place,ottservations will be
deviated among them with the observed quantitigs, p”, ... . Tdvexaf we
construct a curve of which the equation is

y=¢(x)d (p—x)"(p —x),...,

the ordinates of this curve will be proportional to tpeobabilities of the
corresponding abscissas , and for this reason we awient thecurve of the
probabilities

Now, we can intend an infinity of different things the mean or the mean
result of any number of observations, according as we suthjectesult to such
or such condition. For example, we can require thatrtéan be such that the
sum of the errors to fear to tplus  be equal to the dutimecerrors to fear to
the minus; we can require that the sum of the errors totéethe plus, multiplied
by their respective probabilities, be equal to the stimhe errors to fear to the
minus, multiplied by their respective probabilities. Vé@ again subject this mean
to be the point where it is the most probable thatust fall the true instant of
the phenomenon, as M. Daniel Bernoulli has made inMeenoir cited: in
general we can impose an infinity of other similanaiions which will give each
a different mean; but they are not all arbitrary. réhie one of them which keeps
to the nature of the problem and which must servextahk mean that it is
necessary to choose among many observations: thiktiom is that, by fixing at
this point the instant of the phenomenon, the errbichvresults of it is a
minimum; now since, in the ordinary theory of chance® evaluate the
advantage by making a sum of the products of each advamadwpe,
multiplied by the probability to obtain it, likewise leetthe error must be
estimated by the sum of the products of each errordn faultiplied by its
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probability; the mean which it is necessary to cleowsist therefore be such that
the sum of its products is less than that for all oitetants.
We suppose now that, in the curve of probabilities atlwthe equation is

y=o(x)¢ (p—x)d"(p —z)...,

the value ofr can be extended frenf  +of , so thatrifeeval in whiche
can vary isc ; if we make =z — f, itis clear that can vliomz =0 to

z = ¢, and that the probabilities of different values:of Il la@ proportional tay
ortog(z— f)¢'(p—z+ f)---, so that we can represent thenkpyk , being a
constant coefficient. Let  be the valuezof thatrmest take for the true instant
of the phenomenon, we will hawe (h — z)ydz  for the sum of tiers to fear
from z = 0 to z = h, multiplied by their respective probabilitieke preceding
integral being taken in all the extent of these limikge will have next
k['(z — h)ydz for the sum of the errors to fear from=h  4e=c , mukigli
by their probabilities, the sig;ﬁ' serving to indicaattthe integral must be
taken for all the extent of these last limits. W# ave

k:/(h —z)ydz+k/l(z— h)ydz

for the entire sum of the errors to fear, multipliedtbgir probabilities, and
must be such that this sum is a minimum. Now if we makeary with the
infinitely small quantitysh , it is clear that the vation of [ (h — z)ydz will be

6h[ydz and that that of '(z — h)ydz wil be-6h ['ydz ; the variation of the
preceding quantity will be therefore

k:éh(/ydz— //ydz>.

By equating this quantity to zero by the property of tiremum, we will have

/ydz:/ydz.

The ordinate corresponding to the abscissa , whichrdieies the mean which
it is necessary to choose, must therefore be dividedivo equal parts the area
of the curve of probabilities, contained betwees 0 and ¢ this, which

gives a very simple way to determine this mean, andegethat it has again the
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property of being such, that it is equally probable that true instant of the
phenomenon fall above or below, so that we can niathe mean of probability

XXXI.

Whenever the functions(x), ¢'(x), ¢"(x), ...  which express the law of
facility of errors of the observations are knowre thetermination of the mean
which it is necessary to choose among several odiseng will be reduced, by
the preceding article, to dividing a given area into teyoat parts, that which is a
problem of pure Analysis. But, these functions being rafish unknown, it is to
the Calculus of probabilities to furnish the means &kenup for this ignorance;
now we have seen, in article XIlI, that if, in tlhiase,+a ,+a’, £d”, ... are
the limits of the errors of the first, of the sedpn.. observation, we must
assume

1 a , 1 a

¢($) - Iogxa ¢($) - /Iogxa
Thus there remains no more, in the research of teanmmesult of several
observations, than the inevitable difficulties of As#; but it is necessary to
agree that they render the preceding method of a veigudifisage: likewise my
object, by exposing it, has been rather to make kndithad which the analysis
of chances can give to illuminate on this mattern titapresent to the observers
a practical method and of a convenient usage; we carevan, employ in some
very delicate occasions, such as those of the pass&guos on the disk of the
Sun, in which it is necessary to obtain the gregtestision. The most simple
way for this object is to square into parts the curivéhe probabilities and to
determine thus the ordinate which divides the areamboequal parts.

XXXII.

The ordinary rule of the arithmetic mean is deduced ftbisy method, by
supposingea =a’ =a” =--- =00 , as it is easy to be convinced of it; but we
have demonstrated a much more general theorem to sladwhis rule has place
all the time: 1° that the law of facilty of errois the same for all the
observations; 2° that the same errors, eitheplts r tpominus are equally
possible; 3° that they can be infinites and that timetions which express their
facilities decreases from a finite quantity only whers infinite, but that then it
always decreases to the point of becoming null.
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For this, letp(ax) be the law of facility of the errarbobservationsy being
an infinitely small quantity; let moreover be thdueaof ¢(ax), whemz = 0
and, consequently, when is a finite quantity. It iglent that the ordinate of
the curve of probabilities, fromz =0 tex = oo , will be

y = ¢lax)p(ap + azx)p(ap’ + ax)---

By supposing the number of observations equakto and gleatieg the
quantities of ordes? , we will have

d
Y= ¢(ax)n + a(p + p/ —+ p// 4+ p(N1))¢(ax)n1%;

now, if we take the integrdlagb(ax)"*l%‘;?dx ,from=0 to=o00, andif

we recall thatp(ax) =q¢ when: =0 and(ax)=0 whan=oco , we will
have

Jaotaay 1 —

let therefored be the integr(ax)"dz , taken frem=0 ate- 0o, aed
will have

1
A:g(p_i_p/_i_p//_i__”_i_p(nfl))qn

for the integral[y dz corresponding to the negative values of
This same integral, taken from=0 o= p(*~ !  pi&Vg" |, because we
can, in this interval, suppose

¢lax) = ¢lap — ax) = - =g,

consequently the ordinate= ¢"
Sincez = p" Y tor = 0o , we have

y = ¢(azx)op(ar — ap)p(ax — ap’)- ..
or

d
y=glax)" —alp+p +p" + -+ p"D)d(az)" ! %;
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now the integralfagb(ax)"*l%‘;?dx , taken from = p" Y  to=c0 ,is
—1¢". Moreover, the integralf¢(az)"dz , taken in the same interigl,

evidently equal tod — p»Yg";  we will have therefore
1
A _p(nfl)qn + E(p_i_p/ +p// 4. _i_p(nfl))

for the value offydx , taken in this interval. Hence, émtire area of the curve
of probabilities is equal t@ A . Now, by namihg the @ssc of which the
ordinate divides this area into two equal parts, thegddtte area which is to the
left of this ordinate will be clearly equal to

1
A=—(p+p +p"+ 4" )" + hg';
by equating it tad , we will have
1

B = g(p_i_p/ +p// 4. _i_p(nfl))’
which gives forh the same value as the rule of th#hragtic means. The
assumptions which have lead us to this result being degibiikelihood, we see
how much it is necessary, in the delicate occastonsiake usage of the method
that we have proposed.

XXXIII.
It is easy to apply the preceding theory to the cowratif instruments; for

this, we suppose that, in verifying an instrument antepgating a great number
of times the same verification, we have found difiererrorsp, o', p’, ... .

Let ¢, ¢, 4", ... be the number of times each of them has bepeated; in
representing byz, o/, 2", ... their respective facilities, we wiilave
kxiz'" 2"" ..., ... for the probability of the observed eveht, beingastant

coefficient; the probability of this system of fétas will be therefore

. -/ -1
i 2" dxdxdx". ..

n . ;! " )
[Tzxiz" 2. dxdx'dx. ..

the integrals of the denominator being taken for &lgbssible values of, z’,
2", .... In order to conclude the probability of , we willégrate the function
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zix’ 2" .. dwde'dz”... first  with respect to z’ , fromz' =0 to
¥=1—x—2"—--, next with respect toz” , fromz”" =0 to
"=1-—x—2" —---, and thus in sequence, which gives for the last integral

1.2.3...4.1.2.3...4".1.2.3...¢".
1.234... (¢ +d" +¢" +--)

.. : I/ _
xz(l_x)zﬂ, oA ldx.

We will have therefore, for the probability that tlaeility = will be contained in
the given limits,

" "
f-T 7+7+7+ n— 1dx

fo _ ,+7/”+7/W+"'+n*1dx

the integral of the numerator being taken in the exéétliese limits and that of
the denominator being taken fram=0 ®to=1 ; now this prdibalvill be
determined by the formula of article XVIII by changipginto i andg into
il_l_i//_l_i///_l_”__'_n_l.

We examine now the correction that it is necessarymake to a new
observation made with this instrument: we suppose heaetis a quarter circle
and that, in taking a great number of times one same exgpagighta , we have
found between this height and the real height diffeendaich extend from
a —a toa+ o . We suppose moreover that, by partitioning thevatex + o
into n — 1 very small parts, we have found that the errarhas been repeateéd
times; that the erroa + M has been repeated times; ttiwaterror

—a+ M has been repeate’d times and thus in sequence; It final,
be the facilities of these errors. We will have ginticle XIV,

[Pty " dedada”.

["wiz® x’”’ \...dxdx'dx". ..

for the probability that the error of a new heightobserved with this quarter
circle, will be —a, the integrals of the numerator aridhe denominator being

taken for all the possible values of =/, 2", ... , which recurrﬂcegrate the
one and the other, first with respectato , frore= 0 zte 1 — 2’ — 2’ —

next with respect ta’, from'=0 to' =1—-2"—-.-- , and thus of the rest.
We will find in this manner that the preceding fractlam reduced to
m, this quantlty expresses therefore the probability thaterror of
observation will be—«a ; by changing in it successivieko 7', ", ..., and

reciprocally, we will have the probabilities that theror of observation will be
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a2t or g 4 2eta) 0 we imagine therefore raised on the extremities
n—1 n—1

and on each of the divisions of the intervak o’ somginates equal or
proportional to these probabilities and of which th&exrities, because of the
smallness of the divisions, will form sensibly a @dine; this put, the abscissa
of which the ordinate will partition the area of thigrve into two equal parts will
be, by article XXIX, that of which it is necessdany make usage, so that, if we
nameh this abscissa computed from the origin of thervat o + o/ which
corresponds to the errora , the correction which shd@dmade to the
observed height will bé& —« and, consequently, we should seppesreal
height equal ta + h — .

Thence results this quite simple rule to correct thdrungent: Add
continually the quantities +1i' + 2, +i" +2,¢" +i¢" +2,... until when
you arrive at a sum equal or immediately smaller than any quantity Halie
of the sum

i+ 20+ 20" 4 4 207D 7D L op 9,

Letr be the number of quantities-i' + 2, i' + 4" + 2, ... that you have thus
added;! the number of part%t—‘{ containedan ; the correction that it is
necessary to make to the height or, what amounts to the same, the quantity
that it is necessary to add to it will be, very nearly,

r—1+ a ot
i) g0t 42 ) — 17

If, instead of fixing the true height at the point oé thbscissa of which the
ordinate divides the area of the curve into two equaspert could fix it at the
point of which the ordinate passes through the centgrasdty of this area, we
would have the same correction that the method ohthlemetic mean gives:
this method returns therefore, in this case, to takingheanthe point where the
sum of the errors to tHess , multiplied by their probtés is equal to the sum
of the errors to thplus , multiplied by their probabistie

When once we know the law of the facility of theoesrof the instrument, we
can conclude from it that of the errors of any redeliuced from observations
made with this instrument, such as the middle concluded tinam corresponding
heights. In fact, if we name, 2/, 2, ...  the errors of the okmtéons that we
will suppose here very small, the correction that Wweutl make to the result
wil be Az+ A2+ A"2"+---, A, A", A", ... being some constant
coefficients depending on the nature of the result thatdeduce from the
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observations. If we suppose this correction equal toe wil have
Az + A2 + A" 4+ = 2.

There is no longer question than to determine, by #haoa of article VI,
the probability of this equation by means of the ldvaoility of errorsz, 2/, 2",
...; we will have thus for this probability a functionafwhich we will designate
by ¢(x), so that the equation of the curve of the probigisilof values of  will
bey = ¢(x) . Now, if we take the integrglydz  for all the extefithe limits in
which z can vary, the abscisea which will divide itk equal parts the area
which represents this integral will be the correctibat should be made to the
proposed result.
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