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MÉMOIRE SUR LES PROBABILITÉS

P. S. Laplace

Mémoirs de l'Academie royale des Sciences de Paris, 1778 (1781)

I.

I intend to treat in this memoir two important points in the analysis of
chances which do not seem yet to have been sufficiently deeply studied: the first
has for object the manner of calculating the probability of events composed of
simple events of which one does not know the respective probabilities; the object
of the second is the influence of past events on the probability of future events,
and the law following which, by its expansion, shows us the causes which have
produced them. These two objects, which have much analogy between them,
depend upon a very delicate metaphysic, and the solution of the problems which
are relative to them require some new artifices of analysis; they form a new
branch of the theory of probabilities, of which the usage is indispensable when we
wish to apply this theory to civil life. I give, relative to the first, a general method
to determine the probability of any event, when we know only the law of
possibility of the simple events, and, in the case where this law is unknown, I
determine that of which we must make usage. The consideration of the second
object leads me to speak of births: as this matter is one of the most interesting in
which we are able to apply the calculus of probabilities, I manage so to treat with
all care owing to its importance, by determining what is, in this case, the
influence of the observed events on those which must take place, and how, by its
multiplying, they uncover for us the true ratio of the possibilities of the births of a
boy and of a girl. By generalizing next these researches, I arrive at a method to
determine, not only the possibilities of simple events, but yet the probability of
any future event, when the observed event is very compound, whatever be
moreover its nature. I give, on this occasion, the solution of some interesting
problems in the natural history of man, such as the one of the more or less ease of
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the births of boys relatively to that of the girls in different climates: it is here
chiefly that it is necessary to have a rigorous method to distinguish, among the
observed phenomenon, those which are able to depend on chance, from those
which depend on the particular causes, and in order to determine with what
probability these last indicate the existence of these causes. The principal
difficulty that we encounter in these researches depend on the integration of
certain differential functions which have for factors some quantities raised to
some very great powers, and of which it is necessary to have the integrals
approximated by some convergent series: I dare flatter myself that the analysis of
which I am to avail myself for this object may merit the attention of geometers.
Finally I end this memoir with some reflections in which I present that the
calculus of probabilities has seemed to furnish me illumination on the mean that
we must choose among the results of many observations.

II.

In the analysis of chance, we intend to know the probability of composite
events, following any law, of simple events of which the possibilities are given;
these are able to be determined in these three ways: 1° , when, by the likea priori
nature of the events, we see that they are possibles in a given ratio; it is in the
same way that, in the game of  and , if the piece that we cast into theheads tails
air is homogeneous and if its two faces are entirely similar, we judge  andheads
tails a posteriori equally possible; 2° , by repeating a great number of times the
experience which can bring about the event of which there is question, and by
examining how many times it has happened; 3° finally, by the consideration of the
grounds which can resolve for us to say on the existence of this event; if, for
example, the respective skills of two players A and B are unknown, as we have
no reason to suppose A stronger than B, we conclude from it that the probability
of A to win a game is . The first of these ways gives the absolute probability of"

#

the events; the second makes it known very nearly, as we will show in the
following, and the third gives only their possibility relative to the state of our
knowledge.

Each event being determined by virtue of the general laws of this universe, it
is probable only relatively to us, and, for this reason, the distinction of its
absolute possibility and of its relative possibility can seem imaginary; but we must
observe that, among the circumstances which compete in the production of the
events, there are some variables at each instant, such as the movement that the
hand imprints on the dice, and it is the reunion of these circumstances which we
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name : it is of others which are constant, such as the ability of the players,chance
the inclination of the dice to fall on one of their faces rather than on the others,
etc.; these form the  of the events, and knowledge of themabsolute possibility
more or less extensive forms their ; alone, they do not sufficerelative possibility
to produce them; it is more necessary that they be joined to the variable
circumstances of which I speak; they serve thus only to augment the probability
of the events, without determining necessarily their existence.

The researches that we have made until now on the analysis of chances
suppose the knowledge of the absolute possibility of the events, and, with the
exception of some remarks that I have given in the Volumes VI and VII of the
Mémoires des Savants étranges, I do not know that one has considered the case
where we have only their relative possibility. This case contains a great number
of interesting questions, and the greater part of the problems on the games
correspond to them; we can therefore believe that if geometers had not paid
particular attention, it comes from this that they have regarded it as susceptible to
the same methods as the ones where we know the absolute possibility of the
events; however, the essential difference of these possibilities cannot fail to
influence on the results of the calculation, such that we will be exposed often to
some considerable errors in employing them in the same manner: it is this of
which it is easy to convince oneself by the following example.

We suppose that two players A and B, of which the respective skills are
unknown, play at any game, and we propose to determine the probability that A
will win the first  games.8

If the question were only of a single game, it is clear that A or B must
necessarily win it, these two events are equally probable, in such a way that the
probability of the first is ; whence, by following the ordinary rule of the analysis"

#

of chances, we conclude that the probability of A winning the first  games is .8 "
#8

This consequence will be exact if the probability  were based on an absolute"
#

equality between the possibilities of the two events of which there is question;
but there is equality only relatively to the ignorance which we have of the skills of
two players, and this equality does not prevent that the one is able to be much
stronger than the other. We suppose consequently that  represents the"

#
!

probability of the strongest player to win a game, and  that of the weakest; by"
#
!

naming  the probability that A will win the first  games, we will haveT 8

T œ Ð"  Ñ T œ Ð"  Ñ
" "

# #8 8
8 8! !or ,
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according as A will be the strongest or the weakest: now, as we have no reason
to suppose the one rather than the other, it is clear that, in order to have a true
value of , we must take the mean of the sum of the two preceding values,T
which gives

T œ ÒÐ"  Ñ  Ð"  Ñ ÓÞ
"

#8"
8 8! !

By expanding this expression, we have

T œ "   â Þ
" 8Ð8  "Ñ 8Ð8  "ÑÐ8  #ÑÐ8  $Ñ

# # "Þ#Þ$Þ%8
# %” •! !

This value of  being greater than , when  is greater than unity, we seeT 8"
#8

that the inequality which can exist between the skills of the two players favors the
one who wagers  against  that A will win the first  games, provided that" #  " 88

we ignore on which side is found the greatest skill. This remark, that I have
already made elsewhere, is, if I do not delude myself, very useful in the analysis
of chances, not only in that it indicates the necessity to have regard to the
unknown inequality of the skills of the players, but still in that we can often
determine if this inequality is favorable or contrary to the one who wagers
according to the ordinary calculus of probabilities.

III.

We consider again two players A and B, each with a given number of casts,
and playing together in a way that, at each trial, the one who loses gives a token
to his adversary; we suppose that the game must end only when there remain no
more tokens to one of the players, and we determine, in this case, their respective
probabilities to win this game.

For this, we name generally  the skill of A,  the skill of B and  the: "  : CB
probability of A winning the game, when he has  tokens; it can happen at theB
following trial that he wins a token from B, and in this case his probability is
changed to ; it can happen that he gives a token to B, which reduces hisCB"
probability to : now the probability of the first of these two events is , andC :B"

that of the second is ; we will have therefore the equation in finite"  :
differences

C œ :C  Ð"  :ÑC ÞB B" B"
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In order to integrate it, let  we will haveC œ G+ ßB
B

+ œ :+  "  :à#

the two roots of this equation are  and ; hence, if  and + œ " + œ G G":
:

w

represent two arbitrary constants, the complete expression of  will beCB

C œ G  G
"  :

:
B

w
BŒ  .

In order to determine these two constants, we will observe: 1° that,  being null,B
we have , and that,  being equal to the total number of tokens of A andC œ ! BB

of B, we have ; let  be this number,  the number of tokens of A at theC œ " 8 7B

beginning of the game, and consequently  that of the tokens of B, we will8 7
have

! œ G  G ß

" œ G  G ß
"  :

:

w

w
8Œ 

whence we deduce

G œ ß
"

" 

G œ  ß
"

" 

Š ‹
Š ‹

":
:

8

w

":
:

8

hence,

C œ Þ
" 

" 
B 8

":
:

B

":
:

Š ‹
Š ‹

We will have the probability  of A to win the game, by changing in thisC7
expression  to , that which givesB 7

C œ à
" 

" 
B 8

":
:

7

":
:

Š ‹
Š ‹
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and, by changing  into ,  into , and reciprocally, we will have the7 87 : "  :
probability of B to win the game, and we will find  for this probability; it"  C7
is this of which it is easy to assure ourselves moreover by considering that, A or
B must necessarily win the game, the sum of their probabilities must be equal to
unity.

Now, if we suppose the skills of two players equal, and, consequently,
: œ ß C" !

# !7 the preceding expression of  becomes , which shows nothing; but, by
differentiating the numerator and the denominator in this expression with respect
to , we find that in this case , such that the probabilities of the two: C œ7

7
8

players A and B are in ratio of the number of their tokens: their respective
wagers must therefore be in the same ratio. We examine presently the change
that any inequality between their skills must cause in their lot.

Let  be the greatest and  the least ; we will change successively, in the" "
# #
! !

expression of ,  to  and ; we will have thus two values which willC :7
" "
# #
! !

take place according as A will be the strongest or the weakest; the true
expression of  will be therefore equal to the half of the sum of these twoC7
values; whence we deduce

C œ à
" ÒÐ"  Ñ  Ð"  Ñ ÓÒÐ"  Ñ  Ð"  Ñ Ó

# Ð"  Ñ  Ð"  Ñ
7

87 87 7 7

8 8

! ! ! !

! !

we can put this expression under this form

C œ  Ð"  Ñ Þ
" " ÒÐ"  Ñ  Ð"  Ñ Ó

# # Ð"  Ñ  Ð"  Ñ
7

# 7
8#7 8#7

8 8
!

! !

! !

In the case of , we just saw that ; so that, then,! œ ! C œ7
7
8

Ð"  Ñ œ à
ÒÐ"  Ñ  Ð"  Ñ Ó 8  #7

Ð"  Ñ  Ð"  Ñ 8
!

! !

! !
# 7

8#7 8#7

8 8

now, if we suppose  less than , it is clear that, augmenting , the fraction7 8
# !

Ð" Ñ Ð" Ñ
Ð" Ñ Ð" Ñ

# 7! !

! !

8#7 8#7

8 8  diminishes, at the same time the factor ; we willÐ"  Ñ!

have therefore, under the assumption of  being greater than zero,!

Ð"  Ñ œ  #2ß
ÒÐ"  Ñ  Ð"  Ñ Ó 8  #7

Ð"  Ñ  Ð"  Ñ 8
!

! !

! !
# 7

8#7 8#7

8 8

2 being necessarily positive. Hence,
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C œ  2
7

8
7 ;

whence it follows that the inequality of the skills of A and of B is favorable to the
one of the two players who has the least number of tokens.

! being the same, if  and  increase in conserving always the same ratio, it7 8
is clear that

Ð"  Ñ
ÒÐ"  Ñ  Ð"  Ñ Ó

Ð"  Ñ  Ð"  Ñ
!

! !

! !
# 7

8#7 8#7

8 8

will become smaller, and that we can so make  and  grow, that this quantity8 7
must be smaller than any given size; therefore, if the two players agree to double,
to triple, etc. their tokens, their lot, which, in the case where the skills are equal,
will not change for them, will become very different if there is any inequality
between their skills; the probability of the one who has the least number of tokens
will increase more and more, up to the point of differing infinitesimally little from
"
# , and consequently from the probability of his adversary.

IV.

In general, if, in any problem relative to the two players A and B, we
represent by  the skill of the strongest, and by  that of the weakest, the lot" "

# #
! !

T  of player A supposed the strongest will be expressed by a function of ,!
which, reduced to a series, will have the following form:

T œ +  +  +  + â" # $
# $! ! !

By changing  to , we will have, for the expression of , in the case where! ! T
the player A is the weakest,

T œ +  +  +  + â" # $
# $! ! !

We will have therefore the true value of  by taking the mean of the sum of theT
two preceding series, that which gives

T œ +  +  + â# %
# %! !

When  is very small, we can be satisfied with the first two terms of this series,!
and we have clearly
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T œ +  +#
#! ;

we will know therefore then, by the sign of , if  is greater or lesser than in the+ T#

case where the skills are equal; it will be greater if  is positive, and lesser if it is+#
negative.

From this there remains in the value of  only the even powers of , thereT !
results that the case of  indicates always a maximum or a minimum for this! œ !
value; but it is possible that it be susceptible to many maxima or minima, and it is
this which will take place if the differential of , taken with respect to  andT !
equated to zero, gives for  one or many positive values, contained between the!
limits in which  is able to bounded; in this case, we will seek if the assumption!
of  gives the greatest of all these maxima, or the least of all these minima; if! œ !
this is, we may be assured that the lot  of A is or is not more advantageous thanT
when the skills are equal; but, if it is not, it will be impossible to pronounce on
this object, at least to know the law of possibility of the respective skills.

V.

It is easy to extend the preceding remarks to any number of players; we
suppose, for example,  players A, B, C, D,  and that we propose to determine3 á
the probability  that the  players A, B, C, will win the first  games. It isT < á 8
clear that, if their skills were equal, the probability that each of the players to win
a game or, what comes to the same, their respective skill will be , so that the"

3

sought probability  will be ; but, if there exists any inequality among theT ˆ ‰<
3

8

skills of the players, by naming  the greatest,  the second in order of" "
3 3
! !w

magnitude,  the third, and so on, we will have first"
3
!ww

! ! !  â œ !ßw ww

because the sum of all these skills must be equal to unity.
If we name next  the different sums that we can form by adding a=ß = ß = ßáw ww

number  of the preceding skills, we will have as many corresponding values of<
T T œ = ß T œ = ß T œ = ßá à, which will be  the number of these values is8 w ww8 8

equal to that of the combinations of  quantities, taken  by , and, consequently,3 < <

equal to  we will have therefore the true value of , by dividing by3Ð3"ÑâÐ3<"Ñ
"Þ#Þ$á< à T

this number the sum of the preceding values, that which gives
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T œ Ð=  =  = âÑÞ
"Þ#Þ$á<

3Ð3  "ÑÐ3  #ÑâÐ3  <  "Ñ
8 w ww8 8

It is easy to see that each skill is found repeated in the sum =  = w

=  = á 3  " <  " <  "ww www  as many times as we can combine  quantities  by ;
whence it follows that this sum is independent of  and equal to! ! !ß ß ßâw ww

 .
Ð3  "ÑÐ3  #ÑâÐ3  <  "Ñ

"Þ#Þ$áÐ<  "Ñ

Now we will prove easily that, in this case, the sum

=  =  = â8 w ww8 8

is the least possible when , that which supposes= œ = œ = œ â8 w ww8 8

! ! !œ œ œ â œ ! Tw ww ; therefore the value of  is the least when the skills of
the players are equal, so that the inequality of these skills favor the one who
wagers that the first  games will be won by the  players A, B, C, .8 < á

It is clear that we can make some analogous remarks on the games in which
one makes use of polyhedra, such as the game of dice; because, with whatever
care that we had formed these polyhedra, there is encountered necessarily among
their different faces some inequalities which result from the heterogeneity of the
matter which one uses and from the inevitable faults in their construction. In
general, these remarks have place for all events of which the possibility is
unknown and can be varied within certain limits; and, if in the following we
consider particularly the events of the game between many players of whom the
skills are unknown, it is only to render more clear to us, by fixing the ideas on a
determined object.

VI.

It is infinitely less probable that the skills of two players A and B be perfectly
equal; but, at the same time as we do not know on which side is found the
greatest or the least skill, we do not know equally the quantity of their difference;
thus, all that we can conclude from the preceding theory, is that the lot of such
and such player is more favorable than according to the ordinary Calculus of
probabilities, without that we are in a state to assign by how much it is increased.
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Now, if we would know the limit and the law of possibility of the values of ,!
nothing would be more easy than to solve this problem exactly; because, if we
name  this limit and if we represent by  the probability of , we see first; Ð Ñ< ! !
that,  having necessarily to fall between  and , the function  must be! < !! ; Ð Ñ
such that we have

( . Ð Ñ œ "!< ! ,

the integral being taken from  to . We will multiply therefore by! !œ ! œ ;
. Ð Ñ!< !  the probabilities determined by that which precedes, and, by integrating
these products from  to , we will have the sought probabilities; we! !œ ! œ ;
will find in this manner, for the value of  in article II,T

T œ ÒÐ"  Ñ  Ð"  Ñ ÓÞ
. Ð Ñ

#
( !< !

! !
8"

8 8

If, for example,  is equal to a constant , so that all the values of  are< ! !Ð Ñ 6
equally possible, the equation  will give , and we will have' . Ð Ñ œ " 6 œ!< ! "

;

T œ ÒÐ"  ;Ñ  Ð"  ;Ñ ÓÞ
"

Ð8  "Ñ;Þ#8"
8" 8"

The quantity  is a function of the ratio of the absolute skills of the two players;!
therefore instead of supposing the law of its possibility immediately known, it is
much more natural to deduce it from that which represents the possibility of the
absolute skill of any player. For this, we compare the skills of all the players to
that of a unique player, who we will take for unity of skill; and, by representing
by the abscissa  all these ratios, we imagine, raised on each point of theB
abscissa, some ordinates  proportionally to the supposed infinite number of allC
the players of whom the skill is : we will have thus a curve contained betweenB
the limits  and ,  being the least skill and  the greatest; and it is clear that2 2 2 2w w

the ratio of the ordinate  to the sum of all the ordinates, or, what comes to theC
same, to the entire area of the curve, will express the probability that the skill of
any player is . This put, in order to conclude from it the law of possibility of theB
values of , let  and we name  the integral , taken from! 9 9C œ ÐBÑß + .B ÐBÑ'
B œ 2 B œ 2 B to ; let, moreover,  be the skill of the one of the two players Aw

and B who is the weakest, and  that of the strongest player; we will haveB  ?



11

B " 

B  ? " 
œ ß

!

!

that which gives

B  ? œ BÞ
" 

" 

!

!

Now the probability that the skill of one of the players being , that of the otherB
will be , is equal to the double of the product of the probabilities of  andB  ? B
of , and consequently equal toB  ?

# ÐBÑ ÐB  ?Ñ

+ +
œ à

# ÐBÑ B9 9 9 9
# #

"
"
ˆ ‰!

!

we will have therefore

# .B
ÐBÑ B

+
( ˆ ‰9 9 "

"
#

!
!

for the entire probability of , the integral being taken from  to .! B œ 2 B œ 2"
"

w!
!

As for the limit  of , we will observe that,  being the least skill and  the; 2 2! w

greatest, we have

2 "  ;

2 "  ;
œ ß

w

whence we conclude

; œ Þ
2  2

2  2

w

w

When the function  is unknown, it is impossible to know exactly the lot9ÐBÑ
of the two players A and B, and one is reduced to choosing the most likely
functions. We will now occupy ourselves on this object in the following; but
before we proceed to exhibit a general method to determine the respective lot of
any number of players, when we know concerning their skills only the law of
their possibility: this matter presents some considerable enough difficulties of
analysis, of which the solution is contained in that of the following problem.
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VII.

PROBLEM. — Let there be  variable and positive quantities 8 >ß > ß > á ß >" #ß 8"

of which the sum is  and of which the law of possibility is known; we propose to=
find the sum of the products of each value that can accept a given function <Ð>ß
> ß > ßáÑ" #  of these variables, multiplied by the probability corresponding to this
value.

Solution. — We suppose, for more generality, that the functions which
express the possibility of the variables are discontinuous, and we>ß > ß > á" #ß

represent by  the least value of ; by  the possibility of , from  to; > Ð>Ñ > > œ ;9
> œ ; Ð>Ñ  Ð>Ñ > œ ; > œ ;w w w ww; by  its possibility, from  to ; by9 9
9 9 9ww w ww wwwÐ>Ñ  Ð>Ñ  Ð>Ñ > œ ; > œ ; this possibility, from  to , and thus in
sequence to  We designate next the same quantities relative to the> œ _Þ
variables ,  by the same letters, by writing at the base the numbers > ß > ß > á "ß" # $

#ß $ß á ß ; ß ; ß ; ß á > ß > ß > á so that  express the least values of , , that" # $ " # $

9" "Ñ " " "
wÐ> > ß > œ ; > œ ; expresses the possibility of  from  to , and thus the rest; in

this manner of representing the possibilities of the variables, it is clear that the
function  has place from  to , that the function  has place9 9Ð>Ñ > œ ; > œ _ Ð>Ñw

from  to , thus in sequence. In order to recognize the values of > œ ; > œ _ >ß > ßw
"

> á Ð>Ñ 6 à Ð>Ñ#ß
; w when these functions begin to have place, we will multiply  by 9 9

by   by , ; the exponents of the powers of  which multiply each6 à Ð> Ñ 6 á 6; ;
" "

w
"9

function will indicate then these values; it will suffice next to suppose  in the6 œ "
last result of the calculation: it is by these very simple artifices that we owe the
facility with which we are going to resolve the proposed problem.

The probability of the function   is evidently equal to the< Ð>ß > ß > ßáÑ" #

product of the probabilities of  so that, if one substitutes for  its value>ß > ß > á >" #ß

=  >  > á" #  which gives the equation

>  >  > â œ =ß" #

the product of the proposed function by its probability will be
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( )A

<

9 9

9 9

9 9

ÚÝÝÝÝÝÛÝÝÝÝÝÜ

Ð=  >  > áß > ß > ß áÑ

‚ Ò6 Ð=  >  > áÑ  6 Ð=  >  > áÑ âÓ

‚ Ò6 Ð> Ñ  6 Ð> Ñ âÓ

‚ Ò6 Ð> Ñ  6 Ð> Ñ âÓ

‚â

" # " #

; ; w
" # " #

; ; w
" " ""

; ; w
# # ##

w

"
w
"

#
w
#

We will have therefore the sum of all these products: 1° by multiplying the
preceding quantity by , and by integrating it over all the values of which  is.> >" "

susceptible; 2° by multiplying this integral by  and by integrating over all the.>#
values of which  is susceptible, and thus in sequence to the last variable ;> ># 8"

but these successive integrations require some particular attentions.
We consider any term of the quantity ( ), such asA

6 Ð=  >  > áÑ Ð=  >  > áÑ Ð > Ñ Ð > Ñâ; ; ; â Ð3Ñ
" # " # " #" #

Ð3 Ñ Ð3 ÑÐ3Ñ
" #
Ð3 Ñ Ð3 Ñw ww w ww

< 9 9 9

In multiplying it by , it is necessary to integrate over all the possible values of.>
> Ð=  >  > áÑ >" " #

Ð3Ñ: now it is clear that the function  has place only when 9

or  is equal or greater than ; the greatest value that  can=  >  > á ; >" # "
Ð3Ñ

accept is therefore  Moreover, having place=  ;  >  > á Ð> ÑÐ3Ñ
# $ ""

Ð3 Ñ
9

w

only when  is equal or greater than , this quantity is the least value that > ; >" ""
Ð3 Ñw

can accept; it is necessary therefore to take the integral in question from

> œ ; > œ =  ;  >  > á" " # $"
Ð3 Ñ Ð3Ñ

w

 to  or, what comes to the same, from

>  ; œ ! >  ; œ =  ;  ;  > á" " #" "
Ð3 Ñ Ð3 ÑÐ3 Ñ Ð3Ñ

w ww
 to 

We will find in the same manner that, by multiplying this new integral by ,.>"

it will be necessary to integrate from  to> œ ; œ !# #
Ð3 Ñww

>  ; œ =  ;  ;  ;  > á# $# " #
Ð3 Ñ Ð3 Ñ Ð3 ÑÐ3Ñ

ww w ww

By continuing to operate thus, we will arrive at a function of

=  ;  ;  ; áÐ3Ñ
" #
Ð3 Ñ Ð3 Ñw ww

in which there will remain none of the variables . This function must>ß > ß > ßá" #

be rejected if  is negative; because it is clear that, in this=  ;  ; áÐ3Ñ
"
Ð3 Ñw

case, the system of functions  cannot be9 9 9Ð3Ñ
" #
Ð3 Ñ Ð3 Ñ

" #Ð>Ñß Ð > Ñß Ð > Ñß á
w ww

employed; in reality, the least values of  being, by the nature of these> ß > ßá" #
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functions, equal to  the greatest value that  can accept is ; ß ; ß á > = " #
Ð3 Ñ Ð3 Ñw ww

;  ; á >  ; =  ; " #
Ð3 Ñ Ð3 Ñ Ð3Ñ Ð3Ñ

w ww

; hence, the greatest value of  is 

;  ; á Ð>Ñ > " #
Ð3 Ñ Ð3 Ñ Ð3Ñ

w ww

. Now the function  is not able to be employed when 9

;Ð3Ñ is positive.
Instead of rejecting the function in question, it is equal to suppose then all the

terms of this function  constantly equal to zero; because, by=  ;  ; áÐ3Ñ
"
Ð3 Ñw

considering, for example, only the three variables the last integral>ß > ß > ß" #

relative to  must be taken from  to.> >  ; œ !# # #
Ð3 Ñww

>  ; œ =  ;  ;  ;# # " #
Ð3 Ñ Ð3 Ñ Ð3 ÑÐ3Ñ

ww w ww

,

it is clear that this integral will be null all the time that we will assume

=  ;  ;  ; œ !Ð3Ñ
" #
Ð3 Ñ Ð3 Ñw ww

.

There results from what we just said a very simple method to solve the
problem proposed.

Let us substitute: 1° in place of ,  in ,  in  in> ;  ? Ð>Ñ ;  ? Ð>Ñß ;  ?9 9w w ww

9 9 9ww w w
" " " " " " "" "Ð>Ñß á à > ß ;  ? Ð> Ñ ;  ? Ð> Ñß á à 2° in place of   in ,  in  3° in

place of   in , , and thus in sequence, the quantities> ß ;  ? Ð> Ñ á# # # # #9

6 Ð>Ñ  6 Ð>Ñ âß

6 Ð> Ñ  6 Ð> Ñ âß

âß

; ; w

; ; w
" ""

9 9

9 9

w

" "
w

which represent the probabilities of  will be changed: the first, into a>ß > ß á ß"

function of ; the second, into a function of  We will designate these? ? ß á Þ"

functions by , C C CÐ?Ñß Ð? Ñß Ð? Ñ á" " # #

Let us change next, in ,  to ,  to , ,  we will<Ð>ß > ß > ßáÑ > 5  ? > 5  ? á" # " " "

have a function of  that we will represent by ; this?ß ? ß ? ßá Ð?ß ? ß ? ßáÑ" # " #>
put, we will take the integral

( .? Ð=  ?  ? âß ? ß ? ß âÑ Ð=  ?  ? âÑ Ð? Ñ Ð? Ñ á" " # " # " # " " # #> C C C  

from  to ? œ ! ? œ =  ?  ? â" " # $

We will multiply this first integral by , and we will integrate from .? ? œ !# #

to ; we will multiply this second integral by , and we will? œ =  ? â .?# $ $

integrate from  to . By continuing thus, we will arrive at? œ ! ? œ =  ? â$ $ %
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a function of  alone, which we will designate by , and this function will be= Ð=ÑQ

the sum demanded of all the values of , multiplied by their<Ð>ß > ß > ßáÑ" #

respective probabilities; but, for this, it is necessary to take care to change, in any

term multiplied by ,  by ,  by ,  by , ; to6 5 ; 5 ; 5 ; á; ; ; â Ð3Ñ
" #" #

Ð3 Ñ Ð3 ÑÐ3Ñ
" #
Ð3 Ñ Ð3 Ñw ww w ww

diminish  of the exponent of  and, consequently, to write, in place of , = 6 = = 

;  ;  ; âàÐ3Ñ
" #
Ð3 Ñ Ð3 Ñw ww

 to make this last quantity equal to zero every time that
it will be negative; finally, to suppose .6 œ "

If , ,  are some rational and entire> C C CÐ?ß ? ß ? ßáÑ Ð?Ñß Ð? Ñß Ð? Ñ á" # " " # #

functions of the variables , of exponentials, of sines and cosines, all?ß ? ß ? ßá" #

these successive integrations will be possible, because it is in the nature of these
quantities to reproduce by the integrations only the quantities of the same kind; in
the other cases, these integrations would not be possible, but the preceding
method reduces the problem then to the quadrature of curves.

VIII.

The case of the rational and entire functions offers some simplifications which
are not unuseful to exhibit. For this, let  be any product of the? ? ß ? ß á3 3 3

" #

w ww

variables ; if, after having substituted for  its value?ß ? ß ? ßá ?" #

=  ?  ? â .?" # ", we multiply it by , it is easy to assure ourselves that the
integral

( .? Ð=  ?  ? âÑ ? ? â" " #
3 3 3

" #

w ww

taken from  to  is? œ ! ? œ =  ? â" " #

"Þ#Þ$á3Þ"Þ#Þ$á3

"Þ#Þ$Þ%áÐ3  3  "Ñ
Ð=  ?  ? âÑ ? âà

w

w # $
33 " 3

#

w ww

by multiplying this integral by  and by integrating it from  to.? ? œ !# #

? œ =  ? â# $ , we will have similarly

"Þ#Þ$á3Þ"Þ#Þ$á3 Þ"Þ#Þ$á3

"Þ#Þ$Þ%áÐ3  3  3  #Ñ
Ð=  ? âÑ â

w ww

w ww $
33 3 #w ww

and thus in sequence; therefore, if we suppose
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C

C

C

Ð?Ñ œ E F?  G? âß

Ð? Ñ œ E F ?  G ? âß

Ð? Ñ œ E F ?  G ? âß

â

#

" " " " " " "
#

# # # # # # #
#

and if we designate by  any term ofL? ? ?3 3 3
" #

w ww

>Ð?ß ? ß ? ßáÑß" #

the part corresponding to  will beQÐ=Ñ

(B)

ÚÝÝÝÝÝÛÝÝÝÝÝÜ

"Þ#Þ$á3Þ"Þ#Þ$á3 Þ"Þ#Þ$á3 áL=

‚ ÒE  Ð3  "ÑF=  Ð3  "ÑÐ3  #ÑG= âÓ

‚ ÒE  Ð3  "ÑF =  Ð3  "ÑÐ3  #ÑG = âÓ

‚ ÒE  Ð3

w ww 833 3 â"

#

" " "
w w w #

#

w ww

ww ww ww #
# # "ÑF =  Ð3  "ÑÐ3  #ÑG = âÓ

‚â,

provided that, in the development of this quantity, in place of any one power  of-
= Þ, we write =

"Þ#Þ$á-

-

We will have next the corresponding part of the entire sum of the values of
<Ð>ß > ß > ßáÑ" # , multiplied by their respective probabilities by changing any term,
such as , into , and by substituting into , in place of , theL 6 = L Ð=  Ñ L 5- - .. - -

part of the exponent  which is relative to ; in place of , the part relative to ,. > 5 >" "

and thus the rest.
If, in formula (B), we suppose  and  we willL œ " ! œ 3 œ 3 œ 3 œ âßw ww

have the sum of the values of unity, multiplied by their respective probabilities:
now it is clear that this sum, being nothing but the sum of all the combinations in
which the equation

>  >  > â œ =" #

has place, multiplied by their probabilities, expresses consequently the possibility
of this equation itself. If, in the preceding hypothesis, we suppose moreover that
the law of possibility is the same for the first  variables , and that< >ß > ß á ß >" <"

for the last  it is again the same, but other than for the first, we will have8  <



17

E œ E œ â œ E ß

F œ F œ â œ F ß

â

E œ E œ â œ E ß

F œ F œ â œ F ß

â

" <"

" <"

< <" 8"

< <" 8"

and formula (B) will be changed into this

(C) œ = ‚ ÐE  F=  #G= âÑ

‚ ÐE  F =  #G = âÑ à

8" # 8<

< < <
# <

this formula will serve to determine the probability that the sum of the errors of
any number of observations of which the law of facility is known will be
contained in the given limits, this which can be useful in many circumstances, and
particularly when the question is to predict the result of any number of
observations. As this problem is besides the most simple to which we can apply
the preceding method, it is quite proper to clarify it, and, in this view, we are
going to consider the following examples.

IX.

We suppose  observations of which the errors are able to extend from8  "
 2  1 D to  and that, by naming  the error of the first, its facility is expressed
by ; we suppose next that this facility is the same for the errors +  ,D  -D D ß#

"

D ß á ß D# 8# of the other observations, and we seek the probability that the sum
of the errors of these observations will be contained between the limits  and:
:  /.

If we make

D œ >  2ß D œ >  2ß á ß D œ >  2ß" " 8# 8#

it is clear that  will be positive and may be extended from zero to>ß > ß > ß á" #

2  1; moreover, we will have

D  D  D â D œ >  >  > â >  Ð8  "Ñ2Þ" # 8# " # 8#

Therefore, the greatest value of the sum  being, byD  D â D" 8"

assumption, equal to , and the least being equal to , the greatest value of:  / :
>  >  > â > Ð8  "Ñ2  :  /" # 8# will be , and the least will be
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Ð8  "Ñ2  :à  by making thus

Ð8  "Ñ2  :  / œ = >  >  > â > œ =  > ßand " # 8# 8"

> /8" will always be positive and may be extended from zero to . This put, if we
apply to this case the formulas of the two preceding articles, we will have

; œ !ß ; œ 0  1àw

besides, the law of facility of error  being  we will conclude fromD +  ,D  -D ß#

it the law of facility of , by changing  to ; let> D >  2

+ œ +  ,2  -2 ß , œ ,  #-2ßw # w

we will have

+  , >  ->w w #

for this facility: this will be therefore the function ; but, since, from9Ð>Ñ
> œ 2  1 > œ _ß > to  the facility of the values of  is null by hypothesis, we will
have

9 9wÐ>Ñ  Ð>Ñ œ !ß

that which gives

9w w w #Ð>Ñ œ Ð+  , >  -> Ñà

therefore, if we make

+ œ +  , Ð2  1Ñ œ -Ð2  1Ñ ß

, œ ,  #-Ð2  1Ñß

ww w w #

ww w

the quantity that we have named  in article VII will be hereCÐ?Ñ

+  , ?  -?  6 Ð+  , ?  -? Ñßw w # 21 ww ww #

and we will have

C C C" " # # 8# 8#Ð? Ñß Ð? Ñß âß Ð? Ñß

by changing, in this quantity,  successively into ? ? ß ? ß á ß ? Þ" # 8#

As for the variable , we will observe that the possibility of the equation>8"

D  D  â D œ" 8# .
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being, whatever be , equal to the product of the possibilities of , , , . D D á D" 8#

the possibility of the equation

>  >  > â > œ =  >" # 8# 8"

will be equal to the product of the possibilities of ; but this same>ß > ß á ß >" 8#

possibility is evidently equal to the product of the possibilities of >ß > ß á ß > Þ" 8"

The law of possibility of  is therefore constant and equal to unity, and, since>8"
this variable must extend only from  to , we will have> œ ! > œ /8" 8"

; œ !ß ; œ /ß Ð> Ñ œ "ß Ð> Ñ  Ð> Ñ œ !ß8" 8" 8" 8" 8" 8"
w w
8" 8"9 9 9

hence

9w
8" 8"Ð> Ñ œ "ß

whence it is easy to conclude

C8" 8"
/Ð? Ñ œ "  6 à

formula (C) of the preceding article will be changed consequently into this

= Ò+  , =  #-=  6 Ð+  , =  #-= ÑÓ Ð"  6 ÑÞ8" w w # 21 ww ww # 8" /

Let

Ð+  , =  #-= Ñ œ +  , =  - = âß

Ð+  , =  #-= Ñ Ð+  , =  #-= Ñ œ +  , =  - = âß

Ð+  , =  #-= Ñ Ð+  , =  #-= Ñ œ +  ,

w w # 8" Ð"Ñ Ð"Ñ Ð"Ñ

w w # 8# ww ww # Ð#Ñ Ð#Ñ Ð#Ñ

w w # 8$ ww ww # # Ð$Ñ Ð$Ñ Ð$Ñ=  - = âß

â â

and this last formula will take the following form
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+ =  , =  - = â

6 Ð+ =  , =  - = âÑ

Ð8  "Ñ6 Ð+ =  , =  - = âÑ

 Ð8  "Ñ6 Ð+ =  , =  -

Ð"Ñ 8" Ð"Ñ 8 Ð"Ñ 8"

/ Ð"Ñ 8" Ð"Ñ 8 Ð"Ñ 8"

21 Ð#Ñ 8" Ð#Ñ 8 Ð#Ñ 8"

21/ Ð#Ñ 8" Ð#Ñ 8 Ð#Ñ= âÑ

 6 Ð+ = âÑ
Ð8  "ÑÐ8  #Ñ

"Þ#

 6 Ð+ = âÑ
Ð8  "ÑÐ8  #Ñ

"Þ#
âà

8"

#2#1 Ð$Ñ 8"

#2#1/ Ð$Ñ 8"

we will conclude the sought probability by changing in it any term such as -6 =. -

into , which gives, for this probability, the following expression- .Ð= Ñ
"Þ#Þ$á-

-

"

"Þ#Þ$áÐ8  "Ñ

+ Ò=  Ð=  /Ñ Ó  Ò=  Ð=  /Ñ Ó
,

8


-

8

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à

Ð"Ñ 8" 8" 8 8
Ð"Ñ

Ð"Ñ

Ð8  "Ñ
Ò=  Ð=  /Ñ Ó â

Ð8  "Ñ + Ð=  2  1Ñ  Ð=  2  1  /Ñ

 Ð=  2  1Ñ  Ð=  2  1  /Ñ â
,

8

 + Ð=  #2  #1Ñ
Ð8  "ÑÐ8  #Ñ

"Þ#
 Ð=  #2

8" 8"

Ð#Ñ 8" 8"

Ð#Ñ
8 8

Ð$Ñ 8"

˜  ‘
c d

˜ 
™‘ #1  /Ñ â

â

ß

8"

by observing to reject the terms multiplied by , in which  is greater thanÐ=  Ñ. .-

=. We can, by means of this formula, resolve a problem that I have proposed to
myself elsewhere, on the inclination of the orbits of the comets; by assuming all
the inclinations to the ecliptic equally possible, the question is to determine the
probability that the mean inclination of the orbits of  comets will be8  "
contained within the limits  and  or, what comes to the same, that the sum of) )w

their inclinations will be contained within the limits  and . ByÐ8  "Ñ Ð8  "Ñ) )w

naming  these inclinations, as they can be extended from zero to>ß > ß á ß >" 8#

*!°, we will have
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0 œ ! 1 œ *!
#

and ° or ,
1

1 expressing the ratio of the semi-circumference to the radius; moreover, their
possibility in this interval being constant, the function  is reduced to+  , >  ->w w #

the constant , whence it is easy to conclude+w

+ œ + œ + œ + œ âß ! œ , œ , œ âß ! œ - œ - œ âÐ"Ñ w8" Ð#Ñ Ð$Ñ Ð"Ñ Ð#Ñ Ð"Ñ Ð#Ñ

Moreover, the value of  being necessarily contained in the limits  and ,> ! 1
#' + .> œ "w , the integral being taken for the entire extent of these limits, whence

we deduce , the preceding formula will give thus for the demanded+ œw #
1

probability

#

"Þ#Þ$áÐ8  "Ñ

=  Ð=  /Ñ  Ð8  "Ñ =   =  / 
# #

 ÒÐ=  Ñ  Ð=  /  Ñ Ó
Ð8  "ÑÐ8  #Ñ

"Þ#

8"

8"

8" 8"
8 8"

8" 8"

1

1 1

1 1

Ú ÞÝ áÝ áÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÝ áÝ áÜ à

” •Š ‹ Š ‹

 =   =  /  â
Ð8  "ÑÐ8  #ÑÐ8  $Ñ $ $

"Þ#Þ$ # #

ß

Ÿ– —Œ  Œ 1 1
8" 8"

whence we must observe that  and = œ Ð8  "Ñ / œ Ð8  "ÑÐ  ÑÞ) ) )w w

X.

Dß D ß D á 8  "" #,  representing always the errors of  observations, we
suppose that the law of facility, as much of the positive error  as of the negativeD
error , let , and let  and  be the limits of this error; we suppose,D 2  D 2 2
moreover, that this law be the same for the errors ,  of the otherD ß D á ß D" # 8#

observations, and let us seek the probability that the sum of the errors will be
contained within the limits  and .: :  /

If we make it is clear that will alwaysD œ >  2ß D œ >  2ß á ß >ß > ß á" " "

be positive and may be extended from zero to ; the law of facility of , from#2 >
> œ ! > œ 2 > > œ 2 > œ #2 to , will be expressed by ; this same law, from  to , will
be ; it will be null from  to  We will have thus in this case#2  > > œ #2 > œ _Þ
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; œ !ß ; œ 2ß ; œ #2ß

Ð>Ñ œ >ß

Ð>Ñ  Ð>Ñ œ #2  >ß

Ð>Ñ  Ð>Ñ  Ð>Ñ œ !ß

w ww

w

ww w

9

9 9

9 9 9

whence we deduce

9

9

w

ww

Ð>Ñ œ #2  #>ß

Ð>Ñ œ >  #2Þ

The function that we have designated by  in article VII will be thereforeCÐ?Ñ
?Ð"  6 Ñ2 #, and we will have the functions

C C" " 8# 8#Ð? Ñß á ß Ð? Ñß

by changing in it  successively to ? ? ß ? ß á ß ? Þ" # 8#

Presently, we have

D  D â D œ >  > â >  Ð8  "Ñ2" 8# " 8# ;

therefore the sum of the errors  must, by hypothesis, be contained withinDß D ßá"

the limits  and , the sum of the values of  will be contained: :  / >ß > ß > á" #

within the limits  and  so that, if we makeÐ8  "Ñ2  :  / Ð8  "Ñ2  :ß

Ð8  "Ñ2  :  / œ = >  >  > â > œ =  > ßand " # 8# 8"

> /8" may be extended from zero to , and we will prove, as in the preceding
example, that its facility must be supposed constant and equal to unity within this
interval, and that it must be supposed null from  to ; whence> œ / > œ _8" 8"

we will conclude, as in that same example,

C8" 8"
/Ð? Ñ œ "  6 Þ

Formula (C) of article VIII will become thus

= Ð"  6 Ñ Ð"  6 Ñß#8# 2 #8# /

and we will have the sought probability by changing in the expansion of this

quantity any term such as  into , that which gives for the-6 =.
- .#8# Ð= Ñ

"Þ#Þ$áÐ#8#Ñ

#8#

expression of this probability



23

"

"Þ#Þ$áÐ#8  #Ñ

=  Ð=  /Ñ

Ð#8  #Ñ Ð=  2Ñ  Ð=  2  /Ñ

 Ð=  #2Ñ  Ð=  #2  /Ñ
Ð#8  #ÑÐ#8  $Ñ

"Þ#
â

ß

Ú ÞÝ áÝ áÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÝ áÝ áÜ à

 ‘
 ‘

#8# #8#

#8# #8#

#8# #8#

by taking care to reject the terms multiplied by  when  isÐ=  Ñ B . .#8#

negative.
I must observe here that M. de la Grange has already resolved the problem

where we proposed to ourselves to find the probability that the sum of the errors
of many observations will be contained within some given limits, when the law of
facility of these errors is expressed by a rational and entire function of these
errors, of exponentials, of sines and of cosines (  Volume V of the see Mémoires
de Turin, p. 221); his method is very ingenious and worthy of its illustrious
author; but the preceding has, if I do not delude myself, the advantage to be more
direct and more general, in that it reduces the solution of the problem to the
quadrature of curves, whatever be the law of facility of the errors of the
observations.

XI.

We see now the usage that we can make of the preceding theory in the
solution of the problems relative to a number  of players of whom we know8  "
only the possibility of the skills. Let

>ß > ß á ß >" 8# be the absolute skills of the players;
2ß 2 ß 2 ß á >ß > ß á" # " the least values of ;
2 ß 2 ß 2 ß áw w w

" #  the greatest values;

if we make

2  2  2 â œ =w w w
" #

and

>  > â > œ =  > ß" 8# 8"

the variable  can extend from zero to>8"



24

2  2  2  2 âàw w
" "

the law of its possibility must be supposed constant and equal to unity in this
interval, and null upwards to ; moreover, it is clear that the respective> œ _8"

skills of the players will be

> > >

=  > =  > =  >
ß ß ß â

8" 8" 8"

" #

We will seek therefore, by the known methods of the analysis of chances, the
solution of the proposed problem, by starting from these respective skills, and we
will arrive at a result which will be a function of

> >

2  2 â > 2  2 â >
ß ß â

w ww w
" "8" 8"

"

By substituting, in place of , its value, this function will be the one that we have=
designated by  in the problem of article VII; the question will be<Ð>ß > ß > ßáÑ" #

no more afterwards but to seek by the method of this problem the sum of all the
values of which this function is susceptible, multiplied by their probabilities, and
this sum will be the demanded result: there remains no more, as we see, in this
kind of problems, but the inevitable difficulties of the analysis, difficulties which
become much less if we suppose that the law of possibility of the skills is the
same for all the players.

XII.

This law can be known only by a long sequence of observations, and most
often circumstances do not permit making them; we can make up for this
ignorance only by the choice of the most likely functions : the analysis of
chances, which is in itself only the art to estimate the likelihoods, must therefore
guide us in this choice: we examine that which it can furnish us to shed light on
this object.

We observe first that, if it is difficult to know by observation the law of
facility of the skills of the players, it is much easier to know the limits of them;
for we suppose that we have observed the greatest inequality in these skills, and
that we have found that the ratio of the skills of the strongest player to the
weakest is , by naming  the least skill of the players and  the greatest, we7 2 2w

will have
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2

2
œ 7à

w

now, if we name  the mean skill and  the excess of  over this skill, we will" B 2w

have

"  B œ 2 ß "  B œ 2àw

therefore

"  B

"  B
œ 7.

whence we deduce

B œ ß
7  "

7 "

hence

2 œ 2 œ
# #7

7 " 7 "
and .w

Now, the law of possibility of the skills being null beyond the limits and ,2 2w

it is very likely that it increases from these limits to the middle of the interval
which separates them and that it is the same on each side of this middle. Here is
therefore a condition to which we must subject the function of which we will
make a choice; but this remains yet very indeterminate, and, since, among those
which are able to satisfy the preceding condition, we have no reason to prefer
one of them, it is necessary to take a mean function among all these functions:
the question is thus reduced to determine this mean function.

For this, let  be the interval contained between the two limits and  the#+ B
distance from the middle of this interval to any point taken on either side of this
middle; if we raise at this point an ordinate , which represents the probability ofC
B B, we will have a curve contained between the two limits, and, the value of 
must necessarily fall in this interval, the area of this curve will be equal to unity,
so that, from the middle to one of the limits, this area will be ; we can therefore"

#

imagine this quantity  divided into an infinite number of equal parts distributed"
#

above the different points of the interval ; by the condition of the problem, this+
repartition must be such that it has as much less of these parts above each point
as it is extended further from the mean; all the combinations in which this exists
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are equally admissible, and we will have the mean ordinate which results from it
for the abscissa , by taking the sum of all the ordinates  relative to eachB C
combination and by dividing it by the number of these combinations.

We suppose first the number of the points of the interval  finite and equal to+
8 =, and we name  the infinite number of parts which it is necessary to distribute
above these points, by observing the preceding condition; let, moreover,  be theD
ordinate relative to the th point;  the ordinate relative to the st8 D  D Ð8  "Ñ"

point;  the ordinate relative to the nd point, and thus inD  D  D Ð8  #Ñ" #

sequence, so that the ordinate relative to the first point or to the point in the
middle of the interval  is : it is clear that #+ D  D â D Dß D ß âß D" 8" " 8"

will be necessarily positive and that we will have

8D  Ð8  "ÑD  Ð8  #ÑD â D œ =" # 8" .

Let

8= œ >ß Ð8  "ÑD œ > ß Ð8  #ÑD œ > ß âßâD œ > ß" " # # 8" 8"

the preceding equation will become

>  >  > â > œ =à" # 8"

the variables  can be extended from zero to , and the ordinate>ß > ß > ß á =" #

relative to the th point will be<

> > > >

8 8  " 8  # <
  â Þ

" # 8<

It is necessary consequently to determine the sum of all the variations which can
accept this quantity and to divide it by the number of these variations: now it is
clear that this problem returns to the one of article VII; that the quantity which
we have named  is here<Ð>ß > ß > ßáÑ" #

> > >

8 8  " <
 â

" 8< ;

that the quantities  and  are here  and , and that the law of facility of the; ; ! =w

variations of  must be supposed equal to a constant  and the same as for > , > ß > ß" #

áÞ We will have therefore, in the present case,
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>

C C C

Ð?ß ? ß ? ßáÑ œ  â   â ß
5 5 5 ? ? ?

8 8  " < 8 8  " <
Ð?Ñ œ Ð? Ñ œ Ð? Ñ œ â œ ,Ð"  6 Ñà

" #
" 8< " 8<

" " # #
=

but, as it is necessary to distinguish the limits  and , which belong to the! =
variables , in order to assign to  the values which>ß > ß á > ß 5ß 5 ßá ß 5" 8< " 8<

suit them, we will represent by  these limits. This put,- ß = ß - ß = ß - ß = ß áw w ww ww www www

formula (B) of article VIII will give for QÐ=Ñ

 5 " " "
8 8" 8# < 8" 8 8" < 8

5 5 5

8 = < - = - =

  â  â

"Þ#Þ$áÐ8  "Ñ "Þ#Þ$á8
=  =

‚ , Ð"  6 Ñ Ð6  6 ÑÐ6  6 Ñâ

" # 8<

w w ww ww

It is necessary next, in the development of this quantity, to substitute for  the5
part of the exponent of  which depends on  and on ; for , the part of that6 - = 5w w

"

exponent which depends on  and , etc.; to diminish  by the entire exponent- = =ww ww

of , and to reject that term every time that this exponent, thus diminished, will be6
negative; finally to suppose

! œ - œ - œ - œ âß = œ = œ = œ â > œ "w ww www w ww and .

The preceding quantity reduces thus to this very simple formula

, = " " " "

"Þ#Þ$á8 8 8  " 8  # <
  â à

8 8 Œ 
by dividing this quantity by the number of all the combinations, which cannot be a
function of , we will have, for the mean ordinate corresponding to the th point,8 <

R  â ß
" " "

8 8  " <
Œ 

R 8 being a function of .
We suppose now that the numbers  and  become infinite, that the th point8 < <

corresponds to the abscissa  and the th point to the abscissa , we will have,B 8 +
as we know,

" " " 8 +

8 8  " < < B
 â œ 8 < œ œ àlog log log log
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therefore the mean ordinate  which corresponds to the abscissa  is ; weC B R log +
B

will determine , by observing that we must have  the integralR R.B œ ß' log + "
B #

being taken from  to , that which givesB œ ! B œ +

R œ ß
"

#+

hence

C œ Þ
" +

#+ B
log

It is necessary to observe that this equation must be supposed the same,  beingB
positive or negative, which comes back to supposing here the logarithms of
positive quantities equal to the logarithms of negative quantities, that is to say,
log log. .œ Ð Ñ.

XIII.

Such is the equation of which it is necessary to make use when we have,
relative to the possibility of the values of , no other givens, except that it is asB
much less as those values are greater: now it is that which takes place in a great
number of circumstances. We suppose, for example, that the question concerns
the true instant of a phenomenon observed by many observers; each of them can
easily fix the greatest error of which his observation is susceptible, either to ,plus
or to , by taking for this limit the half of the greatest interval that it canminus
suppose among two similar observations, without rejecting them as wrong; this
interval is that which we have named ; it depends on the skill of the observer,#+
of the goodness of his instruments and on the precision by which the observation
of which there is question is susceptible, and it must be assumed likewise for all
the observers, if we have no reason to prefer, under this point of view, one
observation to another. Now, it is natural to think that the same errors, to the
plus and to the minus, are equally probable and that their facility is as much less
as they are greater; if we have nothing other given, relatively to their facility, we
revert evidently to the case of the preceding problem; it is necessary therefore to
suppose then the possibility, so many of the positive error , as of the negativeB
error , equal to ; and it is this law of possibility from which it isB " +

#+ Blog
necessary to start, in the research of the mean that we must choose among the
results of many observations.
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When there is question of the skills of the players, we have (art. XII)
#+ œ 2  2à > " „ B >w  the skill  of any player is equal to : the possibility of , from
> œ 2 > œ 2 to , will be therefore represented byw

" 2  2

2  2 #  #>
ß

w

w

log

provided that we make the logarithms of the negative quantities equal to the
logarithms of the positive quantities. By applying in this case the formulas of
article VII, we will have

; œ 2ß ; œ 2 ß

Ð>Ñ œ ß
" 2  2

2  2 #  #>

Ð>Ñ  Ð>Ñ œ ! Ð>Ñ œ à
" 2  2

2  2 #  #>

w w

w

w

w w
w

w

9

9 9 9

log

logor

we must suppose moreover this law of possibility the same for the skills of all the
players: we have thus all the givens necessary to the solution of the problems
which we are able to propose relatively to any number of players; and, by
applying to these givens the analysis of article VII, we will arrive at the sole
result which agrees with the state of ignorance in which we suppose ourselves
relatively to the facility of the skills of the players.

XIV.

The preceding theory supposes that we have no reason to attribute to one of
the players more skill than to the others, which is true when the game
commences; but, in measure as the games succeed each other and as the events
of the game are multiplied, we obtain new light on their respective forces, so that
they will be exactly known if the number of games was infinite, as we will
demonstrate in the following: the skills of the players and, more generally, the
different causes of the events are thus linked to their existence by some laws
which are very important to know well, and, under this point of view, we can not
doubt that the past events have an influence on the probability of future events.
We examine this influence and the manner in which we must take account of it.

For this, we name  the event already past;  the future event on which weI /
propose to calculate the probability ;  an event composed of the event T I  / I
happening first and the event  happening next. Suppose we determine by the/
preceding theory and without regard to the past events the probability of the
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event  and that of the event ; let us name  the first of these probabilitiesI I  / Z
and  the second, it is clear that this last probability  will be equal to the@ @
probability of the event , multiplied by the sought probability , as,  havingI T I
already taken place, the event  will succeed it; we will have thus , which/ TZ œ @
gives

T œ
@

Z
.

The preceding method is applied therefore equally in the case where we have
regard to the past events, and there remains for them only a more compound
calculation.

When the possibility of the events is known  and by the same naturea priori
of the causes which produce them, as the possibility to bring a given face from a
die of which the material is homogeneous and of which the faces are perfectly
equal, the probability  of the event  is determined by calculating separately@ I  /
the probabilities of  and of , and by multiplying them the one by the other, soI /
that the value of  is equal to the probability of . It follows thence that the pastT /
events have then no influence on the probability of future events; we can be
assured moreover, by observing that, whatever be the events already arrived,
their absolute probability remains always the same, this which renders the
consideration of the past entirely useless when this possibility is exactly known;
but it is not thus when it is not; because it is clear that the past events must
render more or less probable the different values which we may assume to them,
in the same proportion to which they themselves are more or less favorable. This
remark leads us naturally to determine the probability of the causes taken of the
events.

XV.

We suppose a given event can be produced only by the  causes 8 Eß E ßw

áßE à B EÐ8"Ñ  let  be the probability that results from them for the existence of ;
B E B E ß +ßw w ww ww that for the existence of ;  that for the existence of etc. If we name 
+ ß + ßá EßE ßE ß áw ww w ww the probabilities that the causes , being supposed to
exist, will produce the event in question, it is clear that the probability of a
second event similar to the first will be equal to the product of  by the+
probability  of the cause of , plus to the product of  by the probability  ofB E + Bw w

the cause of , plus etc.; whence it follows that we will haveEw
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+B  + B  + B âw w ww ww

for this probability; we will find, in the same manner,

+ B  + B  + B â# w # w ww ww#

for the probability of two consecutive events similar to the first;

+ B  + B  + B â$ w $ w ww ww$

for the probability of three consecutive similar events, and thus in sequence. We
will have, by the preceding article, these same probabilities, by seeking a priori
the probabilities of two, of three, of four, etc. consecutive events, and by dividing
them by the probability of the first; now the probability of one event is  or , or+ +w

+ E Eww w, etc. according to which the cause  or the cause , or etc. exists; that which
gives

"

8
Ð+  +  + âÑw ww

for this probability. Similarly, the probabilities of two, of three, etc. similar events
are

" "

8 8
Ð+  +  + âÑ Ð+  +  + âÑ á# w ww $ w ww# # $ $, , ;

therefore the probabilities that a first event having already taken place, there will
be following one or two, etc. similar events, are

+  +  + â +  +  + â

+  +  + â +  +  + â
á

# w ww $ w ww# # $ $

w ww w ww
, ,

By equating these probabilities to the preceding, we will have

+B  + B  + B â œ
+  +  + â

+  +  + â

+ B  + B  + B â œ
+  +  + â

+  +  + â

w w ww ww
# w ww# #

w ww

# w # w ww ww#
$ w ww$ $

w ww

we will form  similar equations, and, by combining them with the equation8  "

B  B  B â œ "ßw ww
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which results from the assumption that the event can be produced only by the 8
causes , we will have in all  equations of the first degree, whichEß E ßE ßá 8w ww

will serve to determine ; now it is clear that we will satisfy it byBß B ß B ß áw ww

making

B œ
+

+  +  + â

B œ
+

+  +  + â
â

w ww

w
w

w ww

,

,

;

whence it follows that, in order to have the probability of the existence of any
cause  resulting from a given event, it is necessary to determine theEÐ<Ñ

probability  that this cause having taken place will produce that event, and to+Ð<Ñ

divide that probability by the sum of the similar probabilities  relative+ß + ß + ßáw ww

to all the causes which can produce it.

XVI.

In order to apply this theory and in order to make sense by a quite simple
example the influence of past events on the probability of those which follow, we
consider two players A and B of whom the skills are unknown; it is infinitely less
likely that they will be perfectly equal. Let therefore  be the greatest and " "

# #
! !

the least; if we seek the probability  that A will win the first two games, we willT
have, by article II,

T œ
" 

%

!#

,

so that there is advantage to wager 1 against 3 that this will take place; but, if we
seek the probability that B having already won the first game, A will win the two
following, it is clear that the preceding value of  is quite considerable, becauseT
there is reason to believe that the skill of B is the greatest. In reality, if we
consider each skill as a particular cause of the event, the probability that the skill
of B is  will be, by the preceding article, equal to the probability that B"

#
!

having this skill will win the first game, divided by the sum of the probabilities
that he will win it by having successively the skills  and ; whence we" "

# #
! !

deduce  for this probability."
#
!



33

In order to determine, in this case, the value of , we will observe that theT
event that we have named  in article XIV is here the gain of the first game byI
B, and that the event  is the gain of the two following games by A; the/
probability  of the event  is therefore  or , according as the greatestZ I " "

# #
! !

or the least skill belongs to B, which gives, by taking the mean of the sum of
these two values, ; similarly, the probability  of the event  is equalZ œ @ I  /"

#

to  or to , hence" " " "
# # # #

# #! ! ! !ˆ ‰ ˆ ‰
@ œ

" 

)

!#

,

therefore

T œ œ à
@ " 

Z %

!#

there is therefore disadvantage to wager  against  that A will win the two" $
games following, so that the inequality of the skills which, in the first case, favor
that one who wagers consistently with the ordinary Calculus of probabilities, to
him is unfavorable in this one here.

We will find in the same manner that, B having already won the first game,
the probability  that A will win the  following isT 8

T œ Ð"  Ñ  Ð"  Ñ Þ
" 

#

!
! !

8

8"
8" 8" ‘

If  is considerably small, we will have very nearly!

T œ "   " à
" Ð8  "ÑÐ8  #Ñ

# "Þ#8
#œ ” •!

now, every time that  will surpass , this quantity will be greater than the8 $
probability  that the assumption of equal skills gives; whence there results that,"

#8

in this case, although it be probable that A is the weakest player, however the
probability that he will win the  following games is greater than if we would8
assume A and B of equal forces.

XVII.

When we have nothing given  on the possibility of an event, it isa priori
necessary to assume all the possibilities, from zero to unity, equally probable;
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thus, observation can alone instruct us on the ratio of the births of boys and of
girls, we must, to consider the thing only in itself and excepting of the events, to
assume the law of possibility of the births of a boy or of a girl constant from zero
to unity, and to start from this hypothesis into the different problems that we can
propose on this object.

We suppose, for example, that we have observed that, out of  infants,:  ;
there is born  boys and  girls, and that we seek the probability  that, out of: ; T
7 8 7 8 B infants who must be born, there will be  boys and  girls; if we name 
the probability that an infant who must be born will be a boy, and  that it"  B
will be a girl, by designating

"Þ#Þ$áÐ:  ;Ñ

"Þ#Þ$á:Þ"Þ#Þ$á;

by , we will have-

-B Ð"  BÑ: ;

for the probability that, out of  infants, there will be  boys and  girls; this:  ; : ;
event is the one which we have named  in article XIV. Similarly, if weI
designate by  the product#

"Þ#Þ$áÐ7 8Ñ

"Þ#Þ$á7Þ"Þ#Þ$á8
,

we will have

#-B Ð"  BÑ:7 ;8

for the probability that, out of  infants who will be born first, there will be :  ; :
boys and  girls, and that, out of  infants who will be born next, there will; 7  8
be  boys and  girls; this event is the one that we have named  in the7 8 I  /
article cited. Now,  being susceptible to all the values from  to , andB B œ ! B œ "
all these values being  equally probable, it is necessary, in order to havea priori
the true probability of , to multiply  by ,  being constant, andI B Ð"  BÑ + .B +- : ;

to take the integral  (from  to ; the value of  will-' +B Ð"  BÑ .B B œ ! B œ "Ñ +: ;

be determined by observing that,  owing necessarily to fall between  and , weB ! "
have

( + .B œ "ß
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the integral being taken from  to , which gives . We will haveB œ ! B œ " + œ "
similarly

-#( B Ð"  BÑ .B:7 ;8

for the entire probability of the event ; therefore the sought probability ,I  / T
that, out of  infants who must be born, there will be  boys and  girls,7 8 7 8
will be, by article XIV,

T œ
B Ð"  BÑ .B

B Ð"  BÑ .B

#-''
:7 ;8

: ;

the integrals of the numerator and of the denominator being taken from  toB œ !
B œ ". This condition gives

(
(
B Ð"  BÑ .B œ ß

"Þ#Þ$á;

Ð:  "ÑÐ:  #ÑâÐ:  ;  "Ñ

B Ð"  BÑ .B œ ß
"Þ#Þ$áÐ;  8Ñ

Ð: 7 "ÑÐ: 7 #ÑâÐ:  ; 7 8  "Ñ

: ;

:7 ;8

that which changes the expression of  into this hereT

( ) .) #T œ
Ð;  "ÑÐ;  #ÑâÐ;  8ÑÐ:  "ÑÐ:  #ÑâÐ: 7Ñ

Ð: 7 #ÑÐ:  ;  $ÑâÐ:  ; 7 8  "Ñ

Now we have, as we know,

log log logÐ"Þ#Þ$á?Ñ œ #  ?  ?  ?   â
" " " "

# # "#? $'!?
1 Œ  #

that which gives very nearly, when  is large,?

"Þ#Þ$á? œ # ? / ßÈ 1 ? ?"
#

1 being the ratio of the semi-circumference to the radius and  the number of/
which the hyperbolic logarithm is unity; therefore, if we suppose  and  very: ;
large numbers, we will have
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Ð;  "ÑÐ;  #ÑâÐ;  8Ñ œ œ / ß
"Þ#Þ$áÐ;  8Ñ Ð;  8Ñ

"Þ#Þ$á; ;

Ð:  "ÑÐ:  #ÑâÐ: 7Ñ œ / ß
Ð: 7Ñ

:

Ð:  ;  "ÑâÐ:  ; 7 8Ñ œ
Ð:  ; 7 8Ñ

;8

;

8

:7

:

7

:;78

"
#

"
#

"
#

"
#

"
#

"
#Ð:  ;Ñ

/ Þ
:;

78

By substituting these values into the expression of , and by observing that weT
have very nearly

:  ;  " :  ;

:  ; 7 8  " :  ; 7 8
œ ß

it will become

( )2 #T œ
Ð;  8Ñ Ð:  ;Ñ Ð: 7Ñ

: ; Ð:  ; 7 8Ñ

;8 :; :7

: ; :;78

" $ "
# # #

" " $
# # #

If  and  are very small numbers with respect to  and to , we have. = : ;

log log log

log log

Ð:  Ñ œ Ð:  =Ñ :  " 
:

œ Ð:  =Ñ  : œ  Ð:  =Ñ :à
:

.
.

.
.

:= ” •Œ 
Œ 

therefore

Ð:  Ñ œ : / à. := := .

hence, if  and  are very small relatively to  and , we have7 8 : ;

Ð;  8Ñ œ / ;

Ð: 7Ñ œ / :

Ð:  ; 7 8Ñ œ / Ð:  ;Ñ

;8 8 ;8

:7 7 :7

:;78 78 :;

" "
# #

" "
# #

$ $
# #
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whence we deduce

T œ Þ
: ;

Ð:  ;Ñ
#

7 8

78

XVIII.

This value of  is the same as that to which we could arrive by supposing theT
possibilities of the births of the boys and girls in the ratio of  to ; whence it is: ;
natural to conclude that these possibilities are very nearly in the same ratio, and
that thus the true possibility of the birth of a boy is very near ; the fact is that,:

:;

absolutely speaking, it cannot have a value quite different, but the expression ::;
and those which are quite adjacent to it are incomparably more probable that the
others, and we can announce thus the preceding conclusion:

If we designate by  a very small quantity and by  the probability that the) T
possibility of the birth of a boy is contained within the limits  and:

:;  )
:

:;  T), the value of  will differ as much the less from certitude or from unity

as  and  will be greater numbers, and we can so increase  and  that the: ; : ;
difference from  to unity is less than any given quantity, as small as  is besides.T )

We see thence how the events, in their multiplying, indicate to us in a manner
more and more probable their respective possibility; but, as the preceding
theorem is true only in the infinite and as the value of  differs always a littleT
from unity when  and  are finite numbers, it is interesting to know this: ;
difference, and for this we are going to give the expression of  by a veryT
convergent series that we will see reduces itself to unity, when  and  are: ;
infinite, and which will furnish us, in this manner, a direct and rigorous
demonstration of the theorem in question.

Let  be the possibility of the birth of a boy and  that of the birth of aB "  B
girl; the probability that, out of  infants, there will be  boys and  girls, will:  ; : ;
be, as one has seen in the preceding article, equal to ; now, if we-B Ð"  BÑ: ;

regard  as a particular case of this event,  will be, by article XV, theB
'' B Ð"BÑ .B

B Ð"BÑ .B

: ;

: ;

probability of this cause, provided that the integral of the denominator is taken
from  to ; therefore the probability , that  will be contained in theB œ ! B œ " T B

given limits, will be , provided that the integral of the numerator is
'' B Ð"BÑ .B

B Ð"BÑ .B

: ;

: ;

taken only in the extent of these limits; the question is thus reduced to determine,
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in this last case, the value of , when  and  are very great' B Ð"  BÑ .B : ;: ;

numbers.
Let , we will haveC œ B Ð"  BÑ: ;

C .B œ .Cß
BÐ"  BÑ

:  Ð:  ;ÑB

and if we make   being an extremely small fraction, since  and : œ ß ; œ ß : ;"
! !

.
!

are quite considerable, we will have

C .B œ D .Cß!

D D being equal to ; thence we will deduce, whatever be ,BÐ"BÑ
"Ð" ÑB.

( )- ! ! ! !( œ C .B œ G  CD "    â ß
.D .ÐD.DÑ .ÒD.ÐD.DÑÓ

.B .B .B
# $

# $

G C.B being an arbitrary constant which depends on the value of , at the origin'
of the integral. This series, which is of great use in these researches, is
demonstrated easily by observing:

1° That

( ( (C .B œ D .C œ CD  C .Dà! ! !

#° That the equation

C .B œ D.C C œ D ß
.C

.B
! !gives

and that thus

( ( (C .B œ .C œ C  C à
D.D D.D .ÐD.DÑ

.B .B .B
! ! !

3° That

( ( (C œ D .C œ C  C Þ
.ÐD.DÑ .ÐD.DÑ .ÐD.DÑ .ÒD.ÐD.DÑÓ

.B .B .B .B
! ! !

# $

and thus in sequence.
The preceding series ceases to be convergent when the denominator of  isD

very small on the order of , and it is this which takes place when  differs from! B
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"
".

 only by a quantity of this order; it is necessary therefore to employ this series

only in the case where this difference is very great with respect to . But this is!
not yet sufficient: each differentiation augmenting by one unit the powers of the
denominators of  and of its differentials, it is clear that the term of the seriesD
multiplied by  has for denominator that of , raised to the power ;!3 D #3  "
therefore, for the convergence of this series, it is necessary that  be much less,!
not only than the denominator of , but even than the square of this denominator.D

It follows thence that the series ( ) will give, by a rapid approximation, the-
integral  taken from  to , provided that  be much' C .B B œ ! B œ "

".
) !

smaller than ; and if we observe that we have  and  when , we)# C œ ! D œ ! B œ !
will find, for the value of , in this case,' C .B
( Š ‹ œ C .B œ "  â

Ò"  Ð"  Ñ Ó < 

Ð"  Ñ Ð"  Ñ

Ò  Ð"  Ñ Ó!. . ) )

. ) . )

! . . )
;" :" "

;"

:;$ $ #

#
.

.

This series has the advantage of giving the limits between which the value of' C .B  is tightened; in fact, this value is less than the first term and greater than
the sum of the first two terms. In order to demonstrate, we will give to  thisD
form

D œ    ß
Ð"  Ñ "  Ð"  Ñ Ò"  Ð"  ÑBÓ

B. .

. . . .# #

and we will have

.D œ  Þ
.B .B

"  Ð"  ÑÒ"  Ð"  ÑBÓ. . .

.
#

We see in the same way  and  increasing in measure as  increases fromD .D B

B œ ! B œ Dß to ; the quantities  and  are therefore always positives" .D
" .B .B

.ÐD.DÑ
. #

in this interval, in the same way that the integrals   and  ; now we' 'C .B C
.ÐD.DÑ
.B

have, by that which precedes,

( (C .B œ CD  C .BÞ  ! !

Hence   is less than ; similarly' C .B CD!
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( (C .B œ CD  C
.D .ÐD.DÑ

.B .B
  ,! !

and, consequently,   is less than ; therefore   is less than ' 'C .B CD C .B CD! !.D
.B

and greater than . This remark can be useful when, without! !CD " ˆ ‰.D
.B

seeking the exact value of  , we wish to be assured if it is greater or lesser' C .B
than a given quantity.

The series ( ) will give again the integral  , from  to- )' C .B B œ "
".

B œ " B " C œ ! D œ !, and if we consider that,  being , we have  and , we will see
easily that the value of  , in this last case, is the same value of   in the' 'C .B C .B
first case, less taken of it, and in which one changes  to ; therefore, if we) )
name  the entire integral  , taken from  to , we will have, to5 C .B B œ ! B œ "'
the quantities near the order , for this same integral, taken from ! )$ "

"B œ 
.

to , or, what comes to the same, from  toB œ  B œ "
" :;

:
.

) )

B œ  ß:
:; ).

5 
" 

Ð"  Ñ

‚ ß

Ò"  Ð"  Ñ Ó " 
" 

 Ò"  Ð"  Ñ Ó " 
" 

!.

. )

. ) )
.

.

. ) )
.

.

;" Ò Ð" Ñ
Ð" Ñ

:;$

:"
;"

:"
;"

š ›
Ú ÞÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÜ à

Œ 
Œ 

! . . )

. )

# #

$ #

that which gives

T œ " 
" 

Ð"  Ñ 5

‚ ß

Ò"  Ð"  Ñ Ó " 
" 

 Ò"  Ð"  Ñ Ó " 
" 

!.

. )

. ) )
.

.

. ) )
.

.

;" Ò Ð" Ñ
Ð" Ñ

:;$

:"
;"

:"
;"

š ›
Ú ÞÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÜ à

Œ 
Œ 

! . . )

. )

# #

$ #

There is no longer a concern now but to have the value of ; now we have, by5
the preceding article,
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5 œ
"Þ#Þ$á:Þ"Þ#Þ$á;

"Þ#Þ$áÐ:  ;  "Ñ

and, whatever be ,?

"Þ#Þ$á? œ # ? / "  â ß
"

"#?
È Œ 1 ? ?"

#

whence it is easy to conclude, by making  and : œ ; œ ß"
! !

.

5 œ "  â Þ
# ÒÐ"  Ñ  "$ Ó

Ð"  Ñ "# Ð"  Ñ

È œ 1!. . .

.
!

. .

; #

:;

"
#

$
#

We will have therefore, by neglecting the quantities of order ,!
&
#

T œ "  " 
# Ð"  Ñ

Ò"#  Ð"  Ñ Ð"   Ñ Ó

"# Ð"  Ñ

‚

Ò"  Ð"  Ñ Ó " 
" 

 Ò"  Ð"  Ñ Ó " 
" 

! . . . . . )

1 . )
!

. . )

. ) )
.

.

. ) )
.

.

" "
# #

$
#È œ 

Ú ÞÝ áÝ áÝ áÛ ßÝ áÝ áÝ áÜ à
Œ 
Œ 

# # # #

# #

:"
;"

:"
;" ß

out of which we must observe that the quantity

Ò"  Ð"  Ñ Ó " 
" 

. ) )
.

.
:

;Œ 
is at its maximum when ; whence it follows that the greatest value of the) œ !
factor

Ò"  Ð"  Ñ Ó " 
" 

 Ò"  Ð"  Ñ Ó " 
" 

. ) )
.

.

. ) )
.

.

:"
;"

:"
;"

Œ 
Œ 

is very nearly of , and that it is much less if  be in the least greater than zero.# )
In the present question, this factor is always extremely small; in order to show

it, we will put the quantity
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Ò"  Ð"  Ñ Ó " 
" 

. ) )
.

.
:"

;"Œ 
under this form

” • Œ "   Ò"  Ð"  Ñ Ó "  ß
"  Ð"  Ñ " . . .

. . .
) ) . ) )

# #
# :

;

and we will observe that,  being quite small, we have, by some convergent)
series,

log

log

Ò"  Ð"  Ñ Ó œ Ð"  Ñ  Ð"  Ñ  Ð"  Ñ â
" "

# $

"  œ   â
" "  " "  " " 

# $

. ) . ) . ) . )

. . . .

. . . .
) ) ) )

# # $ $

# $
# $

,

,Œ  Œ  Œ 
whence, by substituting in place of ,  and in place of , , we deduce: ß ;"

! !
.

logÒ"  Ð"  Ñ Ó " 
" 

œ  â
Ð"  Ñ Ð  "ÑÐ"  Ñ

# $

. ) )
.

.

. ) . . )

. ! . !

:
;

$ # % $

#

Œ 

hence

Ò"  Ð"  Ñ Ó "  œ /
" 

. ) )
.

.
:

;
  âŒ  Ð" Ñ Ð "ÑÐ" Ñ$ %

#

# $

$ #
. . .
. ! !

) )
.

) !# being, as we have supposed, much greater than , and , the hyperbolic/
logarithm of unity, being greater than , it is clear that the second member of this#
equation is very small and decreases very rapidly when  decreases; whence it!
follows that the quantity

Ò"  Ð"  Ñ Ó " 
" 

. ) )
.

.
:"

;"Œ 
is likewise very small, that which is equally true of the quantity
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Ò"  Ð"  Ñ Ó " 
" 

. ) )
.

.
:"

;"Œ  ,

in which is changed the preceding by making  negative.)
We see in this way,  remaining the same, however small it be besides, the)

difference of  to unity becomes so much less as  decreases, not only becauseT !

the factor  which multiplies this factor decreases, but again because the factor!
"
#

Ò"  Ð"  Ñ Ó " 
" 

 Ò"  Ð"  Ñ Ó " 
" 

. ) )
.

.

. ) )
.

.

:"
;"

:"
;"

Œ 
Œ 

is very small and decreases with a great rapidity; and it is clear that we can so
increase  and , and, consequently, decrease , that this difference of  to unity: ; T!
is less than any given quantity, which is the theorem of which we have spoken at
the beginning of this article.

XIX.

One of the principal advantages of the preceding theory is to furnish a direct
and general solution of an interesting problem, of which the object is more or less
of facility of the births of boys and of girls in different climates. We have
observed that in Paris and in London there are born constantly each year more
boys than girls, and, although the difference be not very considerable, it will be
rather extraordinary that this was due to chance, and it is much more natural to
think that, in France and in England, nature favors more the birth of boys than
that of girls. In truth, the births observed during four or five years in some small
villages of France seem to indicate there a lesser facility for the birth of boys than
for that of girls; but it is very possible that, out of a small number of births, such
as four or five hundred, there were more girls than boys, although the facility of
the birth of those is greater; it is necessary to make use in this delicate research of
much greater numbers, seeing especially the small difference which exists
between the facility of births of boys and of girls, and it is only when we will be
quite assured that the observed number of births in any indicated place, with a
very great probability, that the births of boys are less possible there than those of
girls, that it will be permitted to seek the cause of this phenomenon. The method
of the preceding article gives a quite simple method in order to obtain this
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probability when we have a sufficient number of births; we are going to apply to
this what has been observed in Paris, and to determine how probable it is that the
births of boys in this great city are more possible than those of girls.

For this, we will make use of the births which have taken place from 1745 to
1770, and of which we can see the list in our  for the year 1771, pageMémoires
857. By collecting all these births, we find that, in the space of these twenty-six
years, there are born in Paris  boys and  girls, this which gives#&"&#( #%"*%&
very nearly  for the ratio of the births of boys to those of girls. This put, the"!&

"!"

probability that the possibility of the birth of a boy is equal or less than  is, by"
#

the preceding article, equal to , the integral   being taken from 
' C .B
5

 ' C .B B œ !

to ; moreover this integral, taken from  to  and dividedB œ B œ ! B œ " "
# ".

)

by , is, by the same article, equal to5

! . .

1 . )
. ) )

.

! !
. . . . )

. . )

" "
# #

$
#È Œ 

” •
# Ð"  Ñ

Ò"  Ð"  Ñ Ó " 
" 

‚ "   â Þ
"#  Ð"  Ñ Ð"   Ñ

"# Ð"  Ñ

:"
;"

# # # #

$ #
#

By supposing therefore  and, consequently,  we have," "
" # #Ð" Ñ

"
. .

. œ œ ß) )

for the expression of the probability that  is equal or less than ,B "
#

É Œ  Œ 
” •

#
Ð" Ñ

:" ;"

# # %

#
#

!.
. 1

"  # #

"  " 

‚ "   â
%)  $ Ð"  Ñ  Ð"  Ñ

"# Ð"  ÑÐ"  Ñ

. .

. .

! !
. . . .

. . .

In this present case,

: œ #&"&#(ß

; œ #%"*%&ß

œ œ !ß *'"*!%(ß
;

:

œ œ ß
" "

: #&"&#(

.

!

that which gives very nearly , so that the series)# œ #%
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"   â
Ò%)  $ Ð"  Ñ  Ð"  Ñ Ó

"# Ð"  ÑÐ"  Ñ
! !

. . . .

. . .

# # %

#
#

is very convergent, and we find, by the calculation, that the second term is
around ; we can thus stick to the first term of it: now we have, by logarithms"

#!!

from Tables,

log
É #

Ð" Ñ
!.
. 1

" 
œ #ß %''!!$*ß

.

the number  indicating a negative characteristic; we have next, by carrying the#
precision to twelve decimals,

log
log

log
log

: œ &ß %!!&)%'"!*%(ß

; œ &ß $)$("''&"%'*ß

Ð:  ;Ñ œ &ß '*$#'#&"&%)!ß

# œ !ß $!"!#***&''%ß

whence we deduce

log

log

log

Œ 
Œ 
:  ;

:
œ ($'"'ß ')(*("%ß

:  ;

;
œ (%)*$ß $)$'"$*ß

# œ "%)&&!ß %('!)!$à

:"

;"

:;#

hence

logŒ  Œ  É"  " 

# # " 
œ %#ß !'"&!)*Þ

. .

. .

:" ;"
#

Ð" Ñ
!.
. 1

By passing again from logarithms to numbers, we will have, for the probability
that  is equal or less than , a fraction of which the numerator is little differentB "

#

from unity and equal to and of which the denominator is the seventh"ß "&#"ß
power of one million; this fraction is even a little too great, and, as it is of
excessive smallness, we can regard as certain as any other moral truth, that the
difference observed in Paris between the births of boys and those of girls is due
to a greater possibility in the births of boys. We see, in the remainder, that the
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smallness of the preceding fraction comes principally from the factor

Œ  Œ "  " 

# #
ß

. .

.

:" ;"

that which confirms what we have said in the preceding article on the
convergence of the value of  towards unity.T

We have observed that, in the interval of the eighty-five years elapsed from
1664 to 1757, there are born, in London,  boys and  girls, which($('#* '*)*&)
gives around  for the ratio of births of boys to those of girls; this ratio being"*

")

greater than the one of  to  which has place in Paris, and the number of"!& "!"
births observed in London being very considerable, we would find for this city a
greater probability that the births of boys are more possible than those of girls;
but, when the probabilities differ likewise little from unity, they can be counted
equal and confused with certitude.

XX.

The constancy with which the births of boys in Paris have surpassed each year
over those of the girls, from 1745 to 1770, is yet one of those phenomena that
we cannot attribute to chance. We determine its probability by starting from the
previous givens: for this, let  be the mean number of births of boys and of girls#+
in the space of one year; we suppose, moreover, that out of this number there are
7 #+ 7 boys and, consequently,  girls: formula ( ) of article XVII will give,)
for the probability  of this event,T

T œ
"Þ#Þ$á#+ "Þ#Þ$áÐ:  ;  "Ñ

"Þ#Þ$áÐ:  ;  #+  "Ñ "Þ#Þ$á:Þ"Þ#Þ$á;

‚ à
"Þ#Þ$áÐ;  #+ 7Ñ "Þ#Þ$áÐ: 7Ñ

"Þ#Þ$áÐ#+ 7Ñ "Þ#Þ$á7

we will have therefore the probability that the births of boys will not prevail over
those of girls, by taking the sum of all the values of , from  to .T 7 œ ! 7 œ +
Let

"Þ#Þ$áÐ;  #+ 7Ñ"Þ#Þ$áÐ: 7Ñ

"Þ#Þ$á Ð#+ 7Ñ"Þ#Þ$á7
œ C ß7

and we seek the finite integral  , from  to , the characteristic ! C 7 œ ! 7 œ +7 D
serving to designate the finite integral; we have clearly
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C œ C à
Ð7  "ÑÐ;  #+ 7Ñ

Ð#+ 7ÑÐ: 7 "Ñ
7 7"

therefore

C "  œ C
Ð7  "ÑÐ;  #+ 7Ñ Ð7  "ÑÐ;  #+ 7Ñ

Ð#+ 7ÑÐ: 7 "Ñ Ð#+ 7ÑÐ: 7 "Ñ
7 7” • ?

or

C œ C ß
Ð7  "ÑÐ;  #+ 7Ñ

#+  : 7Ð:  ;Ñ
7 7?

the characteristic  being that of finite differences. We suppose generally?

C œ D C ß7 7 7?

we will have, by integrating,

" "C œ C D  ÐC D Ñà7 7 7" 7 7"?

now, if we substitute for  its value , we haveC D C7 7 7?

" "
"

ÐC D Ñ œ ÐD D C Ñ

œ C D C  ÒC ÐD D ÓÞ

7 7" 7 7" 7

7 7" 7# 7 7" 7#

? ? ?

? ? ?

Similarly,

"
"

ÒC D D ÑÓ

œ C D ÐD D  ÖC ÒD ÐD D ÑÓ×ß

7 7" 7#

7 7" 7# 7$ 7 7" 7# 7$

? ?

? ? ? ? ?

(

and thus in sequence; we will have therefore

( )#
? ? ?

? ? ?
" œ C œ G  C D

"  D  ÐD D Ñ

 ÒD ÐD D ÑÓ â7 7 7"
7# 7# 7$

7# 7$ 7%

G being an arbitrary constant. This series is, in finite differences, that which is the
series ( ) of article XVIII, in the infinitely small differences: in order to-
determine in which case it is convergent, we will observe that, if the dimension of
D : ; +ß 7ß < D #<  "7" 7#, in , ,  and  is , that of  will be , that of?
? ?ÐD D Ñ <  #7# 7$  will be , and thus for the rest: now the convergence of the
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series requires that these dimensions decrease, that which supposes that  is less<
than unity. In the question presented, where

D œ ß
7Ð;  #+  " 7Ñ

#+:  ; 7Ð:  ;Ñ
7"

the dimensions of the numerator and of the denominator are equal to , and#
consequently ; the series will therefore converge, provided that the< œ !
denominator is not extremely small, that is that  differs sensibly from : now7"

#+7 ;
:

this takes place, when  is equal or less than ,  being supposed greater than .7 + : ;

We can put the quantity  under this form7Ð;#+"7Ñ
#+:;7Ð:;Ñ

I  J7 ß
K

#+:  ; 7Ð:  ;Ñ

by making

I œ ß
;Ð:  ;Ñ  #+;  :

Ð:  ;Ñ

J œ ß
"

:  ;

K œ à
Ð#+:  ;ÑÒ;Ð:  ;Ñ  #+;  :Ó

Ð:  ;Ñ

#

#

we will have then

?D œ J  Þ
KÐ:  ;Ñ

Ò#+:  ; 7Ð:  ;ÑÓÒ#+:  :  #; 7Ð:  ;ÑÓ
7"

Now,  and  being positives, it is clear that  is always positive as longJ K D? 7#

as  is less than ; we see moreover that, in this case  always7"
#+7 ;

:
7" 7#D D?

increases, so that  is again a positive quantity; therefore ? ?ÐD D Ñ C7" 7# 7
!

being equal to

C D  ÐC D Ñß7 7" 7 7"" ?

is less than  being arbitrary. Similarly,  beingL  C D ß L Ð C D Ñ7 7" 7 7"
! ?

equal to
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C D ÐD Ñ  ÒC ÒÐD D ÑÓ7 7" 7# 7 7" 7#? ? ?"
is less than   being a new arbitrary; therefore theL  C D D ß Lw w

7 7" 7#?
integral  is less than  and greater than! C G  C D7 7 7"

G  C D Ð"  D ÑÞ7 7" 7"?

If we determine, by means of formula ( ), the integral  from  to# ! C 7 œ !7

7 œ + G #!!!!, the constant  will be null; if we assume next that there are born 
infants each year, which gives , we will find, by employing for  and + œ "!!!! : ;
the values of the preceding article relative to Paris,

D œ #'ß ##ß

D œ #'ß !*Þ
+"

+#

Hence,

?D œ !ß "$à+"

we will have thus

" C  #'ß ##C7 +

and

" C  #'ß ##C Ð"  !ß "$ÑÞ7 +

By making therefore

" C œ #'ß ##C7 +,

this value of  will surpass only by about  the true value; it follows thence! C7
"
"!

that, if we name  the probability that out of  infants there will be as manyT #!!!!
boys as of girls, the probability that the number of boys will not surpass that of
the girls will be a little smaller than #'ß ##T Þ

We will determine the value of  by formula ( ) of article XVII; for this, weT 2
will suppose , and we will put it under this form7 œ 8 œ +

T œ "  " 
: ; +Ð:  ;Ñ +Ð:  ;Ñ

Ð:  ;Ñ ;Ð:  ;  #+Ñ ;Ð:  ;  #+Ñ

Ð:  ;Ñ Ð:  +ÑÐ;  +Ñ

:;Ð:  ;  #+Ñ

# + +

#+

;+ :+$
#

$
#

È
È ” • ” •
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We will observe next that

# œ ß
"Þ#Þ$á#+

Ð"Þ#Þ$á+Ñ#

whence we deduce, by article XVII,

#
1

œ à
#

#

#+

È
we have besides

log

log

” • ” •
” • ” •
"  œ Ð;  +Ñ  â ß

+Ð:  ;Ñ +Ð:  ;Ñ " + Ð:  ;Ñ

;Ð:  ;  #+Ñ ;Ð:  ;  #+Ñ # ; Ð:  ;  #+Ñ

"  œ Ð:  +Ñ 
+Ð:  ;Ñ +Ð:  ;Ñ " + Ð

;Ð:  ;  #+Ñ ;Ð:  ;  #+Ñ #

;+ # #

# #

:+ # :  ;Ñ

; Ð:  ;  #+Ñ
â Þ

#

# #

+ : : ; being considerably small with respect to  and  differing little from , these
series are very convergent, and we can keep to the first two terms of them; by
adding therefore these logarithms, we will have

log” • ” •
” •

"  " 
+Ð:  ;Ñ +Ð:  ;Ñ

;Ð:  ;  #+Ñ ;Ð:  ;  #+Ñ

œ + Ð:  ;Ñ  Þ
" " : ;  ; :  +Ð:  ; Ñ

:;Ð:  ;  #+Ñ # : ; Ð:  ;  #+Ñ

;+ :+

# #
# # # #

# # #

We can assume very nearly  which reduces the second+Ð:  ; Ñ œ #+:;ß# #

member of the preceding equation to ; this logarithm is hyperbolic,+ Ð:;Ñ
#:;Ð:;#+Ñ

# #

and, in order to convert by logarithm of the Tables, it is necessary, as we know,
to multiply by  By applying numbers to these formulas, we will find!ß %$%#*%%)Þ
that the tabular logarithm of

” • ” •"  " 
+Ð:  ;Ñ +Ð:  ;Ñ

;Ð:  ;  #+Ñ ;Ð:  ;  #+Ñ

;+ :+

is  we have then, by carrying the precision to ten decimals,!ß !'$)!%"à
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log
log
log

log

# œ !ß $!"!#***&(ß

: œ &ß %!!&)%'"!*ß

; œ &ß $)$("''&"&ß

Ð:  ;Ñ œ &ß '*$#'#&"&'ß

which gives

log
: ;

œ #ß $'###'!à
+ +

:;
#

#+ˆ ‰
moreover,

log

log

È
È

È
+ œ #ß #%)&(&!ß

Ð:  ;Ñ Ð:  +ÑÐ;  +Ñ

:;Ð:  ;  #+Ñ
œ "ß **"$*" À

1
$
#

$
#

we will have therefore

logT œ %ß "'))$%#ß

whence we deduce

#'ß ##T œ !ß !!$)'() œ Þ
"

#&*

The probability that, in one year, the births of boys will not be by a greater
number in Paris than those of girls, is therefore less than ; now, by supposing"

#&*

it equal to this fraction, we have, very nearly, the number of years in which we
can wager one against one that it will not happen, by multiplying its denominator
#&* # !ß '*$"%(# by the hyperbolic logarithm of , that is by , which gives for the
product : we can therefore wager with advantage one against one that it will"(*
not happen in the interval of one hundred seventy-nine years.

Relatively to London,

: œ ($('#*

and

; œ '*)*&)ß

which gives
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D œ ")ß $!!!+"

and

?D œ !ß !'*%à+"

so that, if we suppose the probability that the births of boys will not exceed those
of girls equal to , this probability will surpass only about one fifteenth the")ß $T
truth. We find next

log

log

” • ” •
È

È
"  "  œ !ß !%$#%"%ß

+Ð:  ;Ñ +Ð:  ;Ñ

;Ð:  ;  #+Ñ ;Ð:  ;  #+Ñ

Ð:  ;Ñ Ð:  +ÑÐ;  +Ñ

:;Ð:  ;  #+Ñ
œ "ß **(!!#!Þ

;+ :+

$
#

$
#

We have moreover, by carrying the precision to ten decimals,

log
log

log

: œ &ß )'()$(*)#(ß

; œ &ß )%%%&"!)!!ß

Ð:  ;Ñ œ 'ß "&($$"*$#"ß

whence we deduce

log
: ;

œ %ß )&")**!à
# #

:;
#

#+ˆ ‰
we will have therefore

logT œ 'ß '%$&'(%ß

hence

")ß $T œ !ß !!!!)!&%" œ Þ
"

"#%"'

The probability that the births of boys in London, will not exceed those of girls,
in one determined year, is therefore a little less than , so that we can wager"

"#%"'

with advantage 1 against 1 that this will not happen in the interval of eight
thousand six hundred five years; this phenomenon is, as we see, much less
probable in London than in Paris, which comes from this that, in the first of these
cities, the ratio of the births of boys to those of girls is more considerable.
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XXI.

The preceding theory supposes that we know the number of times that each
simple event has happened; but, although this assumption extends to a great
number of interesting problems, however it is still only a particular case of this
part of the analysis of chances, which consists in reascending from events to the
causes. We are going to exhibit, in the following articles, a general method to
determine the possibilities of simple events, whatever be the composite event of
which we have observed existence.

We will consider first two players A and B, playing on the conditions as in
article III, that is that, A having  tokens at the beginning of each game, B has7
87 of them; that at each trial the one who loses gives a token to his
adversary, and that the game must end only when one of them will have won all
the tokens of the other. We suppose next that they have played in this manner a
very great number of games, of which  had been won by A and  by B, and that: ;
we wish to determine their respective skills, or, what amounts to the same, their
probabilities of winning a single trial. It is clear that the number of trials won or
lost by each player is unknown, since each game can be composed of a greater or
lesser number of trials: we do not know therefore here the number of times that
each simple event has happened; but it is easy to extend to this case and to all the
similar others the theory of the preceding articles, by observing that, if  and : ;
are very great numbers, the probabilities of the two players A and B to win a
game will be very nearly in the ratio of these numbers: now, these probabilities
being known, we will have easily their respective skills or their probabilities to
win a single trial; because, by naming  the probability of player A to win a\
game, and  his skill, we have, by article III,B

\ œ Þ
" 

" 

ˆ ‰
ˆ ‰
"B
B

7

"B
B

8

The only useful root in this equation is that which is positive and less than unity;
now it is easy to see  that it can have only one of them which satisfiesa priori
these conditions, since the skill  can increase or diminish without either theB
probability  increasing or decreasing; the value of  that we will deduce from\ B
this equation will enjoy therefore the same degree of probability as ; now, if we\
suppose  and  very large, it will be extremely probable, by article XVIII, that: ;
\ + differs very little from ; therefore, if we name  the positive and less than:

:;

unity root of the equation
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( )a ! œ ;B  :Ð"  BÑ  Ð:  ;ÑB Ð"  BÑ ß8 8 87 7

it will be very probable that the skill  is very close to , so that, if  and  wereB + : ;
infinite, it would be infinitely probable that the difference of  and of  is lessB +
than any given quantity. This value of  has moreover the advantage of showingB
us the ratio of the trials won to the trials lost by player A; because, if we name <
the number of firsts and  the one of the seconds, the skill  must be very little= B
different from , so that we have, very nearly,<

<=

<

<  =
œ +ß

whence we deduce

< +

= "  +
œ Þ

We suppose again that A and B have played with the preceding condition,
and  games in which A obtained  tokens and B  at the beginning of; 7 8 7w w w

each game. We suppose next that, out of these  games, A has won  of:  ; <
them; this put, in order to determine the skills of these players, we will name B
that of A, and  the unknown number of games which he has won out of the first@
:: equation ( ) will give in this casea

! œ Ð:  @ÑB  @Ð"  BÑ  :B Ð"  BÑ Þ8 8 87 7

The number of games that this player has won out of the last  is ; we have; <  @
therefore again, by virtue of equation ( ),a

! œ Ð;  <  @ÑB  Ð<  @ÑÐ"  BÑ  ;B Ð"  BÑ Þ8 8 8 7 7w w w w w

By eliminating  from these two equations, we will have an equation in , of@ B
which the positive and less than unity root is that which it is necessary to choose;
now we will prove, as above, that there can be only one of them of this nature. If
we name  this root,  will be very nearly the ratio of the number of trials won+ +

"+

to the number of trials lost by player A. We will have next

@ +  Ð"  +Ñ

: +  Ð"  +Ñ
œ + ß87

7 7

8 8

and this will be the ratio of the number of first games won by player A to the
total number  of these games.:
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XXII.

Here now is a direct and general method to determine the possibilities of
simple events, whatever be the observed event.

If we designate by  and by  the possibilities of two simple events, andB "  B
if we seek, by the ordinary rules of the analysis of chances, the probability of the
composite event of which there is concern, we will have for its expression a
function of , multiplied by any constant coefficient; if we name  this functionB C
and  the value of , positive and less than unity which renders it a maximum,+ B
not only will this value be the most probable, but it will be again very near to the
true possibility : for example, if the observed event is the birth of  boys and B : ;
girls out of  infants, by naming  the possibility of the birth of a boy and,:  ; B
consequently  that of the birth of a girl, we will have"  B

"Þ#Þ$áÐ:  ;Ñ

"Þ#Þ$á:Þ"Þ#Þ$á;
B Ð"  BÑ: ;

for the probability of this event; in this case , and its maximumC œ B Ð"  BÑ: ;

takes place when ; this value of  is therefore, very nearly, the trueB œ B:
:;

possibility of the birth of a boy, when  and  are very great numbers.: ;
We suppose further that we draw three balls from an urn which contains an

infinite number of white and black balls in an unknown proportion, and let A and
B play to this condition that A will win the game if out of these three balls there
are more whites than blacks, and that he will lose it if there are more blacks than
whites. We suppose next that, out of  games, A has won  of them and lost:  ; :
; B; this put, if we name  the probability to extract a white ball, we will have
B Ð$  #BÑ#  for the expression of the probability that A will win a game, and
Ð"  BÑ Ð"  #BÑ#  for the probability that he will lose it; the probability of the
observed event will be therefore

"Þ#Þ$áÐ:  ;Ñ

"Þ#Þ$á:Þ"Þ#Þ$á;
B Ð$  #BÑ Ð"  BÑ Ð"  #BÑ à#: : #; ;

in this case,

C œ B Ð$  #BÑ Ð"  BÑ Ð"  #BÑ ß#: : #; ;

and its maximum gives

! œ :Ð"  BÑ Ð"  #BÑ  ;B Ð$  #BÑà# #
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whence it follows that, if we name  the positive and less than unity root of this+
equation, the ratio of the white balls to the black balls in the urn will be very
nearly equal to +"+ Þ

The maximum of  indicates in an approximate manner the true value of C B
only as far as the values of  neighboring this maximum are incomparably greaterC
than the others; because it is clear that the integral , taken in a very small' C .B
interval on both sides of the maximum, is then very much of this same integral
taken from  to : now the ratio of the first of these integrals to theB œ ! B œ "
second expresses the probability that the value of  is contained in this interval.B
The values of  neighboring the maximum will surpass considerably the others,C
when  will have the factors raised to great powers of the order ,  being aC "

!
!

very small coefficient and proportionally less as the observed event is more
composed; if we take, in this case, the ratio of  to , we will be lead to an.C C .B
equation of this form

.C "

C .B +B
œ ß

D B being a function of , which contains more powers of order . Thus, every"
!

time that we arrive to a similar equation, the values of  will decrease with aB
great rapidity in extending from the maximum, and the value of  correspondingB
to this maximum will be very nearing to the truth.

We see thence that the composite events are not all proper to show the
possibilities of the simple events: for example, A and B play to the same
conditions as in article III, if A wins the game, by naming  his skill, we will haveB
"

"

ˆ ‰ˆ ‰
"B
B

7

"B
B

8  for the probability of this event. Now, if we suppose  and  very great7 8

numbers, the observed event will be composed of a great number of trials; but, as
the values of  corresponding to  greater than  are very little different fromC B "

#

unity, this event cannot show in an approximate manner the value of : all thatB
we can conclude from it, is that it is extremely probable that A is stronger than B,
because the values of  corresponding to  smaller than  are incomparably lessC B "

#

than the others.

XXIII.

The knowledge of the approximate values of possibilities of simple events
which result from a composite event will be very imperfect if we were not in a
state to appreciate how often it is probable that, by taking for these values those
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which correspond to the maximum of , we will not be deceived, either to ,C more
or to , of a given quantity; for this, it is necessary, as we have seen in articleless
XVIII, to determine the ratio of the integral , taken on a small interval on' C .B
both sides of the maximum, to this same integral taken from  to , andB œ ! B œ "
it is this which we have made, in the article cited, for the case where
C œ B Ð"  BÑ : ;: ;,  and  being very great numbers. We have now generalized
these researches and extended them to all the values of  which lead to anC
equation of this form

C .B œ D .Cß!

D B Þ being a function of  which contains no powers of order "
!

We take equation ( ) of article XVIII,-

( )- ! ! ! !( œ C .B œ G  CD "    â ß
.D .ÐD.DÑ .ÒD.ÐD.DÑÓ

.B .B .B
# $

# $

if we name

+ B C the value of  corresponding to the maximum of ;
] ^ B D B œ +  à and  the values of  and of  corresponding to )
] ^ B œ +  àw w and  the values of these same quantities corresponding to )

if we observe moreover that, the two simple events were supposed to taken
place, we have  when  and when , the integral  takenC œ ! B œ ! B œ " C .B'
from  to  will beB œ ! B œ +  )

! ! !
) )

]^ "   â à
.^ .Ð^.^Ñ

. .
” •#

#

this same integral, taken from  to , will beB œ +  B œ ")

! ! !
) )

] ^ "   â
.^ .Ð^ .^ Ñ

. .
w w #

w w w

#” •.
By naming therefore  the integral , taken from  to , we will5 C .B B œ ! B œ "'
have this same integral, taken from  to , by subtracting fromB œ +  B œ + ) )
5 5 the two preceding integrals; by dividing next this remainder by , we will have
the probability that  will be contained within that interval. This probability willB
be, consequently, equal to
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"  "    â
]^ .^ .Ð^.^Ñ .Ò^.Ð^.^ÑÓ

5 . . .

 "    â
] ^ .^ .Ð^ .^ Ñ .Ò^ .Ð^ .^ ÑÓ

5 . . .

!
! ! !

) ) )

!
! ! !

) ) )

œ 
œ 

# $
# $

w w w w w w w w
# $

# $

the question is reduced thus to determine . We have attained it in article XVIII5
where, , by means of the beautiful theorem of M. Stirling on theC œ B Ð"  BÑ: ;

value of the product , when  is a very great number; but this process is"Þ#Þ$á? ?
indirect, and it is natural to think that there exists a method to determine 5
directly, whatever be , and of which this theorem is a corollary: that which I amC
going to exhibit has appeared to me to make complete this object in the most
general manner.

Since the value of  leads, by the assumption, to an equation of this formC
C .B œ D .C  , we have!

logC œ ß
" .B

D!
(

so that  is very great and of order ; moreover,  being the value of logC + B"
!

corresponding to the maximum of , if we make , and if we name AC B œ +  )
the greatest value of  or its value when , we will have, by reducing toC œ !)
series,

! ! ) ) )log logC œ E  Ð0  0  0 âÑß# w ww #

the term multiplied by  vanishing, because the equation  or  renders) )B œ + œ !
C a maximum. We will have thus

C œ E/ Ð00 0 âÑ)
!

# w ww #) )

and

( (C .B œ E / ß Ð00 âÑ)
!

# w)

/ being the number of which the hyperbolic logarithm is unity. Let

) ) ) !# w ww # #Ð0  0  0 âÑ œ >

or, what amounts to the same,
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log logE  C œ > ß#

we will have by the method of the reversion of series

) ! ! ! !œ >Ð2  2 >  2 >  2 > âÑß
" " $
# # #Ð"Ñ Ð#Ñ # Ð$Ñ $

hence

. œ .>Ð2  #2 >  $2 > âÑ) ! ! !
" "
# #Ð"Ñ Ð#Ñ # ,

which gives

( (C .B œ E / .>Ð2  #2 >  $2 > âÑ œ 5Þ! ! !
" "
# #

#> Ð"Ñ Ð#Ñ #

The integral  must be taken from  to ; now,  being null, we' C .B B œ ! B œ " B
have  and : therefore . When  we have ,C œ ! C œ _ > œ _ B œ +ß œ !log # )
hence ; moreover, when  changes sign,  changes likewise, so that the> œ ! >)
values of , corresponding to those of , from  to , have a different> B B œ ! B œ +
sign from those which correspond to the values of , from  to  now,B B œ + B œ "à
B " C œ ! > œ _ > being , we have , that which gives ; the values of  extend#

consequently from  to . In this case,we have> œ _ > œ _

( > / .> œ !ß#8" >#

because,  is changed into  when  is negative, the sum of> / > / >#8" > #8" ># #

these two quantities is null; we have, by a similar reason,

( (> / .> œ # > / .>#8 > #8 ># #

(the second integral being taken from  to  now this assumption> œ ! > œ _Ñà
gives

( (> / .> œ > / .>à
#8  "

#
#8 > #8# ># #

similarly

( (> / .> œ > / .>ß
#8  $

#
#8# > #8% ># #
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and thus in sequence; therefore

( (> / .> œ / .>Þ
"Þ$Þ&Þ(âÐ#8  "Ñ

#
#8 > >

8

# #

We will have therefore

5 œ # EÐ2  "Þ$  "Þ$Þ&  "Þ$Þ&Þ( âÑ / .>Þ
2 2 2

# # #
! ! ! !

"
#

#
Ð#Ñ Ð%Ñ Ð'Ñ

# $ >
# $ (

There is concern therefore only to have the integral  from  to' / .> > œ !>#

> œ _Þ For this, we consider the double integral

( ( / .=.?ß=Ð"? Ñ#

and we take it from  to  and from  to ; by integrating= œ ! = œ _ ? œ ! ? œ _
first with respect to , we will have=

( ( (/ .=.? œ Þ
.?

"  ?
=Ð"? Ñ

#

#

Now we have, as we know,

( .?

"  ? #
œ

#

1
,

1 being the ratio of the semi-circumference to the radius; therefore

( ( / .=.? œ Þ
#

=Ð"? Ñ# 1

If we take this double integral first with respect to , by making , it will? ? = œ >È
become ; let  ( the integral being taken from ' ' '/ / .> / .> œ F > œ != > >.=

=È # #

to , we will have> œ _Ñ

( ( ( È/ .=.? œ / Þ
.=

=
=Ð"? Ñ =#

B

Now, by making , we have= œ =w#
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( (È/ œ # / .= œ #F
.=

=
= = ww#

(the integral being taken from  to ); therefore= œ ! = œ _w w

( ( / .=.? œ # œ ß
#

=Ð"? Ñ ##

B
1

whence we deduce , henceF œ "
#
È1

( )s 5 œ E # Ð2  "Þ$  "Þ$Þ&  "Þ$Þ&Þ( âÑÞ
2 2 2

# # #
È 1

! ! !Ð#Ñ # Ð%Ñ $ Ð'Ñ

# $

If we put the equation

log logE  C œ >#

under this form

)
)

œ > ß
E  CË #

log log

we will have, in order to determine the coefficients  of the series2ß 2 ß 2 ß áÐ#Ñ Ð%Ñ

) ! ! !œ >Ð2  2 >  2 > âÑß
" "
# #Ð"Ñ Ð#Ñ #

the general expression

( )z !
)

)
8 Ð#8Ñ

#8 #8" 8

#8

"
#

"
#

2 œ ß
. Ð E  CÑ

"Þ#Þ$áÐ#8  "Ñ.

 ‘log log

provided that we suppose  constant and  after the differentiations. [. œ !) ) See
on this the  for the year 1777, p. 115. ]Mémoires de l'Académie 1

When , we have8 œ !

! )
" "
# #2 œ Ð E  CÑlog log  ;

now

1 , T. IX, p. 329.Oeuvres de Laplace
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log logC œ E    âß
.C . C .C

C . "Þ# C . C .
)

) ) )

)# # #

# # #Œ 
Cß .Cß . Cß á ß#  in the second member of this equation, being that which these
quantities become when we suppose ; this assumption gives) œ !

C œ E œ !à
.C

.
and

)

we will have therefore

!
"
#

#

#

2 œ
#E

Ë . C
.)

Hence we will have very nearly, when  is very small,!

5 œ
E #

$
#

#

#

È
É

1

. C
.B

or, what amounts to the same,

( ).
1Œ ( C .B œ ß
# C



# #

. C

.B

#

#

the integral  being taken from  to , and the quantities  and ' C .B B œ ! B œ " C . C
.B

#

#

of the second member of this equation being those which they become when we
assume .B œ +

XXIV.

By substituting  in place of  in  and by reducing in the series, the+  B C) log
condition of the maximum of  makes the first power of  disappear in this series;C )
but this condition can, as we know, make the first, the second and the third
power of  disappear or the first, the second, the third, the fourth and the fifth)
power, and thus in sequence, provided that the number of the powers which
disappear are odd. We see that which the integral  becomes then, taken' C .B
from  to .B œ ! B œ "

We suppose that the first, the second and the third powers of  disappear, we)
will have for  a series of this form!logC
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! ! ) ) )log logC œ E  Ð0  0  0 âÑà# w ww #

therefore, if we make

) ) ) !% w ww # %Ð0  0  0 âÑ œ > ß

we will have

log logE  C œ >%

and

) ! ! ! ! !œ >Ð2  2 >  2 >  2 >  2 > âÑß
" " " $
% % # %Ð"Ñ Ð#Ñ # Ð$Ñ $ Ð%Ñ %

whence we deduce

( (C .B œ E / .>Ð2  #2 >  $2 > âÑÞ! ! !
" " "
% % #

%> Ð"Ñ Ð#Ñ #

We will prove, as in the preceding article, that the integral relative to  must be>
taken from  to ; now we have in this case> œ _ > œ _

( > / .> œ !#8" >%

and

( (> / .> œ > / .>#8 > #8 >% %

2 ,

the integral of the second member being taken from  to  If we> œ ! > œ _Þ
suppose next , we will have8 œ #3

( (> / .> œ / .>ß
"Þ&Þ*áÐ%3  $Ñ

%
#8 > >

3

% %

and, if , we will have8 œ #3  "

( (> / .> œ > / .>à
$Þ(Þ""áÐ%3  "Ñ

%
#8 > # >

3

% %

by supposing therefore
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(
(

/ .> œ Gß

> / .> œ G

>

# > w

%

%

we will have

( Œ 
Œ 

C .B œ # EG 2  2  2  2 â
"Þ& "Þ&Þ* "Þ&Þ*Þ"$

% % %

 # EG $2  2  2  2 â
$Þ( $Þ(Þ"" $Þ(Þ""Þ"&

% % %

! ! ! !

! ! ! !

"
%

"
%

Ð%Ñ # Ð)Ñ $ Ð"#Ñ
# $

w Ð#Ñ Ð'Ñ # Ð"!Ñ $ Ð"%Ñ
# $

and it is easy to conclude from it, by analogy, the values of  in the case' C .B
where the condition of the maximum of  causes a greater number of powers of C )
to vanish.

All is reduced therefore to determine the values of  and : we willG G w

observer first that,  being known,  will be likewise, because, if we take theG G w

double integral , from  to  and from  to' ' / .= .? = œ ! = œ _ ? œ !=Ð"? Ñ%

? œ _ =, we will have, by integrating first with respect to ,

( ( ( È/ .= .? œ œ Þ
.?

"  ? # #
=Ð"? Ñ

%

% 1

If we make next , we will have? = œ >È%
( ( ( ( (È È/ .= .? œ / / .> œ G / Þ

.= .=

= =
=Ð"? Ñ = > =% %

% %

Let , and we will have= œ =w %

( (È/ œ % = / .= œ %G à
.=

=
= w = w w#

%

w%

therefore

( ( È/ .= .? œ %GG œ ß
# #

=Ð"? Ñ w% 1

which gives
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G œ Þ
)G #

w 1È
As for the value of , it has not yet been possible, in spite of many attempts, toG
restore it to the arcs of a circle or to logarithms; but I have found that it
depended on the rectification of the elastic rectangle curve or, what amounts to
the same, on the integral  taken from  to ; if we designate by' .B

"BÈ %
ß B œ ! B œ "

1w the value of this integral, we find2

1w œ "ß $""!#)((("%'!&*)(

This put, we consider the double integral , taken from  to' ' / .= .? = œ != Ð"? Ñ# %

= œ _ ? = œ >; by making , it will becomeÈ
( ( (È È/ / .> G / ß

.= .=

= =
= > =# % #

or

Let , and we will have= œ =w#

( (È/ œ # / .= œ #Gß
.=

=
= =# w%

hence

( ( / .= .? œ #G Þ= Ð"? Ñ ## %

We suppose now  and we will have= "  ? œ = ßÈ % ww

( ( ( ( (È ÈÈ/ .= .? œ / œ à
.? " .?

"  ? "  ?#
= Ð"? Ñ =

% %

# % ww#

1

by naming therefore  the integral , taken from  to  weI ? œ ! ? œ _ß' .?

"?È %

will have

#G œ I ß
"

#
# È1

which gives

2 See  De sommatione et interpolatione serierum the treatise of M. Stirling, , p. 58.
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G œ I Þ
"

#
É È1

If we make  we will have"
"?

%
% œ = ß

( (È .? .=

"  ?
œ ß

Ð"  = Ñ% %
$
%

the integral relative to  being taken from  to , so that= = œ " = œ !

( (È .? .=

"  ?
œ I œ ß

Ð"  = Ñ% %
$
%

the integral relative to  being taken from  to .= = œ ! = œ "
We consider presently the double integral  taken  from ' ' .B .D

Ð"D D Ñ# %
$
%
ß B œ !3

to  and from  to ; by making , it will be changedB œ " D œ ! D œ " œ BB

Ð"D Ñ

w
#

"
%

into this here

( (È .D .B

"  D Ð"  B Ñ#

w

w%
$
%

these integrals being taken from  and  to  and , thatB œ ! D œ ! B œ " D œ "w w

which gives

( (È .D .B

"  D
œ œ Ià

# Ð"  B Ñ#

w

w#

1
and $

%

we will have therefore

( ( .B .D I

Ð"  D  D Ñ
œ Þ

## %
$
%

1

If we make next , we will haveD

"B
wÈ %

œ D

3 It is necessary without doubt to understand that this integral must be extended to all the
positive values of  and of  verifying the inequalityB D

"  D  D  !ß# %

so that, for a given value of ,  varies from  to ;  increasing still to , theD B ! Ð"  D Ñ B "# "
%

differential element would become imaginary. ( )Note of the editor.
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( ( ( (È.B .D .B .D

Ð"  D  D Ñ Ð"  D Ñ
œ à

"  B# % w%

w

#$ $
% %

%

now we have

( È È.B

"  B
œ Þ

# #% %

1

Moreover, if we suppose  we will have"  D œ > ßw %#

( ( È.D .>

Ð"  D Ñ
œ # ß

"  >

w

w# %
$
%

the integral relative to  being taken from  to ; this integral is evidently> > œ " > œ !
equal to : therefore1w

( .D

Ð"  D Ñ
œ # ß

w

w#
w

$
%

1

which gives

( ( È.B .D I

Ð"  D  D Ñ #
œ œ ß

## %

w

$
%

11 1

hence

I œ #ß1wÈ
whence we deduce

G œ # G œ Þ
"

# % #

É È É È1 1
1

1

w w

w

and
$
%

XXV.

In order to apply the preceding theory to some examples, let

C œ B Ð"  BÑ: ;;

by making  and , we will have, in the case of the maximum of ,: œ ; œ C"
! !

.



68

B œ ß
"

"  .

hence (art. XXIII)

E œ
Ð"  Ñ

.

.

;

:;

and

! .
.

. .
log log logE œ  à

"  " 

"Œ  Œ 
we have besides

! .log log logC œ B  Ð"  BÑß

and, if we make

B œ  ß
"

"  .
)

we will have

! . ) )
.

. .
log log logE œ    à

"  " 

"Œ  Œ 
therefore

log log log logE  C œ Ò"  Ð"  Ñ Ó  " 
" " 

œ   â
Ð"  Ñ Ð"  Ñ Ð"  Ñ Ð"  Ñ Ð"  Ñ Ð"  Ñ

# $ %

! ! .
. ) )

. .

. . . . . .

!. !. !.
) ) )

Œ 
# $ # % $

# $ %
# $

whence we will deduce, by virtue of the formula ( ) of article XXIII,z
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!
.!

.

!
! .!

.

. .

. .

"
#

$
#

$
#

$
#

2 œ ß
#

Ð"  Ñ

2 œ ß
#

Ð"  Ñ

ÒÐ"  Ñ  "$ Ó

") Ð"  Ñ

â

È
È

Ð#Ñ
#

Formula ( ) of article XXIII will give therefores

5 œ "  â ß
# ÒÐ"  Ñ  "$ Ó

Ð"  Ñ "# Ð"  Ñ

È œ !1. ! . .

. . .

; #

:;

"
#

$
#

which is consistent to that which we have found in article XVIII.
If , or, what comes to the same, if , we will determine more. œ " : œ ;

simply in the following manner the coefficients of the series in , which expresses>
the value of ; for this, we will observe that, in this case,)

log log logE  C œ  Ð"  % Ñ œ > ß
"

!
)# #

which gives

"  % œ /)#  >! #

and

# œ "  / Þ) Š ‹ >! #
"
#

Let

Š ‹"  / œ # 6Ð6  6 >  6 >  6 > âÑà > w # ww # % www $ '! #
"
# "

#! ! ! !

by taking the logarithmic differentials of the two members of this equation and
cross multiplying them, we will have

! ! ! ! !> / Ð6  6 >  6 > âÑ œ Ð6  $6 >  &6 > âÑÐ"  / Ñà#  > w # ww # % w # ww # %  >! !# #

now we will have
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/ œ "  >   â
> >

"Þ# "Þ#Þ$
 > #

# % $ '
! #

!
! !

If we substitute this value into the preceding equation, we will have among the
coefficients  the following equations6ß 6 ß 6 ß 6 ß áw ww www

#6  œ !ß
>

"Þ#

%6   œ !ß
6 #6

"Þ# "Þ#Þ$
â

w

ww
w

and generally

! œ #36  Ð#3  $Ñ  Ð#3  'Ñ
6 6

"Þ# "Þ#Þ$

 Ð#3  *Ñ  Ð#3  "#Ñ â
6 6

"Þ#Þ$Þ% "Þ#Þ$Þ%Þ&

Ð3Ñ
Ð3"Ñ Ð3#Ñ

Ð3$Ñ Ð3%Ñ

by continuing this series until we arrive at the coefficient . We will determine6
therefore easily  when this coefficient will be known; now, if we6 ß 6 ß 6 ßáw ww www

neglect the powers of  superior to unity, we have>

Š ‹"  / œ >à >! #
"
# "

#!

therefore ; formula ( ) will give next, by observing that in this case ,6 œ E œ" "
# #s :

5 œ "  "Þ$  "Þ$Þ& â Þ
# # #

6 6È Œ !1
!

!
: #

w # ww

We have generally

5 œ B Ð"  BÑ .B œ à
"Þ#Þ$á:Þ"Þ#Þ$á;

"Þ#Þ$áÐ:  ;  "Ñ
( : ;

the assumption of  gives: œ ;

"Þ#Þ$á#: "

Ð"Þ#Þ$á:Ñ Ð#:  "Ñ5
œ à

#

now the first member of this equation is the middle term of the binomial
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Ð"  "Ñ :#:; we will have the value of this term by a very convergent series, when 
is a very great number. If we compare the manner in which we have arrived there
with those which MM. Stirling and Euler have employed, the first in his work De
transformatione et interpolatione serierum Institutions de, and the second in his 
Calcul différentiel, we will find, if I do not delude myself, that, independently of
its generality, it has the advantage of being more direct, in that the processes of
the two illustrious authors suppose that we know in advance the expression, in
factors, of the ratio of the semi-circumference to the radius, an expression that
Wallis has given; the one of M. Euler is, moreover, based on the value in series of
the product , when  is a great number; this value is yet very easy to"Þ#Þ$á: :
determine by our method. For this, let

C œ B / ß: B

we will have, by integrating from  to B œ ! B œ _ß

( (B / .B œ : B / .Bß: B :" B

whence it is easy to conclude

( B / .B œ "Þ#Þ$á:Þ: B

The maximum of  takes place when , that which gives  for thisC B œ : : /: :

maximum; let therefore  and , we will have: œ B œ " "
! !

)

log log logC  : / œ Ð"  Ñ  à
": :

!
!) )

therefore

( (C .B œ : / / . Þ: : Ð" Ñ"
! log !) ) )

If we make

logÐ"  Ñ  œ  > à!) !) ! #

we will have



72

!) ! ) ! )# # $ $ %
#

# $ %
  â œ > à

let

) ! ! !
!

œ 2  2 >  2 >  2 > â ß
"È Š ‹w ww # www $" $

# #

we will find

2 œ #ß 2 œ ß 2 œ ß á ß
# #

$ ")
È È

w ww

and we will find

. œ 2  #2 >  $2 > â ß
.>

) ! !
!È Š ‹w ww #"

#

therefore

( ( Š ‹C .B œ : / .> 2  #2 >  $2 > â / Þ: : w ww # B" "
# #! !

The integral in  must be taken from  to  now,  being null, weB B œ ! B œ _à B
have , and consequently,   being equal to , we have ,) )œ  > œ _à B _ œ _" #

!

hence ; we must therefore take the integral relative to  from > œ _ .> > œ _#

to , whence we deduce, by article XXIII,> œ _

( È Œ C .B œ : / 2  "Þ$  "Þ$Þ& â ß
2 2

# #
: :

ww # 3@

#

"
# 1

! !

hence

"Þ#Þ$á: œ : / # "  â Þ
"

"#
: :"

# È Œ 1 !

We could apply this method to many other examples, and thence to extend
and to perfect the theory of series; but this digression would separate us too far
from our object.
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XXVI.

The preceding method gives a quite simple solution to an interesting problem,
which it is perhaps very difficult to resolve by other methods: we have seen (art.
XIX) that the ratio of the births of boys to those of girls is sensibly greater in
London than in Paris; this difference seems to indicate in London a greater
facility for the birth of boys: the question is to determine how much this is
probable.

For this, let

? be the probability of the birth of a boy in Paris;
: be the number of births of boys observed in this city;
; be the one of girls;
?  B be the possibility of the birth of a boy in London;
:w be the number of births of boys that we have observed;
;w be that of girls.

We will have, for the probability of this double event,

L? Ð"  ?Ñ Ð?  BÑ Ð"  ?  BÑ ß: ; : ;w w

L T being a constant coefficient; therefore, if we name  the probability that the
birth of a boy is less possible in London than in Paris, we will have

T œ ß
? Ð"  ?Ñ Ð?  BÑ Ð"  ?  BÑ .B .?

? Ð"  ?Ñ Ð?  BÑ Ð"  ?  BÑ .B .?

' '' '
: ; : ;

: ; : ;

w w

w w

the integral of the numerator being taken from  to  and from ? œ ! ? œ B B œ !
to . That of the denominator must be taken over all the possible values of B œ " B
and ;  now, if we make , this denominator will become? ?  B œ =

( ( ? Ð"  ?Ñ = Ð"  =Ñ .? .=ß: ; : ;w w

the double integral being taken from  to  and from  to :? œ ! ? œ " = œ ! = œ "
we will have thus
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T œ Þ
? Ð"  ?Ñ Ð?  BÑ Ð"  ?  BÑ .B .?

? Ð"  ?Ñ = Ð"  =Ñ .= .?

' ' ' '
: ; : ;

: ; : ;

w w

w w

We determine first the integral of the numerator.
By naming  the quantityC

? Ð"  ?Ñ Ð?  BÑ Ð"  ?  BÑ ß: ; : ;w w

we will have very nearly, by formula ( ) of article XXIII,.

( È
ÉC .B œ ß

# C



1
$
#

#

#
` C
`?

by substituting for , in the second member of this equation, its value in , which? B
renders  a maximum; let  be this value, we haveC \

`C : ; : ;

`? ? "  ? ?  B "  ?  B
œ C   Œ w w

and

 œ C   
` C : ; : ;

`? ? Ð"  ?Ñ Ð?  BÑ Ð"  ?  BÑ

    Þ
`C : ; : ;

`? ? "  ? ?  B "  ?  B

# w w

# # # # #

w w

” •
Œ 

If we substitute  in place of , we have, by the condition of the maximum\ ?
`C
`? œ !, hence

 œ C    ß
` C : ; : ;

`? \ Ð"  \Ñ Ð\  BÑ Ð"  \  BÑ

# w w

# # # # #” •
whence we deduce

( È
ÉC .? œ ß

# C

  

1

: ; : ;
\ Ð"\Ñ Ð\BÑ Ð"\BÑ# # # #

w w

\ being determined by the equation
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( )> ! œ   
: ; : ;

\ " \ \  B " \  B

w w

or

( )>

! œ \Ð"  \ÑÒÐ:  : ÑÐ"  \Ñ  Ð;  ; Ñ\Ó

 BÖÐ:  ; Ñ\Ð"  \Ñ  Ð"  #\ÑÒ;\  :Ð"  \ÑÓ×

 B Ò;\  :Ð"  \ÑÓÞ

w

w w

w w

#

ÚÝÛÝÜ
Let, for abridgment,

V œ    à
: ; : ;

\ Ð"  \Ñ Ð\  BÑ Ð"  \  BÑË # # # #

w w

the question is reduced to determining the integral , from  toÈ '# B œ !1 C .B
V

B œ " # .\ß B. In place of this integral, we can consider this one  beingÈ '1 C .B
V.\

regarded as function of ; but it is necessary to take this last integral from the\
value of  which takes place when  to that which takes place when ;\ B œ ! B œ "
now, by making , equation ( ) becomesB œ ! >w

! œ Ð:  : ÑÐ"  \Ñ  Ð;  ; Ñ\ßw w

hence

\ œ Þ
:  :

:  :  ;  ;

w

w w

By making , this equation gives ; we must therefore take the integralB œ " \ œ "' C .B ::
V.\ :: ;;.\ \ œ \ œ ", from  to .

w

w w

We suppose : the condition of the maximum of  gives theC .B
V.\

w wœ C C

equation

! œ  à
.C

C

.ˆ ‰" .B
V .\
" .B
V .\

now,  being equal to  we haveC \ Ð"  \Ñ Ð\  BÑ Ð"  \  BÑ ß: ; : ;w w
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.C : ; : ; ; :

C \ " \ \  B " \  B " \  B \  B
œ    .\   .BàŒ  Œ w w w w

this equation is reduced, by virtue of equation ( ), to this one>

.C ; .B : .B : ;

C "  \  B \  B \ " \
œ  œ  .BÞ

w w Š ‹
Now,  and  being very great numbers, it is clear that  is incomparably greater: ; .C

C

than , and that thus we can neglect the second of these two differentials
.ˆ ‰" .B

V .\
" .B
V .\

with respect to the first; we will have therefore, very nearly, in the case of the
maximum of C ßw

! œ  ß
: ;

\ " \

hence

\ œ Þ
:

:  ;

This value of  is less than , when  is, as we suppose it here,\ :: :
:: ;; : ;

w w

w w w w

greater than ; the two limits in which it is necessary to take the integral :
:;

w' C .B
are, consequently, beyond the value of  which renders  a maximum; thus we\ Cw

must, to determine this integral, make usage of the series ( ) of article XVIII.-
We have, very nearly,

.C .C : ;

C C \ " \
œ œ  .Bà

w

w
Š ‹

moreover, by differentiating the equation

! œ    ß
: ; : ;

\ " \ \  B " \  B

w w

we find

.B V

.\
œ à



#

: ;
Ð\BÑ Ð"\BÑ

w w

# #

therefore
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.C V :  Ð:  ;Ñ\

C \Ð"  \Ñ
œ .\Þ



w #

w : ;
Ð\BÑ Ð"\BÑ

w w

# #

Let

: œ ß ; œ ß : œ ß ; œ à
"

! ! ! !

. / /w w
w

the quantity which we have named  in article XVIII will be thereforeD

\Ð"  \Ñ 

   Ò"  Ð"  Ñ\Ó
ß

’ “
’ “

/ /

. / /

Ð\BÑ Ð"\BÑ

"
\ Ð"\Ñ Ð\BÑ Ð"\BÑ

# #

w

# # # #

w
.

\ B \ being the principal variable of which  is a function; if we observe next that, 
being equal to unity, we have , the series ( ) of the article cited will giveC œ !w #

( œ C .B œ  C D "    â ß
.D .ÐD.DÑ .ÒD.ÐD.DÑÓ

.\ .\ .\
w w # $

# $
! ! ! !

by substituting, after the differentiation in the second member of this equation
::

:: ;;

w

w w  for  and by making  in it.\ B œ !

If we suppose + ,  will be equal to , and we will\ œ : :: :
:; :: ;; :;) )

w

w w

have

D œ  à
\Ð"  \Ñ 

Ð"  Ñ   

’ “
’ “

/ /

. / /

Ð\BÑ Ð"\BÑ

"
\ Ð"\Ñ Ð\BÑ Ð"\BÑ

# #

w

# # # #

w
. )

now,  being very small, the successive differences of  grow principally by the) D
differentiation of the factor  which is found in the denominator, so that, if we)
suppose

J œ ß
\Ð"  \Ñ 

Ð"  Ñ   

’ “
’ “

/ /

. / /

Ð\BÑ Ð"\BÑ

"
\ Ð"\Ñ Ð\BÑ Ð"\BÑ

# #

w

# # # #

w
.

we will have, very nearly,
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.D J

.\
œ ß

.ÐD.DÑ $J

.\
œ ß

â

)

)

#

# %

#

hence

( Œ C .B œ "   â ß
C J J $ Jw
w # #

# %

! ! !

) ) )

C J B œ !w and  being that which these quantities become when we suppose  and
\ œ ::

:: ;;

w

w w , that which gives

C J œ Þ
Ð:  : Ñ Ð;  ; Ñ

Ð"  ÑÐ:  :  ;  ; Ñ

w
w ::  w ;; 

w w :: ;; 

w w$ $
# #

w w (
#.

It is easy to see by the analysis of article XVIII that  is less than ,' C .Bw C J!
)

w

greater than  and less than , so that we have! !
) ) ) ) )

! ! !C J C JJ J $ Jw w

# # %

# #ˆ ‰ Š ‹"  "  

in this manner the limits in which the value of  is narrowed.' C .Bw

We seek now the value of the double integral

( ( ? Ð"  ?Ñ = Ð"  =Ñ .= .?Þ: ; : ;w w

Formula ( ) of article XXIII gives, very nearly,.

( È È? Ð"  ?Ñ .? œ # ß
? Ð"  ?Ñ

Ò:Ð"  ?Ñ  ;? Ó
: ;

:" ;"

# # #
1

by substituting for  the value which renders  a maximum; now this? ? Ð"  ?Ñ: ;

value is ; we have therefore:
:;

( È? Ð"  ?Ñ .? œ # Þ
: ;

Ð:  ;Ñ
: ;

: ;

:;
1

" "
# #

$
#

By changing  to  and  to , we will have: : ; ;w w
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( È= Ð"  =Ñ .= œ # ß
: ;

Ð:  ; Ñ
: ;

w w:  ; 

w w : ; 

w w

w w" "
# #

w w $
#

1

hence

( ( ? Ð"  ?Ñ = Ð"  =Ñ .= .? œ # Þ
: ; : ;

Ð:  ;Ñ Ð:  ; Ñ
: ; : ;

: ; w w:  ; 

:; : ; w w

w w

" "
# #

w w" "
# #

$ $
# #

w w
1

If we suppose this quantity equal to , we will have for the sought probability 5 T

T œ "   â à
C J # J $ J

2

! 1 ! !

) ) )

w # #

# %

È Œ 
there is no longer concern but to determine the numerical values of the different
terms of this expression, by starting from the preceding givens. These givens are

: œ #&"&#(ß : œ ($('#*ß

; œ #%"*%&ß ; œ '*)*&)à

w

w

whence it is easy to conclude

log

log

log

J œ #ß *('("#"ß

œ $ß %%&(&*)ß

œ 'ß &**%"&%

)

!

and, consequently,

!

)
!

)

J
œ !ß !%)$(%ß

$ J
œ !ß !!(!#!Þ

#

# #

%

We have next, by carrying the precision to a dozen decimals,

log
log

log

: œ &ß %!!&)%'"!*%(ß

; œ &ß $)$("''&"%'*ß

Ð:  ;Ñ œ &ß '*$#'#&"&%)!ß

whence we deduce
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log

log

Œ 
Œ 

:

:  ;
œ ($'"(ß '!%(!'&ß

:

:  ;
œ (%)*%ß *#&*$"*Þ

:

;

We have similarly

log
log

log

: œ &ß )'()$(*)#($&ß

; œ &ß )%%%&"!)!!!*ß

Ð:  ; Ñ œ &ß "&($$"*$#!)$ß

w

w

w w

whence we deduce

log

log

Œ 
Œ 

:

:  ;
œ #"$&%!ß )'('$'%ß

:

:  ;
œ #")'*"ß %#&$*'"Þ

w

w w

:

w

w w

;

w

w

We find again

log
log

log

Ð:  : Ñ œ &ß **&#'%(%"$("ß

Ð;  ; Ñ œ &ß *($&%%)&$#%$ß

Ð:  :  ;  ; Ñ œ 'ß #)&&(!&)&"'"ß

w

w

w w

whence we deduce

log

log

Œ 
Œ 

:  :

:  :  ;  ;
œ #)("&)ß #$#()!"ß

:  :

:  :  ;  ;
œ #*$&)'ß !&#('"#Þ

w

w w

::

w

w w

;;

w

w

We have finally

log
log

Ð"  Ñ œ !ß #*#'(*'ß

# œ !ß (*)"(**ß

.

1

hence
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log

log

! 1

)

C J #

2
œ &)!(&"ß %**$#(#ß

5 œ &)!(%&ß !*%#&%$ß

w È

that which gives

! 1

)

C J #

5
œ !ß !!!!!#&%"%à

w È
therefore

T œ !ß !!!!!#&%"%Ð"  !ß !%)$(%  !ß !!(!#! âÑÞ

If we take the first three terms of the series, we will have

T œ à
"

%"!%&)

this value of  is a little too great; but, since taking in it only the first two termsT
of the series we would have a value too small, it is easy to conclude from it that
the preceding can differ from the truth by the  part of its value, so that it is a"

"%#

strong approximation: there is therefore odds of more than four hundred
thousand against one that the births of boys are more facile in London than in
Paris. Thus we can regard as a very probable thing that it exists, in the first of
these two cities, a cause more than in the second, which facilitates the births of
boys, and which depends either on the climate or on the nourishment of the
mothers.

XXVII.

It is easy to extend the theory of the preceding articles to the case of three or
of a greater number of simple events.

Let us name, in fact,  the possibility of the first simple event,  that of theB Bw

second and, consequently,  that of the third; in seeking, by the"  B  Bw

ordinary methods, the probability of the observed event, we will have for its
value a function of  and , multiplied by any constant. Let  be thisBß B "  B  B Cw w

function, for which the observed event can indicate in an approximate manner the
possibilities of the simple events, it is necessary, as we have observed in art.

XXII, that  and  are some very great functions of  of order  being a
.C
.B .B

.C
w

C C
"B ß
!

!
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coefficient proportionally lesser as the observed event is more composite; this
put, if we integrate  from  to , we will have for result a' C .B ß B œ ! B œ "  Bw w w

function of , that the method of art. XXIII will give by a highly convergentB
series. Let  be the value of  to  which renders  a maximum,  being? B B C Bw

supposed constant, and if we represent by  this maximum, we will have, by the]
article cited, for , an expression of this form' C .Bw

( È Œ C .B œ ] 2  "Þ$  "Þ$Þ& â ß
2 2

# #
w

ww # 3@

#
!1

! !

] ß 2ß 2 ß 2 ß á B Bww 3@  being some function of . The value of  which renders the
second member of this equation a maximum will be very near to the true
possibility of the first event; let  be this value, we will have for the expression of+
the probability  that  will be contained in the limits  and T B +  + ) )

T œ ß
] .B 2  "Þ$  "Þ$Þ& â

] .B 2  "Þ$  "Þ$Þ& â

' Š ‹
' ˆ ‰

! !

! !

2 2
# #

2 2
# #

ww # 3@

#

ww # 3@

#

the integral of the numerator being taken from  to , and thatB œ +  B œ + ) )
of the denominator being taken from  to ; now we will determineB œ ! B œ "
easily these integrals by the method of art. XXIII.

The value  is determined by equating to zero the difference of+

] 2  "Þ$ âˆ ‰!2
#

ww

, which gives

! œ  à
.]

]

.2  "Þ$ â

2  "Þ$ â

!

!

.2
#
2
#

ww

ww

.] "
] is, by assumption, a very great quantity of the order  by neglecting

!
à

therefore, vis-à-vis of it, the quantity

.2  "Þ$ â

2  "Þ$ â

!

!

.2
#
2
#

ww

ww

we will have, in order to determine , the equation+

! œ
`]

`B

Now we have
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`] `C `C `B

`B `B `B `B
œ  ß

w

w

by substituting into the second member of this equation, in place of , its value B ?w

in ; but this value renders null the quantity ; we will have therefore the twoB `C
`Bw

equations

`C `C

`B `B
œ ! œ !and .

w

It follows thence that  is, in the quantities near to order , the value of + B!
which renders  a maximum, by making vary at the same time  and ; we canC B Bw

therefore take, without sensible error, the value of  corresponding to thisB
maximum, for the possibility of the first simple event, and it is clear that we can
make some analogous remarks on the possibilities of two other simple events.

We suppose, for example, that there is in an urn an infinity of white balls, reds
and blacks, in an unknown proportion, and that out of the number :  ;  <
drawings we can bring forth  white balls,  red balls and  black balls; by: ; <
naming  the facility to bring forth a white ball,  that of bringing forth a red ballB Bw

and, consequently,  that of bringing forth a black ball, we will have,"  B  Bw

for the probability of an observed event,

"Þ#Þ$áÐ:  ;  <Ñ

"Þ#Þ$á:Þ"Þ#Þ$á;Þ"Þ#Þ$á<
B B Ð"  B  B Ñ Þ: w w <;

In this particular case,

C œ B B Ð"  B  B Ñ ß

C .B œ B Ð"  BÑ à
"Þ#Þ$á;Þ"Þ#Þ$á<

"Þ#Þ$áÐ;  <  "

: w w <;

w : ;<"(
)

the value of  which renders  a maximum is  this fraction isB C .B à' :
:;<"

consequently the most probable value of . When  and  are great numbers,B :ß ; <
it is reduced to very nearly to this one ; which corresponds to the maximum:

:;<

of .C



84

XXVIII.

Until now we have assumed the law of possibility of the simple events
constant from zero to unity, and this assumption is, as we have observed in
article XVII, the sole one which we must adopt, when we have no other given
relatively to these possibilities; but, if their law were exactly known, we could
again apply the preceding researches. For this, we will consider only two simple
events, and we call  the possibility of the first and  the possibility of theB "  B
second; we will calculate the probability of the observed event, by starting from
these possibilities, and we will have for its expression a function of , that weB
will designate by ; if we represent next by  the facility of the possibility of  ofC ? B
the first event,  being function of , and by  the facility of the possibility ? B = "  B

of the second event, we will have, by article XV,  for the probability that?=C .B
?=C .B'

the observed event is due to the possibilities  and , the integral of theB "  B
denominator being taken from  to ; therefore, if we name  theB œ ! B œ " T
probability that the value of  is contained within the given limits, we will haveB

T œ ß
?=C .B

?=C .B

''
provided that the integral of the numerator is taken only within the extent of
these limits. We see thus that this case returns to those which we have considered
in the preceding articles, and that the value of  will be determined easily by theT
method of these articles.

The value of  which renders  a maximum will be very close to the truth,B ?=C
if the observed event is very composite and if we have   being aC.B œ D.Cß! !
very small coefficient; now we have, by equating to zero the differential of ,?=.C

! œ  ß
.Ð?=Ñ .C

?= C

hence

! œ 
.Ð?=Ñ "

?= D

!
.

We will have therefore, by neglecting the quantities of order , ,! ! œ "
D

whence it follows that the value of  which renders  a maximum is very close toB C
the truth, whatever be moreover the law of facilities of the possibilities of the two
simple events.
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XXIX.

After having determined the possibilities of the simple events which result
from a composite event proper to making them known, if we remain to consider
the influence of this event on the probability of any future event, and the manner
in which we must calculate this probability. If we name  and  theB "  B
possibilities of two simple events,  the facility of , and  that of , we will= B = "  Bw

calculate the probabilities, so much the observed event as of the future event, by
starting from these possibilities, and we will have for result two functions of , ofB
which we will represent the first by  and the second by ; this put, if we name C ? T
the sought probability of the future event, we will have, by articles XIV and XV,

T œ ß
== ?C .B

== C .B

''
w

w

the integrals of the numerator and of the denominator being taken from  toB œ !
B œ ". When the observed event will be very composite, the method of article
XXIII will give these integrals by a very rapid approximation, that which
indicates the extent of this method and its utility in these matters.

If we have nothing given on the law of possibility of the two simple events,
which is the most ordinary case, we must suppose (art. XVII)  and  equal to= =w

unity, which gives

T œ
?C .B

C .B

'' ;

now we have, very nearly, by article XXIII,

Œ (
Œ (

C .B œ
# C



?C .B œ
# ? C



â

# $

. C

.B
# w w$ $

. Ð? C Ñ
.B

1

1

#

#

# w w

#

C and  being that which the quantities become when we substitute in them for. C
.B

#

#

B C ? C ?ß C the value which renders  a maximum, and ,  and  being that which w w . C
.B

# w

#

and  become when we substitute in them for  the value which renders  a. C
.B

#

# B ?C
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maximum; we will have therefore

( )! T œ Þ
? C

C
# .B

w w$ $

$

. C

. Ð? C Ñ
.B

#

#

# w w

#

We suppose that the future event of which we calculate the probability is very
little composite, by equating to zero the differential of , we will have?C

! œ  à
.C .?

C .B ? .B

but we have, by assumption,

.C " "

C .B D
œ œ D ß

! !
w

by making  the preceding equation will become thus"
D

wœ D à

! œ  D Þ
.?

? .B
! w

Let  be the value of  which renders  a maximum, and consequently  null;+ B C Dw

the value of  which renders  a maximum can therefore be represented byB ?C
+  2ß 2!  being any coefficient, and we will have

C œ C  2   âß
.C 2 . C 2 . C

.B "Þ# .B "Þ#Þ$ .B
w

# # # $ $ $

# $
!

! !

Cß ß á B œ +.C . C
.B .B

#

# , being that which these quantities become when we make  in
them; we have next

.C "

.B
œ CD ß

. C " " .D

.B .B
œ C D  ß

. C " $ .D " . D

.B .B .B
œ C D  D  ß

â

!

! !

! ! !

w

# w

# #
w#

$ w # w

$ $ # #
w w$

Œ 
Œ 

The assumption of  gives , and, consequently,B œ + D œ !w
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!

! !

! !

2 œ !ß
.C

.B
2 . C 2 .D

"Þ# .B "Þ# .B
œ C ß

2 . C 2 . D

"Þ#Þ$ .B "Þ#Þ$ .B
œ ß

âà

# # # # w

#

$ $ # # $ # w

# #

we will have therefore, by neglecting the terms multiplied by ,!

C œ C Þw

We have moreover

. Ð? C Ñ . C #.? .C . ?

.B .B .B .B .B
œ ?   C à

# w w # w w w # w

# # #
w w

now it is clear, by that which precedes, that  is much greater than  and than. C .C
.B .B

# w w

#

Cw, so that we can suppose, very nearly

. Ð? C Ñ . C

.B .B
œ ? ß

# w w # w

# #
w

and we will prove, as we just did for , that  can be supposed equal to ,Cw . C . C
.B .B

# w #

# #

hence

. Ð? C Ñ . C

.B .B
œ ? Þ

# w w #

# #
w

The formula ( ) will become therefore!

T œ ? à# w#

but, if we name  that which  becomes when we make  in it, we will have,@ ? B œ +
by neglecting the quantities of order , ; therefore! ? œ @w

T œ @à

whence it follows that we can calculate the probability  of the future event byT
employing for  the value which renders  a maximum.B C

This theorem would cease to be exact if the future event in question was itself
quite composite, because then  would be very great, and the value of , which.?

?.B B
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gives the equation

! œ  D ß
.?

? .B
! w

could no longer be represented by  we could no longer moreover+  2à!

suppose  equal to . If we represent, in general, by  the root. Ð? C Ñ
.B .B

w 8. C# w w

# #

#

? ?  2!

of the equation

! œ  Dß
.?

? .B
!

8 being an exponent less than unity, we will have

C œ C  2  âß
.C 2 . C

.B "Þ# .B
w 8

#8 # #

#
!

!

and we will find

!

! !

8

#8 # # #8" # w

#

2 œ !ß
.C

.B
2 . C 2 .D

"Þ# .B "Þ# .B
œ C ß

âß

hence

C œ C  C â
2 .D

"Þ# .B
w

#8" # w!

This value of  reduces itself to , in the case of  infinitely small, only whenC Cw !
#8  " 8  ß is positive, that which supposes  and it is easy to see likewise that"

#

it is only in this supposition that  reduces itself to ; the preceding. Ð? C Ñ
.B .B

8 . C# w w

# #

w #

theorem can therefore have place only in the case where  is greater than unity.#8
Let   being a function of , the equation.?

? .B œ ß B-
!"8w -

! œ  D
.?

? .B

! w

will become

! œ  D ß! -8 " ww
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which gives for  an expression of this formB

B œ +  2à!8 "w

now the truth of the preceding theorem requires that we have , and ,8  " w "
#

consequently, ; therefore, so that this theorem subsists, it is"  8  w "
#

necessary that the future event be little enough composite relatively to the

observed event, in order that  be a function of , very small relatively toˆ ‰.?
? .B

#
B

.C
C .B .

If the future event is exactly the same as the observed event, so that ,? œ C
the value  of , which render  a maximum, will render similarly  a maximum,+ B C ?C
so that we will have  and . We will have nextC œ C ? œ @w w

. Ð? C Ñ . C #.C

.B .B .B
œ #C  à

# w w # #

# # #

but the substitution of  for  gives  hence+ B œ !ß.C
.B

. Ð? C Ñ . C

.B .B
œ #C

# w w #

# #
.

Formula ( ) will become therefore!

T œ ß
#

#
#/

/ being that which  or  becomes when we make  in it; thence results this? C B œ +
sufficiently remarkable theorem:

The probability of a future event, similar to the one that we have observed, is
to that same probability, determined by employing for the possibilities of the
simple events those which result from the observed events, as  is to " #ÞÈ

If we have observed, for example, that out of  infants, there are born :  ; :
boys and  girls, and if we seek the probability , that out of  infants who; T :  ;
should be born there will be  boys and  girls, we will have: ;

T œ à
"Þ#Þ$áÐ:  ;Ñ : ;

"Þ#Þ$á:Þ"Þ#Þ$á; #Ð:  ;Ñ

: ;

:;È
this is what results similarly from formula ( ) of article XVII.2

In general, if we seek the probability  that the observed event will beT
followed by a number  of similar events, we will have  and we will find8 ? œ C ß8
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T œ ß
8  "

/8È
/ being that which  becomes, when we substitute for  in it the value  whichC B +
renders  a maximum, and this equation takes place equally,  being fractional.C 8
We will be exposed therefore then to some considerable errors, by employing, in
the calculation of the probability of future events, the possibilities of the simple
events which result from the observed event: in reality, it is clear that the small
error which we can commit, by making usage of these possibilities, is
accumulated by reason of the number of simple events which enter into the future
event, and must occasion a sensible error when they are in very great number.
Besides, whatever be this event, we can determine the probability of it by means
of formula ( ), which is always valid, quite nearly, when the observed event is!
very composite.

XXX.

One of the most useful problems of this part of analysis of chances, which
consists to reascend from the events to the causes which have produced them, is
the one of the determination of the mean which it is necessary to choose among
the results of several observations. I have given, in Book VI of the Mémoires des
Savants étrangers4, the principles on which it seems to me that the solution of
this problem must be founded; three illustrious geometers, Messrs.. de la Grange,
Daniel Bernoulli and Euler, have since exercised themselves on this object: the
first in Book V of the , and the twoMémoires de la Societé royale de Turin
others in the first part of the  for the year 1777; butMémoires de Pétersbourg
their principles were different from those to which I have availed myself, this
consideration engaged me to resume here this matter and to present my results in
a way to leave no doubt on their exactitude.

We suppose, in order to fix the ideas, that the question is of a phenomenon
which has been noticed by many observers at some different instants; each
observation has been able to be deviated more or less from the truth and to fix
thus the instant of the phenomenon earlier or later than it has happened. We will
suppose, that which is very natural, that the facilities of the same errors, either to
plus, or to minus, are equal among themselves, and we will designate by  the9ÐBÑ
facility so much for the positive error  as for the negative error , relatively toB B

4 , T. VIII, p. 27.Ouevres de Laplace
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the first observer; by  these same facilities for the second, third,9 9w wwÐBÑß ÐBÑß á
á  observers. By naming next first the observation which fixes earliest the
phenomenon, the second, third observations, etc. the different observations in the
order of their distances to that one, we will name  these distances;:ß : ß : ß áw ww

by supposing therefore  the error of the first observation, the errors of theB
following observations will be  and the probability that:  Bß :  Bß :  Bßáw ww

all these observations will have among them the respective distances :ß : ß : ßw ww

á  will be

9 9 9ÐBÑ Ð:  BÑ Ð:  BÑßá àw ww w

now the probabilities of the different values of  are among them, by article XV,B
as the probabilities that, these values taking place, the observations will be
deviated among them with the observed quantities . Therefore, if we:ß : ß : ß áw ww

construct a curve of which the equation is

C œ ÐBÑ Ð:  BÑ Ð:  BÑßá ß9 9 9w ww w

the ordinates of this curve will be proportional to the probabilities of the
corresponding abscissas , and for this reason we will name it the B curve of the
probabilities.

Now, we can intend an infinity of different things by the  or the mean mean
result of any number of observations, according as we subject this result to such
or such condition. For example, we can require that the mean be such that the
sum of the errors to fear to the  be equal to the sum of the errors to fear toplus
the ; we can require that the sum of the errors to fear to the plus, multipliedminus
by their respective probabilities, be equal to the sum of the errors to fear to the
minus, multiplied by their respective probabilities. We can again subject this mean
to be the point where it is the most probable that it must fall the true instant of
the phenomenon, as M. Daniel Bernoulli has made in the Memoir cited: in
general we can impose an infinity of other similar conditions which will give each
a different mean; but they are not all arbitrary. There is one of them which keeps
to the nature of the problem and which must serve to fix the mean that it is
necessary to choose among many observations: this condition is that, by fixing at
this point the instant of the phenomenon, the error which results of it is a
minimum; now since, in the ordinary theory of chances, we evaluate the
advantage by making a sum of the products of each advantage to hope,
multiplied by the probability to obtain it, likewise here the error must be
estimated by the sum of the products of each error to fear, multiplied by its
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probability; the mean which it is necessary to choose must therefore be such that
the sum of its products is less than that for all other instants.

We suppose now that, in the curve of probabilities of which the equation is

C œ ÐBÑ Ð:  BÑ Ð:  BÑáß9 9 9w ww w

the value of  can be extended from  to , so that the interval in which B 0  0 B
can vary is ; if we make  it is clear that  can vary from  to- B œ D  0ß D D œ !
D œ - D C, and that the probabilities of different values of  will be proportional to 
or to , so that we can represent them by ,  being a9 9ÐD  0Ñ Ð:  D  0Ñâ 5C 5w

constant coefficient. Let  be the value of  that we must take for the true instant2 D
of the phenomenon, we will have  for the sum of the errors to fear5 Ð2  DÑC .D'
from  to , multiplied by their respective probabilities, the precedingD œ ! D œ 2
integral being taken in all the extent of these limits; we will have next
5 ÐD  2ÑC .D D œ 2 D œ -' w  for the sum of the errors to fear from  to , multiplied
by their probabilities, the sign  serving to indicate that the integral must be' w
taken for all the extent of these last limits. We will have

5 Ð2  DÑC .D  5 ÐD  2ÑC .D( ( w

for the entire sum of the errors to fear, multiplied by their probabilities, and 2
must be such that this sum is a minimum. Now if we make  vary with the2
infinitely small quantity , it is clear that the variation of  will be$2 Ð2  DÑC .D'
$ $2 C .D ÐD  2ÑC .D  2 C .D' ' ' and that that of  will be ; the variation of thew w

preceding quantity will be therefore

5 2 C .D  C .D Þ$ Œ ( ( w

By equating this quantity to zero by the property of the minimum, we will have

( (C .D œ C .D
w

.

The ordinate corresponding to the abscissa , which determines the mean which2
it is necessary to choose, must therefore be divided into two equal parts the area
of the curve of probabilities, contained between  and , this whichD œ ! D œ -
gives a very simple way to determine this mean, and we see that it has again the
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property of being such, that it is equally probable that the true instant of the
phenomenon fall above or below, so that we can name it the .mean of probability

XXXI.

Whenever the functions  which express the law of9 9 9ÐBÑß ÐBÑß ÐBÑß áw ww

facility of errors of the observations are known, the determination of the mean
which it is necessary to choose among several observations will be reduced, by
the preceding article, to dividing a given area into two equal parts, that which is a
problem of pure Analysis. But, these functions being most often unknown, it is to
the Calculus of probabilities to furnish the means to make up for this ignorance;
now we have seen, in article XIII, that if, in this case, ,  are„ + „ + ß „ + ß áw ww

the limits of the errors of the first, of the second,  observation, we mustá
assume

9 9ÐBÑ œ ß ÐBÑ œ ß á
" + " +

#+ B #+ B
log logw

w

w

Thus there remains no more, in the research of the mean result of several
observations, than the inevitable difficulties of Analysis; but it is necessary to
agree that they render the preceding method of a very difficult usage: likewise my
object, by exposing it, has been rather to make known all that which the analysis
of chances can give to illuminate on this matter, than to present to the observers
a practical method and of a convenient usage; we can, however, employ in some
very delicate occasions, such as those of the passage of Venus on the disk of the
Sun, in which it is necessary to obtain the greatest precision. The most simple
way for this object is to square into parts the curve of the probabilities and to
determine thus the ordinate which divides the area into two equal parts.

XXXII.

The ordinary rule of the arithmetic mean is deduced from this method, by
supposing , as it is easy to be convinced of it; but we+ œ + œ + œ â œ _w ww

have demonstrated a much more general theorem to show that this rule has place
all the time: 1° that the law of facility of errors is the same for all the
observations; 2° that the same errors, either to , or to , are equallyplus minus
possible; 3° that they can be infinites and that the functions which express their
facilities decreases from a finite quantity only when  is infinite, but that then itB
always decreases to the point of becoming null.
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For this, let  be the law of facility of the errors of observations,  being9 ! !Ð BÑ
an infinitely small quantity; let moreover  be the value of , when ; Ð BÑ B œ !9 ! !
and, consequently, when  is a finite quantity. It is evident that the ordinate ofB
the curve of probabilities, from  to , will beB œ ! B œ _

C œ Ð BÑ Ð :  BÑ Ð :  BÑâ9 ! 9 ! ! 9 ! !w

By supposing the number of observations equal to  and by neglecting the8
quantities of order , we will have!#

C œ Ð BÑ  Ð:  :  : â : Ñ Ð BÑ à
. Ð BÑ

.Ð BÑ
9 ! ! 9 !

9 !

!
8 w ww Ð8"Ñ 8"

now, if we take the integral , from  to and if'!9 !Ð BÑ .B B œ ! B œ _ß8" . Ð BÑ
.Ð BÑ
9 !

!

we recall that  when  and  when , we will9 ! 9 !Ð BÑ œ ; B œ ! Ð BÑ œ ! B œ _
have

( !9 !
9 !

!
Ð BÑ .B œ  ; à

. Ð BÑ "

.Ð BÑ 8
8" 8

let therefore  be the integral , taken from  to , and weE Ð BÑ .B B œ ! B œ _' 9 ! 8

will have

E œ Ð:  :  : â : Ñ;
"

8
w ww Ð8"Ñ 8

for the integral  corresponding to the negative values of .' C .B B

This same integral, taken from  to , is , because weB œ ! B œ : : ;Ð8"Ñ Ð8"Ñ 8

can, in this interval, suppose

9 ! 9 ! !Ð BÑ œ Ð :  BÑ œ â œ ;ß

consequently the ordinate .C œ ;8

Since  to , we haveB œ : B œ _Ð8"Ñ

C œ Ð BÑ Ð B  :Ñ Ð B  : Ñâ9 ! 9 ! ! 9 ! ! w

or

C œ Ð BÑ  Ð:  :  : â : Ñ Ð BÑ à
. Ð BÑ

.Ð BÑ
9 ! ! 9 !

9 !

!
8 w ww Ð8"Ñ 8"
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now the integral , taken from  to , is'!9 !Ð BÑ .B B œ : B œ _8" Ð8"Ñ. Ð BÑ
.Ð BÑ
9 !

!

 ; Þ Ð BÑ .B"
8

8 8 Moreover, the integral , taken in the same interval, is' 9 !

evidently equal to  we will have thereforeE  : ; àÐ8"Ñ 8

E  : ;  Ð:  :  : â : Ñ
"

8
Ð8"Ñ 8 w ww Ð8"Ñ

for the value of , taken in this interval. Hence, the entire area of the curve' C .B
of probabilities is equal to . Now, by naming  the abscissa of which the#E 2
ordinate divides this area into two equal parts, the part of the area which is to the
left of this ordinate will be clearly equal to

E  Ð:  :  : â : Ñ;  2; à
"

8
w ww Ð8"Ñ 8 8

by equating it to , we will haveE

2 œ Ð:  :  : â : Ñß
"

8
w ww Ð8"Ñ

which gives for  the same value as the rule of the arithmetic means. The2
assumptions which have lead us to this result being beyond all likelihood, we see
how much it is necessary, in the delicate occasions, to make usage of the method
that we have proposed.

XXXIII.

It is easy to apply the preceding theory to the correction of instruments; for
this, we suppose that, in verifying an instrument and by repeating a great number
of times the same verification, we have found  different errors .8 :ß : ß : ß áw ww

Let  be the number of times each of them has been repeated; in3ß 3 ß 3 ß áw ww

representing by  their respective facilities, we will haveBß B ß B ß áw ww

5B B B áß á 53 w ww3 3w ww

 for the probability of the observed event,  being a constant
coefficient; the probability of this system of facilities will be therefore

B B B á.B.B .B á

B B B á.B.B .B á
ß

3 w ww w ww3 3

8 3 w ww w ww3 3

w ww

w ww'
the integrals of the denominator being taken for all the possible values of Bß B ßw

B ß á Bww . In order to conclude the probability of , we will integrate the function
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B B B á.B.B .B á B B œ !3 w ww w ww w w3 3w ww

 first with respect to , from  to
B œ "  B  B â B B œ !w ww ww ww, next with respect to , from  to
B œ "  B  B âßww www  and thus in sequence, which gives for the last integral

"Þ#Þ$á3 Þ"Þ#Þ$á3 Þ"Þ#Þ$á3 á

"Þ#Þ$Þ%áÐ3  3  3 âÑ
B Ð"  BÑ .B

w ww www

w ww www
3 3 3 3 â8"w ww www

.

We will have therefore, for the probability that the facility  will be contained inB
the given limits,

'' B Ð"  BÑ .B

B Ð"  BÑ .B
ß

3 3 3 3 â8"

3 3 3 3 â8"

w ww www

w ww www

the integral of the numerator being taken in the extent of these limits and that of
the denominator being taken from  to ; now this probability will beB œ ! B œ "
determined by the formula of article XVIII by changing  into  and  into: 3 ;
3  3  3 â 8 "w ww www .

We examine now the correction that it is necessary to make to a new
observation made with this instrument: we suppose that there is a quarter circle
and that, in taking a great number of times one same apparent height , we have+
found between this height and the real height  differences which extend from8
+  +  ! ! ! ! to . We suppose moreover that, by partitioning the interval w w

into  very small parts, we have found that the error  has been repeated 8  "  3!

times; that the error  has been repeated  times; that the error  3! ! !
8"

ww

  3 Bß B ß!
#Ð  Ñ
8"

ww w! !w

 has been repeated  times and thus in sequence; let finally 
B ß áww  be the facilities of these errors. We will have, by article XIV,

''
8 3" w ww w ww3 3

8 3 w ww w ww3 3

B B B á.B.B .B á

B B B á.B.B .B á

w ww

w ww

for the probability that the error of a new height , observed with this quarter+
circle, will be , the integrals of the numerator and of the denominator being!
taken for all the possible values of , which recur to integrate theBß B ß B ß áw ww

one and the other, first with respect to , from  to ,B B œ ! B œ "  B  B âw ww

next with respect to  from  to , and thus of the rest.B ß B œ ! B œ "  B âw w w ww

We will find in this manner that the preceding fraction is reduced to
3"

33 3 â8"w ww à  this quantity expresses therefore the probability that the error of
observation will be ; by changing in it  successively into , and 3 3 ß 3 ß á! w ww

reciprocally, we will have the probabilities that the error of observation will be
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    á! !! ! ! !
8" 8"

#Ð  Ñw w

 or , . We imagine therefore raised on the extremities
and on each of the divisions of the interval  some ordinates equal or! ! w

proportional to these probabilities and of which the extremities, because of the
smallness of the divisions, will form sensibly a curved line; this put, the abscissa
of which the ordinate will partition the area of this curve into two equal parts will
be, by article XXIX, that of which it is necessary to make usage, so that, if we
name  this abscissa computed from the origin of the interval  which2 ! !w

corresponds to the error , the correction which should be made to the!
observed height  will be  and, consequently, we should suppose the real+ 2  !
height equal to .+  2  !

Thence results this quite simple rule to correct the instrument: Add
continually the quantities  until when3  3  #ß 3  3  #ß 3  3  #ß áw w ww ww www

you arrive at a sum equal or immediately smaller than any quantity  if the half.
of the sum

3  #3  #3 â #3  3  #8  #Þw ww Ð8#Ñ Ð8"Ñ

Let  be the number of quantities  that you have thus< 3  3  #ß 3  3  #ßáw w ww

added;  the number of parts  contained in ; the correction that it is6 ! !
8"

w

!

necessary to make to the height  or, what amounts to the same, the quantity+
that it is necessary to add to it will be, very nearly,

Œ <  6  Þ
3  3  # 8  "

. ! !
Ð<Ñ Ð<"Ñ

w

If, instead of fixing the true height at the point of the abscissa of which the
ordinate divides the area of the curve into two equal parts, we could fix it at the
point of which the ordinate passes through the center of gravity of this area, we
would have the same correction that the method of the arithmetic mean gives:
this method returns therefore, in this case, to taking for  the point where themean
sum of the errors to the , multiplied by their probabilities, is equal to the sumless
of the errors to the , multiplied by their probabilities.plus

When once we know the law of the facility of the errors of the instrument, we
can conclude from it that of the errors of any result deduced from observations
made with this instrument, such as the middle concluded from two corresponding
heights. In fact, if we name  the errors of the observations that weDß D ß D ß áw ww

will suppose here very small, the correction that we should make to the result
will be  being some constantED  E D  E D âß Eß E ß E ß áw w ww ww w ww

coefficients depending on the nature of the result that we deduce from the
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observations. If we suppose this correction equal to , we will haveB

ED  E D  E D â œ Bw w ww ww .

There is no longer question than to determine, by the method of article VII,
the probability of this equation by means of the law of facility of errors Dß D ß D ßw ww

á B; we will have thus for this probability a function of , which we will designate
by , so that the equation of the curve of the probabilities of values of  will9ÐBÑ B
be . Now, if we take the integral  for all the extent of the limits inC œ ÐBÑ C .B9 '
which  can vary, the abscissa  which will divide into two equal parts the areaB 2
which represents this integral will be the correction that should be made to the
proposed result.
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