TROISIEME SUPPLEMENT.

APPLICATION DES FORMULES GEODESIQUES DE PROBABILITE
A LA MERIDIENNE DE FRANCE

Pierre Simon Laplace

Sequel to Second Supplement

1. The part of the meridian which extends from PerpignaRormentera is
supported on a base measured near Perpignan. Its lengblrsl @66 km, and
its last extremity is joined to the base of Perpighgna chain of twenty-six
triangles. One is able to fear that so great a lengtich has not been verified at
all by the measure of a second base toward its okteanaty, is not susceptible
to a sensible error arising from the errors of thenty-six triangles employed to
measure it. It is therefore interesting to determivesgrobability that this error
not exceed 40 or 30 . Mr. Damoiseau, lieutenant-colofneieoArtillery, who
has just gained the prize proposed by the Academy of Tamrithe return of the
comet of 1759, has well wished, to my prayer, to applyhis part of the
meridian my formulas of probability. Here the merididoes not cut all the
triangles, as we have proposed for more simplicity; thataasy to see that one is
able to apply, to the angles formed by the elongatibtisecsides of the triangles
with the meridian, that which | have said on the anglet these sides would
form if they were cut by the meridian. Mr. Damoiseas fiound thus that to
depart from the latitude of the signal of Busgarachtla fihore to the north than
Perpignan, to Formentera, this which comprehends arofatbe meridian of
about 466,008 , and by taking for unity the base of Perpigmenhas (second
Supplement,t 1)
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4 p®) = 9 4 o2)" = 48350, 606.

The probability that an error in the measure of #nis is contained within the
limits + s becomes, by the formulas of the same section
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the integral being taken from null to the value of edtoal
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20 /48350, 606

n + 1 being the number of triangles employed, #id being the cdfuthe
squares of the errors observed in the sum of the #mgles of each triangle; is
the ratio of the circumference to the diameter. Bking for unity the
sexagesimal second, one finds

6> = 118,178

But, the number of triangles employed being only 26,préderable to determine
by a great number of triangles this constént  which ndpen the unknown
law of the partial observations. For this, one haslenuse of the one hundred
seven triangles which have served to measure the arerichm Dunkirk to
Formentera. The set of the sums of observed errotisecthree angles of each
triangle is, in taking all of them positively, equal 183, 82. The sum of the
squares of these errors4i¢5,217 . By multiplying it%@y , onlkehave, for
the value of? ,

6> =108, 184.

This value, which differs little from the preceding, mbst preferred. It is
necessary to reduée into parts of the radius taken iy; thmat which one will
make by dividing it by the number of sexagesimal secohds this radius
renders. One will have thus

t = s689,797;
s is a fraction of the base of Perpignan taken for ufitys base i91706™,40 .
By supposing therefore the error@™ , one will have

60 x 689,797

11706, 40

This put, one finds, for the probabilities of the esrof the arc of the meridian of
which there is question are contained within the §mit 60™, + 50™, +40™,



the following fractions:

1743695 32345 1164
1743696  32436° 1165

There are odds one against one that the error fatinvthe limitss™, 0757 1

If the Earth were a spheroid of revolution and if thgles of all the triangles
were exact, one would have exactly the inclinatiotheflasts side of the chain of
the triangle on its meridian, by supposing given thisnatbn relative to the
base. The probability that the error of the firsttleése inclinations, proceeding
from the errors of the observed angles of the trisngsecomprised within the
limits + 26t is, by that which precedes,
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the integral being taken from null: these limits beeptwy substituting foé it
preceding value £ t6”,8997 , the seconds being sexagesimal. Tlielodevis
that there are odds one against one that the errisr vidgthin the limits
+ 3”,2908. If the azimuthal observations were made with a goeatision, one
would determine by this means the probability that thdizate an eccentricity in
the terrestrial parallels. If one measured, on the sifléSpain, a base of
verification equal to the base of Perpignan, and ifjoined it by two triangles to
the chain of triangles of the meridian, one findsth®y calculation, that there are
odds one against one that the difference, betweenbtse and its value
concluded from the base of Perpignan, will not surpaksdidf a meter: that is,
to quite nearly, the difference of the measure of s f Perpignan to its value
concluded from the base of Melun.

One has seen, in the section cited, that, the aogtée triangles having been
measured by means of the repeating circle, one id@lsieppose the probability

1 The comparison of this Memoir with the one whichsvpaublished in th€onnaissance
des Temp$or 1822 permits the identification of errors in this seppént. In th&Connaissance
des Temps Laplace gives +8M0937. In reality, it would bet 8™ 0940. We have
%fc“zdt = % for ¢t = 0,476936 thereby giving even odds. From the previous reidtiere,

5689, 797

~11706,40°

wheres = +8m(0940. The number given by Laplace differs slightlythaut doubt, because
the value oft , deduced from the formulas of Laplace, ladeen calculated with as much
precision as that employed later.



of an errorz in the observed sum of the three angfegagh triangle
proportional to the exponentiai*>* k, being a constanenth it follows that
the probability of this error is

da:x/z;c’kIZ
VT
By multiplying this differential byr and integrating fromnull to = infinity, the

double of this integral will be the mean of all theoes taken positively. By
designating therefore ey this mean error, one wileha

b
VkT
One will have the mean value of the squares of theeeseby multiplying byz?

the preceding differential and by integrating it fram= —co  atanfinity. By
naming therefore’ this value, one will have

1
T ok

€ =

thence one draws
€ = —.

One is able thus to obtaitt by means of the ertakgn all in addition, the
observed sums of the angles of each triangle. In teehandred seven triangles
of the meridian, the sum of the errord 83, 82; one is #ilis to take, for

17352, this which gives, foR6e’ or fof? |,

173,82
107

2
6? = 137r( > =107, 78;

this difference very near the valu@s, 134  given by the stitheosquares of the
errors of the observed sum of the angles of each eofotte hundred seven
triangles. This accord is remarkable.

One is able to appreciate the relative exactitude efrtstruments of which
one makes use in the geodesic observations, by theofallueoncluded from a
great number of triangles. This value, concluded fromatte hundred seven

triangles of the meridian, i$22°  dr 1609 . The same valueckmed from



the forty-three triangles employed by La Condaminédhérheasure of the three
degrees of the equator, % 89,953, and, consequently, rearliimes
greater than the preceding. The equally probable err@iative to the
instruments employed in these two operations, are propald to the square
roots of the values af. Thence it follows that tingts + 8,0937 m, between
which we have just seen that there are odds one agaeghat the error of the
arc measured from Perpignan to Formentera falls, wowd been+ 25™, 022
with the instruments employed by La Condamine. Thesésliwould have
surpassedt 40™  with the instruments employed by La CailleCasgini in their
measure of the meridian. One sees thus how the intioduat the repeating
circle in the geodesic operations has been advantageous.

2. In order to give a very simple example of the appticatf the geodesic

formulas, | am going to consider the straight linel(®) wdich one has
determined the length by a chain of trianglegsV c?), cWCc@CB)

o e

. I 49 ;@ 4 ®
A

@ o @ c®

| will suppose all these triangles equal and isosceles,sanh that their bases
cc®, cWc®, . are parallels to the lind A®) . One will have, by loiwgr
onto this line the perpendiculags, CV 1 . ..



I = ccWeosAW

,_ ccWsincoe®

~ sinchc®c
1(1)1(2) — C(I)C(Q)COSA(Q),

CO @ sinc@c®oB)
- sinC@cG o0

and generally

10 16+ — o) (i+1) 5 gg 4 (i+1)
O i+ gino i+ o) (i+2)
sinC i+ Ci+2) (i)

Let o) andB™) be the errors of the angles opposed to the&ide) and
CWC® in the first triangle. Leto'® an@®  be the errors of thngles
opposed to the side8C®  agf’C®  of the second triangle, and thus
consecutively. By designating ldy a variation relatvethese errors, one will
have

o) (li+2) _

SIO 1+ o) ori+1)
1O 7G+) — oo+
sciot+) o oi-1) . : : :
cOcE = guony + A cotcetThol

_ aDeotol it oli-1).

— A DtanA Y|

One has further, by supposing the anglé€s relative tadhie angles that the
sides of the triangles form with the ligeA™), ...,

SAEHD L 540 4 soi-D o) oli+1) — 0;

we will suppose here that the errord @ of the agyled C-HCO),
CcOCHD -1 of the triangleC~V @ U+ are those which remain, when
one has subtracted from each angle of the trianglehifee of the sum of the
errors of the three angles. Then one has

SO o olitl) — _ () _ 5(7?)’

this which gives



SATHD = _540) 4 o) 4 g0,
one will have therefore
A — () _ (=) o ((=2) _ . == o
+ B0 — g1 4 g(i=2) _ . 4 540

the superior sign having place if is even, and theiarfér: is odd.
One will have next, by observing that

cotCW =Dt — cotc® o+ o= = cota )
and thatd(® = A,

sCHCED oW
cOo) T oM
one will have therefore

SIO T+ s
IOy — oo

+ (B9 4 B e B — o 7D L Meota®,

+ (B0 4 B9 4 B — ) — gD L g (MyeopA®)
— (@ =l g o 4 g0 g6 g g0 4 54D )tan A,

We suppose now that one has measured abé'se situatedmmer that the
angleCAC( is equal to the angltA(V A.  The first of these armgsrmine
the position of the linelA(!)  with respect to the base, iais supposed known.
By naminga: ancb  the errors of the angig8M' 4 @oto'™ , ohdavie

sAY =a + B,

(1)
5g§1) = BeotCACY — acotcC™W A.

We make

cotCAC"Y = cotA + h,
cot CCM A = cotA + 1/;

we will have, by designating lly the ba$€  and by titséght line 77"



b 1
"~ 2asinA  sin2A’
b o— a 1
~ 2bsinAcog8 A siRA’

we will have next

SATHD = o) — (=D o p 4 80 — g0 ... 4 3

S10 10+ : . , 5
O (BD + 8D 4o f—al) —alTD .. —a)cotA

_ (04(7:) — o +dta+ B(i) _ 6(73*1) B B)tanA + hp — h .
The variation of the total lengthi(+1)  will be therefore
SITVY = [(i 4+ 1) (8 — o) + (Y — oD + .- 4+ (89 — o(D)]acot A

+ (i + 1)haB — (i + 1) ax

_ (06(7) + a(i*Q) + a(i*‘l) 4+ .. 4 5(7) + 6(7:*2) + 6(7:*4) + .. .)atanA.
The quantity

W2 _ g1 L gM2 4y @2 000 4 (02

P —pg+q +p
becomes thus, by neglecting the terms of oider

(i 4+ 1)(i +2)(2i + 3)
2

a*cot! A+ 3(h + h')(i + 1)*a® cotA
+ (h? 4+ hh + B (i + 1)%d>.

We name@ this quantity; the probability that the emérthe line 770D s
contained within the limitst- s will be, by that whipinecedes,

2fdt et
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the integral being taken from null to

3s [1+1

t=2\ G




62 being the sum of the squares of the errors of the $tine three angles of the
i + 1 triangles.

We suppose that one has, as for the part of the meodiaich we have
spoken previously, twenty-six triangles, this which gives 25. We suppose
further that the lengti/(+Y) s that of this part of theridian or of 466008 ;
then one will have

466006
26
By taking for unity the base measured near to Perpigniainhvs of11706™, 40
right-angled the isosceles trianglegC V), cMWc@ oG . this which
givestanA = cotA = 1, one finds
Q = 48207, 6.

One has seen previously that the twenty-six trianglesh join the base of
Perpignan to Formentera give

Q = 48350, 6;

these two values a@p are very little different, andhesequally probable errors
are proportionals to the square roots of these valmessees that one is able to
wager one against one that the errors of the end@sune are contained within
the limits +8™ 1. Under this relation, the case that wengne represents

perfectly the measure of the arc of the meridian ftbenbase of Perpignan to
Formentera.

3. We suppose now that one measures, toward the lastéytiof the line
IT0+D) | a base?(+1) A(+2)  equal to the baSel  , and put in a mannehthat t
angle CUt) W A+2) is equal to the angl€CMA |, and that the angle
C A2 00+ s equal to the angl€ ACY . In designating doy*") and
Ut the errors of the angle€ DV CWA+2)  ard® A+ CEHD | the
equation

0 sinC+1) () g(i+2)

(i+1) A(i42) _ ~(i+1)
¢ 8 =¢ ¢ sinC() A(i+2) O(i+1)

will give



SOi+1) A(i+2) SO0 Ci+1)

c s = cagmy ol eotcCA — g cotCACT,

this which gives

60(7Z+1)A(7+2)

CED A2 =BV + 8%+ 4 Y —alV —a? — ... —acot4

+ B(h + cotA) — a(h’ + cotA)
+ o™ (h' + cotA) — g (h + cotA).

That which we have designated 1 n 2 of the second Supmidipé, (!
m, mV), ... becomes

—_
_|_
SN

—
S

I |

I=— 1+ h)b,
i

—( (
= —b, m“:b

1+ — (1+ h')b, mlth) — —(1 4 h)b;
the quantity that we have designated B¥)3  in the seditieth or by
P —ml+m? 4+ 1?2 — W)W o2
becomes here
3(i 4 2)b> + 6(h + h')b> + 2(h> + hh' + h'*)b>.

The quantity that we have named’Sf() in the same seotion,

1 1 1 1
(p = 50) +mlg=5p) +10 Y = SgV) +mV (W = Sph) + o,

becomes, by neglecting the terms which do not havecokefficient,

3(i+1)(i + 2)
2

ab+3(i + 1)(h 4 h')ab + (i + 1)(h? + b’ + h*")ab;
by representing therefore, as above, by the excksbheomeasured base

Ci+1) Ai+2) on the calculated base, andsy the excess of théetrgéh of the
line 770+1) over that calculated length, one will have

10



SO0 (i 1)ar

SFOF T 2p

it is necessary, consequently, to add to the calculategth of the line/70+1)
the product ofA by the ratio of the half of this litee the baseé ; this which
returns to calculating the first half of the liag‘+!)  twihe basedC , and the
second half with the basg(*?)C(+1) _ This process wil be gdigeexact,
whatever was the magnitude and the disposition of taegigs which unite the
two bases, if the parts of"S f()  and of®  correspondindneset halves
were respectively equals. It is this process that wetadoin the Commission
which fixed the length of the meter; and, in ignorantere we were then of the
true theory of these corrections, it was most coewenbut it did not make
known the correction of the diverse parts of the tatall7(+!) . For this, it is
necessary to correct the angles of each triangleg determine the corrections
a, 8, oM, M .. which result from the excess of the second baserodxs
over this base calculated after the first. | havergiwe the second Supplement,
these corrections, by supposing the law of errors efdbservations of the
angles proportional to the exponenﬁaF<“+§T)2, k being a consfariieing
the sum of the errors of the three angles of thadléaa + %T B+ %T and
%T—a—ﬁ being the errors of each of the angles. One has, seethe
Supplement cited, that the supposition of this law of gritityamust be admitted
when the angles have been measured with the repeatifeg and that then one
has

(5) _ Lp(®) () _ 1709
o) = T ey gy M ol

F
by designating by I the sum of all the quantitiés— ml+m?
112 — MW M2 will demonstrate here that these corrections have
place, whatever be the law of probability of the esro

For this, | designate this law laya(éff)? : by supposing itsame for the
positive errors and for the negative errors, its exgwasnust contain only some
even powers of these errors. The law of probabifitthe simultaneous values of
« andg will be thus proportional to the product

Yo+ TG+ T (LT — o — B)°.

11



If one develops this product, with respect to the powérs and of 5, by
arresting oneself at the squares and at the productes® tuantities, one will
have

6UT)P + (0 + af + B)o(LT)
x {26(1T)¢ (1T%) = 1T2g/ (L) + (LT ¢ (AT*)}

@' (x expressmgd— and’ (x expressi%(rﬂ T . being able to be supposed
to vary from—oc tol" = oo one will multiply the preceding fumctibyd7 and

one will integrate within these limits; one will Fathus for the probability of the
simultaneous values af apd a quantity of the form

H— H'(o* 4+ af + 7).

This probability will be therefore proportional to

H/
1- F(QQ +af + 5%).
The probability of the simultaneous existence cof3, o), 31, ... i
proportional to the product of the quantities

!/

H 2 2
1 (@ +af+5),

LLar
1= 2 (@2 1 a8 4 g02),

The logarithm of this product is, being an indetermimataber,

_E'S( 92 4 o6 5e) 4 g2y

this product is at its maximum if the preceding term igsatinimum, or if the
function

S(a 2 4 ol ) 4 g12)

is the smallest possible, the quantitiess,a(V),, ... satisfyingides the
equation

12



A=la+mB+ 1o (1) —I—m(l)ﬁ(l) 4.

One is able to give to this function the form

2
1 { 3mOA\? 3 (1) — L))
15) (956 & o _ Sy 2
4Sk( B+« ¥a +

this function is evidently at its minimum if one supposes

3mI\

28 4 o(® _ _ (s) _ 2 ~ 0
B8+« Yo 0, « 7 0;
whence one draws generally
S S S )\ S s s )\
&)z(yy_%ggﬁ’ @J_Oﬁ)_%ﬂnf_

Ab , Ab ,
a=-;ﬂ§+h+§m, 6:?ﬂ3+h+ym,
. 3pN L 3bA
ol = @ = ... = o = __2F , Y =43 =... = g0 = —2F ,
- Ab , Ab
(i+1) _ M3 r1 (i+1) _ Y3 177y,
=7 G+h +3h), g = - G+ gk

thus by these corrections all the triangles othem thase which have one of the
bases for one of their sides will remain right-angled.

The probability of the error- v of the ling*!) | correttey the second
base, will be, by the section cited in the second Soygig

2fdt et

the integral being taken from null to

(Sr@) £@)2
Sf?

13



which becomes here

o 3u fitd
20\ Q'

by designating by)’ the function

i+ 1)@ - (E+3) 2, g(i 12k 4 b + %(@' 1R+ hh + 1),
The equally probable errors being proportionals to thersquets of) and of
@', one sees that they are diminished and nearly redudedf twf the measure of
a second base.

The probability of an errort A in the measure of a sddoase is, by the
second Supplement,

2fdte "
ﬁ )

the integral being taken from null to
. 3u [i+1,
20\ SfO*’

3(i 4+ 1)b> + 6(h + h')b> + 2(h> + kK + h'*)b>.

andf” is equal to

In the present case where- 25 , this quantity becomes
86, 80305

the equally probable errors in the measures of thd Arc") and of a new base
equal to the first are therefore in the ratio\;z@ \@6,8030; whence it
follows that there are odds one against one thatrtioe ef a new base will be
contained within the limitst- 0™, 34236 , or to very nearly %m .€Be are the
same limits which result from the angles of the twesnt triangles which reunite
the base of Perpignan to Formentera. Thus, under tlaitore again, the
hypothetical case, which we have just examined, acoeittisthat which this
chain of triangles gives.

14



4. 1 will consider the zenithal distances of the wexiof the triangles and the
leveling which results from it. From one same vesegh as”(?) | one is able to

observe the four points, C(V, ¢®) C®W. We narfie the distanice! and
h the baseCC®)  of the isosceles triangle; all the tresgking supposed equal,
if one names:!”) the height 6f”)  above of the levelhef $ea, the observed

distance ofC~2) at the zenith 6f")  being designated by {rthe distance
will be quite nearly, the triangles being able to be sap@dorizontal,

ol te

R R’

u being the factor by which one must multiply the angldn order to have the
terrestrial refraction at the poit”? R being the raditithe Earth and being
the error ofu . | take account here only of this eres being much greater than
that of@ . If one names similarf  the zenithal dista ofC(") , observed from
Ci=2) | the true distance will be

0 + fru + he
R R’
¢’ being the error ofi in this observation. One wal/é
., 2hu  h N h
0+0 -I-?—i—ﬁ(e—l—e)—?r—l- 7
one will have next
h h?
() _ 0=2) — Zg_ 0y (e —
x x 5 0—-6)+ 57 (e—¢€)

If one names similarly” the zenithal distanceldf?)  sasbed fromC() | the
true distance will be

fu fell
9// J 7
+ R + R’
¢” being the error of in this observation. By namingtferd”’ and” the same
9 . .
quantities relative to the zenithal distanceC6?, olesifromCU—1) | one will

have

15



2
9”+9/”+%4‘%(6”4-6/”):7{'4-
f2

(i) _ ,.(i—1) :i i i
x x 2(9 6 )+2R

b
R’

(6// _ 6/// ) .

As | myself propose here only to examine what degresonfidence one must
accord to this kind of leveling, | will maké = f , this whiaeturns to
supposing all the triangles equilateral. | will take, mueep% for unity of
distance: by making next — ¢ =\ ¢ —¢” =~ | one wil have two
equations of the form

(@) (i-1) — A (@) (@)
V) —x =y +p,
(A) {

20— -2 = 0 4 ),

The first of these equations extend from 1  iten+1 n , bdmgrumber
of triangles. The second equation extends from 2 rton+1 is It
necessary now to conclude from this system of equatiensost advantageous
value of z("*D) — z(0) | the elevation®) of the poiit  above the Iseiag
supposed known. For this, one will multiply the first loé tequations (A) by?)
and the second hy” f) apt)  being indeterminate constaritse system
of these equations added all together, the coefficient®fwil be f( —
FH) 4 ¢ — ¢(i+2) By equating it to zero and observing thatt? — (%)
= Ag'*) + Agl) A being the characteristic of finite differencese omill
have, by integrating,

) = q — gl — glit])
a being a constant. But, the valuesgdf  beginning to daee only when
i = 2, this expression of ) is able to serve only when2 n onder to have
the value off() , one will observe that the equality éoozof the coefficient of
x(M) gives

f(l) — f(2) + 9(3);
substituting, instead gf?) ¢ — ¢ — ¢ | one will have
f(l) —a— 9(2).
Next, the preceding expression gf  extends only ton - fielatively to

16



i =n+ 1, one must observe that the coefficientz&f+!) must ki, uthis
which gives

FHD) 4 gnt)) g
or

FltD) = _ g,

Y

the equality to zero of the coefficient af”)  givgs) = f+1) — g or
f =1— g — ¢+ By comparing this expression to the one here
) =q — g — ¢g»+1)  one will havea = 1 . The error of the value &f+%)

will be thus

FOA o f@@) 4L g ) ()
+g@A@) 4 BN 4. 4 )yt

The values off) 5@ .. XD A2 peing evidently subject to shme
law of probability, if one names this error andnkeomakes

H = f(1)2 + f(2)2 R f(”+1)2
+ 9(1)2 + 9(3)2 + o4 g(”+1)2’

the probability of the errog  will be proportional, by 20 of Book II, to an
exponential of the form

K being a constant dependent on the law of probability’dfind ().
It is necessary to determine the constantd/of , maaner thatd is a
minimum. Now one has

H=(1- 9(2))2 +(1- 9(2) _ 9(3))2 + 4 (1 - g(n) . g(n+1))2
+(1— g(n+1))2 4 g2 4 g2 4L g g2,

by equating to zero the coefficient of the differertify”), one has
1) g(Hl) + 39(7?) + 9(7;,1) -9

This equation has place froin=3 to=n . The equality to zasfrdhe
coefficient ofdg® gives

17



9(3) + 39(2) =2,
and the equating to zero of the coefficientgf**!)  gives
3g(n+1) + g(”) =2,

this which returns to consider the general equationg hasging place from= 2
toi =n+ 1, and to suppose nyll)  apd*? . The integration of equétjon
in the finite differences gives

9 . .
g(7) _ g _i_Al%fl +All171’
I and!’ being the two roots — 11/5, —3 +1/5  of the equation

v +3y+1=0;

A and A’ are two arbitraries such that becomes null wken and when
i = n + 2. One has therefore

Aln+1+All/n+1 _ _g’
2

A+ A =—=.

* )

"1 is an extremely great quantity when is a great nurabdr!"™ being
77, one sees that  is then an excessively small quantit that thusl’ = —2

5
One has next

. 1 . i ,
£ — - AT A+ ) = AT+ ).

Thence it is easy to conclude that one has, veryynaad without fear% of
error.

and that thus the exponential proportional to the prétyadi error s is

_ 5Ks?
n+l
c )

one is able therefore thus to determine this probabili

18



One has concluded the valueadft!)  of the system of eqsaiiyrby the
following process.
The system of equations (A) gives

2 — 2O — 51 0.
whence one draws

2 = pU 4 20 L 1)
One has next the two equations

2® — 2 = p@ 4 42
2@ — 20 = 4@ 4 \®),
this which gives

1 1 1

2 _ = “20) 2@ @) L 242 4 2y (©2)
x LAt +2(p +q )+27 +2A .
One has the two equations

2B _ ) — 3

+
\2/-\
&«

=D

this which gives

1 1 1 . 1 1
() — 2.2 4 2.1 4 Z3) (3) ZA~B) 1 2Hy6)
x PRt +2(p +q )+27 +2A .
By continuing thus, one wil have:"*!) . The quantitig§™ axie)

commence to be introduced into this expression onl wie two values of
2™ — z(m=1 and ofz(™ — £(m=2)  We designate by”)  the coefficient of
~(™) in the expression af™+") : this expression is

g = Lpomir-ny Loy Lomin | omany | Lmen o Lynen,

2 2 2 2 2 '

by substituting foe:("+7) g(m+r=1) 2(m+7-2) " the parts of their values ieato
~(™) | the comparison of the coefficients of this quanitygive

1 1

19



whence one draws, by integrating,
1 r—1

A andA’ being two arbitraries. In order to determine theenwill observe that,
r being null, one has® =1 and that, belng , one has

1 1
D = 20 = Z.
2 4’
thence one draws
1 1
A=—, A= ——;
3 12

thus, in the value oft™*Y)  where=n-+1—m , one wil have, foe th
coefficientk("+1=m) ofy(m) |

poottomy _ L L0 1NE
3712\ 2)

the coefficient ofA(™ in the same value will be evidgthe same. Thus the
expression of ™+ will be a known quantity, plus the sequence

A 4 kD) (4 4 AN 4 O (4D |y ()

We designate by this error and By  the sum of the sgjadithe coefficients
of v, 4@ ..., A® AB®) . :the probability of will be proportiorta ¢~ 7 .
One has, very nearly,

2

—9K 52

thus the probability ofs is very nearly proportional ¢o~; the equally
probable errors are therefore greater in this protems following the most

advantageous method, and nearly in the ratio\/Gf \/tg iS; ghocess

approaches therefore much the exactitude of the mosntagemus method,
and, as the calculation of it is quite simple, we willetlsine the probability of

20



the errors to which it exhibits, in the general cabere the diverse triangles are
neither equal nor equilateral.
If one represents by the squarecdf VC)  divide@ By , and’by
the square of~2)C)  divided similarly R , the system of equat{A) will
be changed into the following:
(i) _ (=1 — () (i) A (0)

(A) roowl =P odm o

2 — 2072 = o) 4 (NG

The process that we have just examined gives, by fopwhe preceding
analysis, the coefficient of ) in the expressior¢f!) equal to

1 o 1 . 1\
1oo_ 1 wf_1
3" T 1™ ( 2) '

Similarly, the coefficient oA(") |, in the same expressis

thence it follows that the value &f s, very nearly
lsmﬂn+nm5
9 )

the integral sign S extending to all the values of: +on + 1 the;probability of
an errors , in the expressiongft!) | is therefore propoat to

—9K 52
C S(m(i'ﬂJrn(i)Z) .

If one applies to the equations’(A ) the analysis trehave given above for
the case of the most advantageous method, one will Bynanultiplying them
respectively byf) ang® | the following equation

) =1 — gl — gli+])

and this equation will hold from=1 to=n+1 , bysupposiig  and?
nulls. One will have next the general equation

m(i)Qg(i+1) 4 (n(m Lom®2 4 n(¢f1)2)g(¢) 4 m(7171)2g(7:71) — m®2 4 (12,
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This equation holds fromm=2 to=n+1 . By combining it with #nguations
g =0, ¢"*t? =0, one wil have the values gf"), f@ ... f+D. ()
g?, ..., ¢""*?; one wil have next

the sign S comprehending all the values f&fm )2 andy(Bfn (92 . the
probability of an erros  in the value of**")  will be profional to

Ks?

c

5. It is necessary now to determine the valu&of .thisy we will observe
that the factow: is determined, by that which preceolesieans of the equation

h
7T—9—9/+§
2 )
R

u =

and that the error of this expressiorﬁé. Each douates furnishes a value
of v, and the mean of these values is the value tigahé&cessary to adopt. If one
names; the number of these values, the error towdane S%;', the sign S
having reference to quantitié% related to each dothi®rs. Lets be the
sum Sg—f ; the probability of will be, by’n 20 of Book proportional to an

exponential of the form

and, if one nameg the sum of the squares of the diffeseof each partial value
to its mean value, one will have
K=
2q°
One has, by that which precedes, the probability @fetinor of a value’ of the
function Sg—f proportional to the exponential

4K

c i,

the sign S extending tb quantities of the fo‘Fgﬁ . Ndw, eérrorsc  and-¢
being supposed equally probable, it is clear that the sames of SQTE and of

22



% are equally probable; one has therefore
41K = K/,
this which gives
)

K=—.
8¢

The forty-five first values ot: , given in the secondline of theBase du
Systéme métriqug. 771), and which are founded on some observations made i
the month of the year where one observes most,ajtes, for its mean value,

u = 0,07818,

and the suny of the squares of the differences of tages to the mean is
0,04900629; i being here equal #5 , one has

45

0, 39205032 78

If one supposes the number of triangles equabto  ameifrakes all the
sides equal t®20000™ , one will hat0000™  for the distance fidf to
() that is nearly the distance from Paris to Dunkerquethis case, the
quantity% , taken for unity of distance,3$™,416 . Thence omecludes that
the odds are one against one that the error on thbthéi® is contained within
the limits 4+ 3™, 1839 . There are odds nine against one thatdbntained within
the limits + 7™, 761 ; one is not able therefore then to respwith a sufficient
probability that this error will not exceedt 8™

The chain of triangles that we have just consideretuish more favorable to
the determination of the height of its last point thiast of which Delambre has
made use, in the Work cited, in order to determine tlightef the Pantheon
above the level of the sea. By considering thisdaain, one sees that one is not
able to respond, with a sufficient probability, thag grror on this height will not
exceed+ 16™ .

6. One sees, by that which precedes, that the graagles, which are very
proper to the measure of terrestrial degrees, are tab isnorder to determine
the respective heights of the diverse stations. Thushea case of a chain of
equilateral triangles of whicli is the length of eaide,sthe equally probable
errors of the difference of level of two extremetistas being proportional to
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S2/n+1

, n._being the number of triangles, if one names thebe of these

2R
two stations, one will have, by supposing- 1 even,
1
a=(n+1)f;

ng“ will be therefore proportional t((ajT)%; the equally probadsieors will
n

be therefore proportional to this fraction. Thus, bydjupling the number of
triangles, they will become eight times smaller; thent the errors due to the
observations of the angles become comparable tatbes elue to the variability
of the terrestrial refractions. We examine how @nable to have regard to the
same time to these two kinds of errors.

We consider a sequence of poiatsCV, ¢ ... L&t be the distance
from C toC ;h(V the distance fro@i) ©@® A  the distancerfic?
to C®, and thus consecutively. We imagine that from thatp6¥ one
observesC(+1) | and reciprocally. The zenithal distancen £9't), observed
from C') will be, by that which precedes,

AWy K¢
R + R
e being the error ofr and  being that of the observegleagh The zenithal
distance o> , observed fro@f'+!) | will be
Wou KO
R + R + o,
¢ ando’ being the errors af and &f in the observatiaae at the point
C+1) . One will have therefore the two equations

2h(0) K0 K0
O+ + =+ e+ ) bata =T+

R R
1 .
(e—€)+ ih(’)(a —a).

0+

+ «,

0 +

/ )2
00,0, h

(i+1) _ ()
* v 2 o°R

We designate as above- ¢ Y , and we makea’ equélto tne wi

have, for the elevation"*!) — z(©)  of the poifit"t!)  abave an esgio@
of the form
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h(i)Q

(1) _ 0 — Ar 4+ S
T x + R

0 4 s% BOAD

the integral sign S having reference to all the vabafes fromi =0 toi=n..
The error of this value af"*) s
RO240) R

S S—A,
R o2

It is necessary now to determine the probability d§ terror that we will
designate by . Let generally

s = Sm~) 4 G070,

the probability ofs will be, by the analysis of n 2DBook Il of the Théorie
analytiqgue des Probabilitéproportional to

[ dzayoterptye =7
x [cogmVz + nVy)w cogm Yz + nWy)w cosnPz + nPy)w--;

#(x) is the law of probability of a value of"; ¢(y) is the l@probability

of a valuey of\?) . The negative and positive errors amgpesed equally
probable: the integrals relative to apd are takem fregative infinity to

positive infinity, and the integral relative to= —nm 4= 7 By making

2/dx o(z) =k, /x2 dz ¢(x) = k",
2/dy Y(y) =k, /y2 dyy(y) =k ,

the integrals being taken from apd nullto and equahfioity, the
analysis of the section cited will give the probapiiif s proportional to

2

s
m - =
—4ﬁ 5777,(7')2+—4% s (1)2

It is easy to conclude generally from the same asdllgsi, if one makes
s =SmWy0 4+ G0N0 4 gl 4 ...

A AO §@ . being of the errors deriving from different sourcese th
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probability ofs is proportional to the exponential

2

" . =T =
%Sm("ﬂ#r% 5,,(0%% s(1)24...

by designating byr(x) the probability of an ertor due t® tihird source of
error, and making

the integrals being taken from nullto infinity; ammdi$ of the other errors.

In order to determine, in the present question, thetaot:&s%’“" and%” , |
will suppose first the second null or very small, re&lyi to the first, as one is
able to do in the great triangulations of the meridiarthis case, the probability
of an errors will be, by making:() =1 , proportional to

g2

C 13 77,’
n being the number of intervals which separate théostatThe probability of a
values’ of S;—E or of SBL , this which corresponds to anrexsoin the value

of S(e — €'), will be proportional to

but, by that which precedes, this probability is proposl to

—i 3/2

cu o
one has therefore
2 _ KA 8¢ 1
ik ko i 114,781

If one supposes no nulland) =1, the probability of a value the
sum S”Q;“ will be proportional to

c k",

and the probability of a same valsle &S+ o/ + o) will be praposl to
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If one supposes this law of probability the same adhererrors of the sum of
the three angles of a spherical triangle, in the geodeasasures, and which, by
n° 1 of the second Supplement, is able to be supposed propbtto

—(i+2) 52
c o,

62 being the sum of the squares of the excess obsertiee sum of the errors of
the three angles in triangles, one will have

4%" 462

ko 3(i+2)

One has, by that which one has seen,
i+2 109
62 445,217’

hence,

1!

4k7  4445,217
E 3 109

a quantity that it is necessary to divide by the squdréhe number of
sexagesimal seconds that this radius contains, anatieehas

1!

4k 1,2801
k1010

We suppose the distances of the consecutive stationstedizdld m; one will

find that there are odds one against one that the errdhe value of("*!) s

not above+ 0™, 08555 when = 200 . There are odds one thousand agaist on
that the error is not above 0™, 413

General method of the Calculation of probabilities, when there are many
sources of errors.

The consideration of the two sources of independent ainach exist in the
operations of the leveling has led me to examine theergé case of the
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observations subject to many sources of errors. Sueh astronomical
observations. The greater part are made by means @firtstruments, the
meridian lunette and the circle, of which the erroustmot be supposed to have
the same law of probability. In the equations of coowlithat one deduces from
these observations, in order to obtain the elemeihtke celestial movements,
these errors are multiplied by some different coeffisidor each source of error
and for each equation. The most advantageous systemstaoifsf by which it is
necessary to multiply these equations, in order to tiadinal equations which
determine the elements, are no longer, as in theodasanique source of errors,
the coefficients of each element in the equationsoofition. The facility with
which the analysis that | have given in Book Il of fiiyéorie des Probabilités
applied to this general case will show the advantagdssodnalysis.

We suppose first that one has a system of equatiorendftion represented
by this here

Py = 0@ 4 m@4) 4 @A L.

y being an element of which one seeks the most advantagelue. If one
multiplies the preceding equation by a factgt , the reumbrall these
products will give fory the expression

Sa D 0 gu) FO~0) 4 Gl fO NG 4 ...
V=g T S0 0

The error ofy will be

S Fi) 4 G0 FOAD 4 ...
Spl) 0

By designating bys this error, its probability will @oportional, by the
preceding section, to the exponential

_2sp(0) ()2
. %(’s,,,,o:)zf(nu%” S22

It is necessary to determirfé)  in a manner that

4 g (02 (02 4 KD g2 £(0)2 4.
(Sp )2

is @ minimum, because it is clear that then the samees becomes less probable
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than in each other system of factors. If one namethe numerator of this
fraction, and if one makeg”  to vary by a quanfify , wilehave, through
the condition of the minimum, by equating to zero thiehtial of this fraction,

Bom@2 ) 4 Ep@2p6) 4 )

0= A ~ Spl) )

this which gives forf) an expression of this form

f(i) — Kp v

5/

One is able to make here=1 , because, this quantity belegendent of |, it
affects equally all the multiplier§) ; thus the quaniity by,which one must
multiply each equation of condition in order to have thest advantageous
result, is

and the probability of an erragr of this result is pnadjomal to the exponential

] 2
. 1 %7,,,,@:)2%”’,,,(,:)2%_
One will have, by the same analysis and by n 22 okBhdhe factors by which
one must multiply the equations of condition in order tvehthe most
advantageous results, whatever be the number of eletoedetermine and the
number of kinds of errors; one will have similarly the/s of probability of the
errors of these results.

We suppose that one has, between two elements y and egtiation of

condition

10z + pDy = o® 4 mO) 4 2D L 050 4 ...

A0, A0 66 . being some errors of which the sources arerdiit. By
multiplying first this equation by a systef¥)  of factoise reunion of these
products will give the final equation

290 £ 1y £ = G0 F0) 4 Gy plilA) L g A0 4 ...
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By multiplying next the equation of condition by anotlsgstemg” of factors,
the reunion of the products will give a second final equati

29D g0 4y gl = G gl 4 G gy 4 ..
One draws from these two final equations

Sal0) ) gD g1 — g0 i) (0 f0)

xr =

L
S fli)1) gD (1) — Gl glilA() G0 ) 4 ..
_|_
L Y

L being equal to
SI0 £ 50 gl0) g0 gl0) Gl £(0),
The coefficient ofy) in this value is

m@ FOSpD gli) — (D i) Sl )
7 .

By changingn(® int; ¢ .. | one wil have the coefficerbrresponding
to A0, 64, ... By naming therefore the value of the partzof ddpat on
the errorsy A\ §0) . the probability of this value wi#t,kby that which
precedes, proportional to the exponential

2

s

cr,
by making

SM @) f(i)Q(Sp(i)g(i))Q — 28 £(0) (D) @) @) G g(0) 4 M(f?)g(iﬁ( ﬁi)f(i))2
L? ’

H =

M being equal to

ewld
4k//m(7:)2 4 in(m 4 ir(i)z n
k k 7
It is necessary now to determifi¢)  afd  in a manmrihis a minimum.

For this, one will makg” vary, and one will equate@mzhe coefficient of its
differential; this which will give, by naming’  the nura#&r of the expression of
H,
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0 = MO ) (S g)2 _ pr(0) gD G ) ) o)
DS £ D) G0 g0) 4 pl) G g2 ) £
_ L orgpi g — p g gliry2,
L

It is easy to see that one satisfies this equaticsupposing

M)’ M)’

and one must conclude from it that one would satisfithbysame supposition,
the corresponding equation that would gt =0 , by makifig \ang
sees that the same valuesf6f  afd  satisfy the isegjisations which result
from the consideration of the element

If one has, among the elemenisy, z, ... , Some equations nafiticm
represented by the general equation

10z + pDy 4 gDz 4 oo = g ) 4 pOAD L 050 4 ...

@D, A0 56 being the errors of diverse kinds, one will fiycthe preceding
analysis that the factors by which one must multippectively this equation, in
order to form the final equations which give the valokethe most advantageous
elements, are, for the first final equation, repre=eiy

1)

— =1

Bm2 + Eni2 4 Lotz 4 ..

They are represented, for the second final equation, by

(0
— =

Bm2 + Eni2 4 Lpt2 4 ..

and thus consecutively. By applying therefore to the egumthus multiplied the
analysis of A 2 of the first Supplement, one will htlve values of the most
advantageous elements and the laws of probabilitidseofdrrors.

In order to give an example of this application, we wmEmsonly two
elementsc ang . If one makes
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y — =/
Y (O G B O SN GE
k k k

One will multiply the previous equation of condition % and one will draw
from it

1) p(@) pli)2 al®p@ pli) N N
Q Q IS S () A (2) @2\ ..
S TSy = Sypa T Sy m T A AT 4 s
but the condition of the most advantageous method gives
B ) 4 0
(i)
0— SMU) (mOyD 4 p@OAD 4y,
one will have therefore
callp® p< 1)
i ~ MO
Yy = ()2
Siﬂ

Substituting this value of into the general equatioroofigion, and making

1) p(0)
l(i) — @ _ )S MO

1 ()2
P
S]\ﬂ

1) (@)
ay) = o - p )SA{( )
ST

Y

one will have

a(li,)l(li,)
MO
l(li,)Z b
MO

and the probability of an errgr of this value will fp@portional to
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This analysis supposes knowledge of the consl%nts %”anth anB is able to
obtain, by the same observations, some very cl@dees, in the following
manner.

We imagine that one has determined the elemenys z, ... ebyéthod
according to which one forms the final equations, bytipiyhg each equation of
condition successively by the corresponding coefficggneéach element. If one
substitutes the values of the elements thus determinetheinequation of
condition

1D+ pDy 4. — gD = OO 4 pOAO
one will have an equation of this form
R =m0 4 N6 4 .

We suppose, for greater simplicity, that one has ontykinds of errorsy?)
and A\ : one will multiply first the preceding equation/by) y.dBevating next
each member to the square and taking the sum of algtreiens thus formed,
one will have

Sm2R02 = a2 4 94300 \0) 4 02, 02012
The mean value ofi()4~()2 s evidently

m ! [42 dyp(7)
Jdvo(y)

the integrals being taken from= —co  to infinity, this uthigives 2™,
One has similarly?%—”wN)?n”)2 for the mean valueno?n()2X2  One finds
the same manner that the mean value2m@f?)?n(?)~()\0) is null; lase
therefore, by substituting instead of the quantities timeian values, that which
one is able to make with so much more precision asuh@er of observations is

greater,

-/
Sm?R0)? = 2zum(i)4 + %m“pn(m.

One will have similarly
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whence one draws

4k" 28”(7?)4 S?’L(7)2R(7)2 -9 Sn(?)Qn(7)2 &(7)2R(7)2

k Sm(D4 G4 — ( Gn(i)2p()2)2 ’
4K 2Sm4 2 R(2 _ 9 §p(02p (02 Gy (D2 R(0)2
E SISt — (Sn@2p2)? ;

be designating therefore By’  a?@Q the numerators of thes expressions,
the factors by which one must multiply the equationasfdition will be

1)
m2p + n(i)QQ’

p(®
m2p + n(i)QQ’

The concern now is to show that these value‘gj—’bf%” ,re vexy close. For this,
we will consider only one element : the equation ofdition

1Dz = a4 my0 4 pO\O
will give

Sa@D)  GWDmAl) 1 Gy (i)A0)
gy(i)2 + g2

Substituting this value in the equation of condition, wilehave

xr =

| SUDmA) 4 (Dnl)0)
gy(i)2
but it is easy to see that the values B9 &)~ and@h8 A\ e nalls by

the supposition of the negative errors as probableeapdhitive errors: one is
able therefore to make, as above,

RW 4l — m(i),y(i) + n(i),y(i);
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this which it was necessary to establish.
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